s Dynamic Programming
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5.2

Algorithm Design and Analysis
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Breaking News!!

 (2022/10/05) DeepMind proposes AlphaTensor to find efficient ways
for matrix multiplication!

Discovering novel algorithms
with AlphaTensor

October 5, 2022

https://www.deepmind.com/blog/discovering-novel-algorithms-with-alphatensor



Strassen’s Algorithm for Matrix Multiplication

Standard algorithm

Strassen’s algorithm

‘o Y o ) ' )
a; ; Q; s by b, Ci1 Ci o
>< — h, = Qg b, h; = (arjf + az,z) (br‘r + b;),-f,)
Qg ;1 Qg 2 by, 1 bs,s Ca,1 Co,2 hy=a;; b, hy=(az; + az,) b,
AN — — — AN J—
h; = a,;, by, hg = Qy,1 (b; - bz,_s?)
h'4 = Qy,2 b// hz{ = Qg 2 ('bf.f + b/)
® j—
T(n) = time for running Strassen (n, A, B) b b e = (301t a00) bes
T( ) { @(1) 1f mn = ]. heg=as, b, hs = ('41,1 + ag,z) (bl.J + bﬂ)
n)— D) .
TT(n/z) + @(n ) lf n Z 2 hy = as, by, h, = (aiJe - 32:2)(339,_: + b»)
lOg 7 2.807 hg = Qg 2 b,’.;_,-z
m) O(nloe27) ~ O(n2807)
c;;=h;+ hg ¢y =h;+ h;- hs+ h,
Ci2=hot+ hy Ci2=hs+ hs
Cs; = hs+ hy Co1=hot hy

Css = hs+ hy Cop=h;- hy+ hy+ hg

https://www.deepmind.com/blog/discovering-novel-algorithms-with-alphatensor



po—
1 a2
a1 4292
31 das2

1,3 ai14
az,3 a24
a3,z asa4
g3 Qa44

a5

a3 s

4,5

C4,1

C3,3

Ca,3

C1,4

C2.4

C3.4

C4.4

« The traditional algorithm multiplies a 4x5 by
5x5 matrix using 100 multiplications

« 100 was reduced to 80 with human ingenuity

« AlphaTensor found algorithms using just 76
multiplications

C1,5

C2,5

C3,5

C4,5

ha = (a12 +a1,4 + asa) (—b:

hs = (a15 + a2,2 + az,5) (—baa + bs 1)

he = (—az,z —az,5 —aas) (b + bs,1)

hr = (=a1,1 + aq,0 = aa.2) (b + b2a)

hs = (as2 —ass —aa3) (—bas+ba1)

ho = (—a12 —a14 +as4) (bas + ba1)

hio = (2,2 + az;s) b

hay = (=az,0 — s + a12) (=brs +baz)

hie = (@41 —aa2)b

hig = (a1 + aya + az,a) (bz2 + ba)

hiy = (@13 — azo + a3.3) (b2 + baa)

his = (—a12 —aia)b

hig = (—as2 + as.3) by

hir =(m2+a14—a21+a22 —a23+ 024 —azz + az
his =az1 (b1 + b2 +bs2)

hig = —aza (by, + by 2 + bs2)

hao = (—a15 4+ aza + a2y —azs) (=bi1 — b2+ b1 g —bs2)
hoy = (a2, + az3 —az5) bs 2

hos = (@13 —a14 —a2a) (big +bio—bia—byy — b
hogs = a1 (=bs.1 + bs.a +bas)

hoy = a15 (=baa — by + by )

hos = —ai (b1 —bia)

hos = (—a1a+ara+ars)baa

hor = (@13 —az 4+ a3,3) (b1 —bia +bis +bys)

has = —as.s (~bas — bas = bis)

hoo = as (b +bis+bss)

hao = (@3,1 — aa,a + @3,4) ba 5

hsi =(—a14 —a1s —asa) (—bas —bs1 +bsa—bss)
haz = (az,1 + aa,1 + @1,4) (br,3 — by — bao — bu3)

has = aa =(—"",.. —bs.3)

haa = aa s (=bis + b1 +bas)

Current SOTA (80)

az2 +azs —ass) (—b:

—az,1 — @aa, +asz)(=b

s —bs)

+b25)

,— bi)

} — 4,1 T a

4 bya+b

)

S

AlphaTensor-Discovered Algorithm

AlphaTensor-Discovered (76)

hsy = ass (bay + bas — b

hsa = agz2 (b1 + bag +ba

5.1)

)

hss = —ai2 (=bo,1 4+ baa 4+ ban)

hse = (a1,2+ a4 —az2 — az;s

3,2+ as

hos = (a1,4 — aaa) (=b2s + bz +bss — b

hse = (a1, —a

hss = (—a1.4 — a15 — as4 — ass

5 — a4 +aas) (ba

haz = (—as1 — as) (=brs — bis — bas

hso = (—as 3 + asa — as3 +ass) (b

hon = (a2, + as,s) (bas — by

he1 = (1,4 +aau) (b1 — b

1+ b

hoz = (a1 + 1) (b +brs

63 = (—as3 — ag,3) (=bz3 — b3z —bas

o = (@11 —a13 —ara+as1—a

o5 = (a1 1+ as1) (=

or = (a2,5 —aas) (b +bi2+ 015

s = (a1,1 +a

I
I
I
hos =(ma —ai2+ars —a
I
I
I

3 — 14 — @

+h

+ b

5 =22

b

+ by

3,3 — as

—b

5— @41 — 43+ a1 +ags) (—bs

oo = (—a1,3 +ara — a23 4+ aza) (—baa —

hio = (a2,3 — azs + @13 — ass) (—bs

ha :(*”‘\+’L,.*H.11+1':‘*”H+”‘

hia = (—a21 —aza —as1 — asa) (b

hes = (1,3 — a4 —ars +azs — ao,

hy = (a2,1 — a2,z + @24 — az,1 + az

+0

— 25

5 —bag —bao —bas+bsa+bs

s — ot — g —ags) b

+bag = bau)

s —bya+bs1 4 bss — bs.a)

1) (bra = bra+b1s)

—bs1 —bsz+bsa)

— s 4 ass — a4 as2)bo

by — by +bsa — bso+ bs )

by

+ ba.3)

by.s)

—azs) (b + b2
3=as \)(-"’I 1+ b

y+ b

—b

s —aaa+aas)(—bs

_b

| + ba,

._)

— b

i)

— by + bya)

+ b5,

his=—(am2+a14—as

2 — 25

—asg tazz2tazatass —aa+a

hig = (@13 +azs) (b +bia—0b

€11 = —hio + hia + hia — his — has + hsa + hs

5+ b

+bag = b

— ha

)

; — hy

e2,1 = hio + hit — hiz + his + his + hig — har — haa + hsy

€31 = hio — haz + his + hig — ha + ha + hs — ha + hes

ca,1 = —hio+ hiz — his — his + hsz + hs

c1,2 = hiz + his + hoo + ha1 — haz + haa

— hg — hs

+ hg

+ has — has + hao + hso

c22 = —hi +hi2 — iz — s = has + hag + has — Ty — hoy + has + has

€32 = —hie — hig — ho1 — has — hao — has + haz + haa — ha7 + has

eq,2 = h11 — hia — s + hor — has + has — hag — has + hea — hro

7,)h

)



AlphaTensor

Current state AlphaTensor Algorithmic State update New state
instruction
<< > »
¢.-> g < ¢.->
B - - b — ’
oo ®<<<< 3 M y
< v »” o
D ] b

[\““ Repeat ,/J

Single-player game played by AlphaTensor, where the goal is to find a correct matrix

multiplication algorithm. The state of the game is a cubic array of numbers (shown as grey for O,
blue for 1, and green for -1), representing the remaining work to be done.

Exploring the impact on future research and applications

* From a mathematical standpoint, our results can guide further research in complexity theory, which
aims to determine the fastest algorithms for solving computational problems. -- DeepMind

https://www.deepmind.com/blog/discovering-novel-algorithms-with-alphatensor
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Outline

Dynamic Programming
DP #1: Rod Cutting

DP #2: Stamp Problem
DP #3. Matrix-Chain Multiplication
DP #4: Weighted Interval Scheduling

DP #5: Sequence Alignment Problem
* Longest Common Subsequence (LCS) / Edit Distance
* Viterbi Algorithm
« Space Efficient Algorithm

DP #6: Knapsack Problem

« 0/1 Knapsack
« Unbounded Knapsack
« Multidimensional Knapsack A e.

 Fractional Knapsack N’ N’




DP#4: Weighted Interval Scheduling

Textbook Exercise 16.2-2

Slides modified from Prof. Hsu-Chun Hsiao



Interval Scheduling

* Input: n job requests with start times s;, finish times f;
« Output: the maximum number of compatible jobs

* The interval scheduling problem can be solved using an “early-finish-
time-first” greedy algorithm in O(n) time

“Greedy Algorithm”
Next topic!

(o e,
job index

1 Yo .
_

O 01 B WM

Slides modified from Prof. Hsu-Chun Hsiao



Weighted Interval Scheduling

* Input: n job requests with start times s;, finish times f;, and values v;
« Output: the maximum total value obtainable from compatible jobs

p(j) = largestindex i < js.t. jobs i and j are compatible

% Assume that the requests are sorted in non-decreasing order (f; < f; when i < j)
e.g.p(1) =0,p(2) =0,p(3) =1,p4) =1, p(5) =4, p(6) =3

4
jobindex | |
1
2_—

3 i

Slides modified from Prof. Hsu-Chun Hsiao



Step 1: Characterize an OPT Solution

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible
« Subproblems
* WIS (1):weighted interval scheduling for the first i jobs
 Goal: WIS (n)

» Optimal substructure: suppose OPT is an optimal solution to WIS (i),
there are 2 cases:

« OPT\{i} is an optimal solution of WIS (p (1)) ;“— I

« Case 2: job i notin OPT ¢
6 | i e

9

* OPT is an optimal solution of WIS (i-1)

Slides modified from Prof. Hsu-Chun Hsiao



Step 2: Recursively Define the Value of an
OPT Solution

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

* Optimal substructure: suppose OPT is an optimal solutionto WIS (i),
there are 2 cases:

« Case 1:job i in OPT

« OPT\{i} is an optimal solution of WIS (p (1)) M; = v; + M)
« Case 2: job i notin OPT

« OPT is an optimal solution of WIS (i-1) M; = M;_4

* Recursively define the value

v [0 if i = 0
* | max(v; + My, M;—1) otherwise

Slides modified from Prof. Hsu-Chun Hsiao




Step 3: Compute Value of an OPT Solution

Weighted Interval Scheduling Problem

Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

« Bottom-up method: solve smaller subproblems first

M — 0 if 2 =0
© | max(v; + My, M;—1) otherwise
i o] 1]2[3]4]5].|n
MIi] > I:l

WIsS(n, s, £, v, p)
M[O] = O

for 1 =1 ton | | T(TL) — @(n)

M[i] = max(v[i] + M[p[1]], M[1 - 1])
return M[n]

Slides modified from Prof. Hsu-Chun Hsiao




Step 4: Construct an OPT Solution by
Backtracking

Weighted Interval Scheduling Problem

Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

« Bottom-up method: solve smaller subproblems first

Vo — 0 ifi =0
© | max(v; + My, M;—1) otherwise

Slides modified from Prof. Hsu-Chun Hsiao



Step 4. Construct an OPT Solution by
Backtracking

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

WIS(n, s, £, v, p)
M[O] = 0
for 1 = 1 to n T(?’l) — @(n)
M[1] = max(v[i] + M[p[i]], M[1 - 1])
return M[n]

Find-Solution (M, n)
if n =20
return {}
if v[n] + M[p[n]] > M[n-1] // case 1 T(n) — @(n)
return {n} U Find-Solution(p[n])
return Find-Solution (n-1) // case 2

Slides modified from Prof. Hsu-Chun Hsiao



DP#5:. Sequence Alignment

Textbook Chapter 15.4 — Longest common subsequence
Textbook Problem 15-5 — Edit distance
Chapter 6.6 in Algorithm Design by Kleinberg & Tardos

Slides modified from Prof. Hsu-Chun Hsiao



Monkey Speech Recognltlon
- BTMEEEE  EEEHERGE  B-2RTREE

F’banana’ BB E A 1@*%
 How to evaluate the similarity between two sequences?

ﬁ‘ﬁ
s
i
<t

a Eadikjaz }
h svkbrlvpnzanczyqza}
o’&’o

banana
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Longest Common Subsequence (LCS)

* Input: two sequences X = (z1,x2, - , Tm)

Y = <y17y29”' 7y’ﬂ>
« Output: longest common subsequence of two seguences

 The maximum-length sequence of characters that appear left-to-right (but not
necessarily a continuous string) in both sequences

X = banana X = banana
Y Y

= aenigadikjaz = svkbrlvpnzanczygza

$ X - bali—rll——alm———a— X - ———kIJa———n—an ————— a
Y - —aenigadikjaz Y - svkbrlvpnzanczygza

________________________________________________________________________________________________________________________________________

The infinite monkey theorem: a monkey hitting keys at random
. for an infinite amount of time will almost surely type a given text

Slides modified from Prof. Hsu-Chun Hsiao



Edit Distance

* Input: two sequences X = (zq,x2, ,Tpm)

Y = <ylay27” | Jyn>
« Output: the minimum cost of transformation from X to Y
« Quantifier of the dissimilarity of two strings

X = banana X = banana
Y Y

= aenigadikjaz = svkbrlvpnzanczygza

9$X - ba-n--an---a- X -» ---ba---n-an----- a¢
Y

Y - —aenigadikjaz — svkbrlvpnzanczyqgza

1 deletion, 7 insertions, 1 substitution 12 insertions, 1 substitution

Slides modified from Prof. Hsu-Chun Hsiao




Sequence Alignment Problem

* Input: two sequences X = (x1,x2, - , Tup)

Y = <y17y27' e 7yn>
* Output: the minimal cost M,, ,, for aligning two sequences
* Cost = #insertions X Ciys + #deletions X Cpgy, + #substitutions X C, ,

Slides modified from Prof. Hsu-Chun Hsiao



Step 1: Characterize an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (z1,22, -+ ,Tm) ¥ = (y1,%2," -+ , Un)
Output: the minimal cost M,, ,, for aligning two sequences

« Subproblems
* SA (i, jJ):sequence alignment between prefix strings x;, ..., x; and yy, ..., y;
e Goal: SA (m, n)
* Optimal substructure: suppose OPT is an optimal solution to SA (1, 7j),
there are 3 cases:
 Case 1: x; and y; are aligned in OPT (match or substitution)
* OPT/x;,,y;} Is an optimal solution of SA (i-1, j-1)
» Case 2: x; Is aligned with a gap in OPT (deletion)
* OPT is an optimal solution of SA (i-1, 7J)
* Case 3: y; Is aligned with a gap in OPT (insertion)
* OPT is an optimal solution of SA (i, j-1)

Slides modified from Prof. Hsu-Chun Hsiao



Step 2: Recursively Define the Value of an
OPT Solution

Sequence Alignment Problem
Input: two sequences X = (z1,22, -+ ,Tm) ¥ = (y1,%2," -+ , Un)
Output: the minimal cost M,, ,, for aligning two sequences

« Suppose OPT is an optimal solutionto SA (i, 7j), there are 3 cases:

* Case 1: x; and y; are aligned in OPT (match or substitution)
* OPT/{x;,y;}Is an optimal solution of SA (i-1, 3-1) M;; = M;_1 -1+ Cq, 4,
» Case 2: x, Is aligned with a gap in OPT (deletion)

 OPT is an optimal solution of SA (i-1, 7J) M; ; = M;_1; + CpEL
» Case 3. y; is aligned with a gap in OPT (insertion)
 OPT is an optimal solution of SA (i, j-1) M;; = M; ;-1 + Cins
* Recursively define the value
JCNs ifi=0
M;; ={ iCpgr if j =0

min(Mi_ljj_l + Catq;,yj ) Mi—l,j + ODEL; Mi,j—l + CINS) otherwise

Slides modified from Prof. Hsu-Chun Hsiao



Step 3: Compute Value of an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (r1,z2, -, Tm) Y = (y1,¥2," " ,¥n)
Output: the minimal cost M,, ,, for aligning two sequences

« Bottom-up method: solve smaller subproblems first

JCINs if i =0
Mi,j — iCDEL lf] — 0
min(Mi—l,j—l -+ C-’L'i,yj , Mi—l,j + CbEL, Mi,j—l + CINS) otherwise

Xy, o1l 213/ 4/5 ] .| n_

=
2
[
jo)
3
=
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Step 3: Compute Value of an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (x1,x2,- ,Tm) Y = (y1,¥2, " s ¥n)
Output: the minimal cost M,, ,, for aligning two sequences

« Bottom-up method: solve smaller subproblems first

7C1INs if i =0
]V[@j — i(j[ngL if.j — O
IIliIl(]WZ 1,j—1 t sz R M;_+ J -+ CDEL-; M,,, 3 1 —|— CINS) otherwise

ﬂ-----ﬂ-ﬂﬂ

4 12
4 7 11 15 19 23 27 31 35 39 43 47 51
8 4 8 12 16 20 23 27 31 35 39 43 47
8 12 8 12 16 20 24 28 32 36 40 44
12 15 12 15 19 16 20 24 28 32 36 40
16 19 15 19 22 20 23 27 31 35 39 43
20 23 19 22 26 22 26 30 34 38 35 39

CperL = 4,Cins = 4
Cprq="T,ifp#q

el o
o N

O 5 o B3 0 O
NN
~ O
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Step 3: Compute Value of an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (x1,x2,- ,Tm) Y = (y1,¥2, " s ¥n)
Output: the minimal cost M,, ,, for aligning two sequences

« Bottom-up method: solve smaller subproblems first

7CINS if1=20
Mi,j — iCDEL lfj — 0
mil’l(Mi_ljj_l —+ Caii,yjaMi—l,j + CbEL, Mi,j—l + CINS) otherwise
Seg-Align (X, Y, Cpozrsr Cinss Cp,q)
for j = 0 to n
M[O][J] = J * Cr // IX|=0, cost=|Y|*penalty
=1 T(n) =06(mn)
[0]
=1
j =
i1l ] ]
[
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Step 4. Construct an OPT Solution by
Backtracking

Sequence Alignment Problem
Input: two sequences X = (x1,x2,- ,Tm) Y = (y1,¥2, " s ¥n)
Output: the minimal cost M,, ,, for aligning two sequences

« Bottom-up method: solve smaller subproblems first
JCINs if 4 =0
Mi,j — iCDEL lf] — 0
IIliIl(]WZ 1,j—1 t sz R M;_+ J -+ CDEL-; M,,, 3 1 —|— CINS) otherwise

ﬂ-----ﬂ-ﬂﬂ

* 4 8 12 16 20 24 28 32 36
4 7 11 15 19 23 27 31 35 39 43 47 51
8

CperL = 4,Cins = 4

Cp,q:'?aifp?éq N

4«38 12 16 20 23 27 31 35 39 43 47
12 8 12\ 8 +12 «+16 «20 «24«28 32 36 40 44
16 12 15 12 15 19 16 20 24 28_32 36 40
20 16 19 15 19 22 20 23 27 31\35 39 43
2

4 20 23 19 22 26 22 26 30 34 38\354—39
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Step 4. Construct an OPT Solution by
Backtracking

Sequence Alignment Problem
Input: two sequences X = (x1,x2,- ,Tm) Y = (y1,¥2, " s ¥n)
Output: the minimal cost M,, ,, for aligning two sequences

« Bottom-up method: solve smaller subproblems first

JCINs if i =0
Af@j—— i(ﬁ)EL ifj ::0
min(Mi—l,j—l -+ C-’L'i,yj , Mi—l,j + CbEL, Mi,j—l + CINS) otherwise

Find-Solution (M)
ifm=0 orn=20
return {}
v = min(M[m-1] [n-1] + Com, yn7 M[m-1][n] + Cpzp, MIm] [n-1] + Ciyg)
if v = M[m=-1][n] + Cuz // T deletion _
return Find-Solution (m-1, n) T(n) o @(m T n)
if v = M[m] [n-1] + Cyy // €:insertion
return Find-Solution(m, n-1)
return {(m, n)} U Find-Solution(m-1, n-1) // N: match/substitution
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Step 4. Construct an OPT Solution by
Backtracking

Seg-Align (X, Y, Cpz, Crysr Cpg)
for j = 0 to n
M[O][J] = J * Cpy // |X|=0, cost=|Y|*penalty
for 1 = 1 tom T(n) — @(mn)
M[i][0] = 1 * Cpe // 1Y|=0, cost=|X|*penalty
for 1 = 1 tom
for Jj =1 ton
MI11[3] = min(M[1-1][§-11+Cy; s, M[i-1][3]14Cps, M[1] [J-1]1+Cpy)
[m]

Find-Solution (M)
ifm=0 orn=20
return {}
v = min(M[m-1] [n-1] + Com, yn7 M[m-1][n] + Cpzp, MIm] [n-1] + Ciyg)
if v = M[m=-1][n] + Cuz // T deletion -
return Find-Solution (m-1, n) T(TL) o e(m T n)
if v = M[m] [n-1] + Cy // €:insertion
return Find-Solution(m, n-1)
return {(m, n)} U Find-Solution(m-1, n-1) // N: match/substitution

Slides modified from Prof. Hsu-Chun Hsiao



Space Complexity

« Space complexity

Xy, o123/ 4]5 ] .| n_

= O(mn)

* |f only keeping the most recent two rows:. Space-Seg-Align(X, Y)

Xyl ol il 203 ] ... n
-1

= —~ ]
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Space-Efficient Solution e

Dynamic Programming

* Problem: find the min-cost alignment - find the shortest path i“

START & P _ e
a P e
X\ 01|23 ®
0 4 8 12
4 7 11 15
8 4 8 12 ‘ P
12 8 12 8 1

6 12 15 12
O 16 19 15

O = 'O T w
=

N

END

—> distance = )
J distance = C
\ distance = C, , for edge (u, v)
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Shortest Path in Graph

« Each edge has a length/cost
« F(i,j): length of the shortest path from (0,0) to (i,j) (START = (i,j))
* B(i,j): length of the shortest path from (i,j) to (m,n) ((i,j) 2 END)
« F(m,n) = B(0,0) .
=0 1 2 3 4 5 6 7
F(2,3) = distance of the
shortest path © —@

B(2,3) = distance of the
shortest path @—C

o B W N P O
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Recursive Equation

« Each edge has a length/cost

« F(i,j): length of the shortest path from (0,0) to (i,j) (START = (i,j))
* B(i,j): length of the shortest path from (i,j) to (m,n) ((i,j) 2 END)
e Forward formulation

JjCins ifi=0
F,; ={ iCpgL ifj=0  _,
min(F;—1,j-1 + Cu, y;, Fie1,; + CpeL, Fij—1 + Cins)  otherwise ; —
 Backward formulation 1€
(n — j)CINS if 72 =20 2§
Bi,j = (m — i)CDEL ifj =0 3¢
min(B;41 41 + C:L-i,yj ,Bit1,; + CbEL, Bij+1 + Cins) otherwise 4 €
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Shortest Path Problem

F(i,j): length of the shortest path from (0,0) to (i, )
B(i, j): length of the shortest path from (i, ) to (m,n)

» Observation 1: the length of the shortest path from (0,0) to (m,n) that
passes through (i,j) is F(i,j) + B(i, j)

- optimal substructure .

----------------------------------------------

J
11=0
FiLj) | 1 €
2

*
--------------
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Shortest Path Problem

F(i,j): length of the shortest path from (0,0) to (i, )
B(i, j): length of the shortest path from (i, ) to (m,n)

* Observation 2: for any v Iin {0, ..., n}, there exists a u s.t. the shortest
path between (0,0) and (m,n) goes through (u, v)
— the shortest path must go across a vertical cut

---------

j=0 1 2i3%a4 5 6 7

0
1
2
3 €
4
5
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Shortest Path Problem

F(i,j): length of the shortest path from (0,0) to (i, )
B(i, j): length of the shortest path from (i, ) to (m,n)

* Observation 1+2:
F(man) — mm(F(O,v) —I—B(O,’U),F(L’U) —I—B(l,?)),'- ) aF(maU) —|—B(m,v))
F(m,n) = ming<y<m F(u,v) + B(u,v)Vv
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Divide-and-Conquer Algorithm

» Goal: finds optimal solution

-

—_——
~~

—

= [dea: utilize sequence alignment algo.
= Call Sspace-Seg-Align(X,Y[1:v]) tofind
F(0,v),F(1,v),...,F(m,v) v n )
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Divide-and-Conquer Algorithm

* Goal: finds optimal solution — DC-Align (X, Y) Space Complexity: O(m + n)
v=mn/2

—

= Divide the sequence of size n into 2
subsequences
= Find u to minimize F(u,v) + B(u, v)

- Recursive case (n > 1)  ©(mn)
= prefix | T( ) e

_____________

u* = argming<,< 5(F(u,v)+B(u,'U)) ‘

‘ = suffix LT(m Uu, 2) !

= T(m,n) = time for running pc-

= DC-Align (X[u+l:m], Y[v+1l:n])
Align (X, Y) With |X|=m,|Y|=n  ~ TFFPresss 7 sHa2 10U

- Base case (n = 1) B |
T(m,n) = { O(m) ifn=1 » T(m,n) =0O(mn)

_________________

__________

- Return seq-aAlign (x, v) ©(m):
T(u,n/2) + T(m —u,n/2) + O(mn) ifn>2
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Time Complexity Analysis

* Theorem

| O(m) if n=1
iy i) = { T(u,n/2)+T(m—u,n/2)+O(mn) ifn>2 = 7'(m, n) = O(mn)
* Proof
* There exists positive constants a, b s.t. all

T(m,n) <{ o™ n>2
TS T(uyn/2) + T(m = uyn/2) +b-mn it n > 2

« Use induction to prove T'(m,n) < kmn

____________________________________________________________

. Practice to check the initial condition T(m,n) <T(u,5)+T(m—u,5)+b-mn
Inductive < Ly 4+ k(m —uw)2 +b-mn
hypothesis — ) 2 ( )2
< (3 +b)mn

< kmn when k > 2b
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Extension: ;¥ &3 Recognition

« Given a graph ¢ = (V,E), each edge (u,v) € E has an associated
non-negative probability p(u, v) of traversing the edge (u, v) and
producing the corresponding character. Find the most probable path
with the label s = (04, 05, ..., 0,,).

=<

A K . N T Find the path from START
- A “.__ to END with highest prob
ﬁ}}@{/[ﬁ\%(; -------- ,:7 T
START \\»Q:MQ!/ . ‘W \\/
RO o X o KO-\ END
X O OO
IO /D
DT~ KY€ € N
PNet L) g




Viterbi Algorithm

produce oy
p _ | P(START,v) itj=1
“7 | maxg(Pg -1 X p(u,v)) otherwise

produce o;

\y

V: vocabulary size
AN

V"/ m» 7(n)=0(Vn)




DP#6: Knapsack (% E1[51&8)

Textbook Exercise 16.2-2
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. :(‘i}

o+ Knapsack Problem
@hwa
* Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

 Output: the maximum value for the knapsack with capacity of W

 Variants of knapsack problem
« 0-1 Knapsack Problem: I E¥)mREEE—1A
Unbounded Knapsack Problem: B8I8¥) ol U =% (E
Multidimensional Knapsack Problem: & £1Z5 B AR
O = £ &

Multiple-Choice Knapsack Problem: 88— ¥ m&%E=—{E
Fractional Knapsack Problem: ¥ el AR ZE 7
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Knapsack Problem

* Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

 Output: the maximum value for the knapsack with capacity of W

 Variants of knapsack problem
 0-1 Knapsack Problem: B2lIEY)mReEE=—1E
Unbounded Knapsack Problem: B8I8¥) ol U =% (E
Multidimensional Knapsack Problem: & £1Z5 B AR
O = £ &

Multiple-Choice Knapsack Problem: 88— ¥ m&%E=—{E
Fractional Knapsack Problem: ¥ el AR ZE 7

Slides modified from Prof. Hsu-Chun Hsiao



Step 1: Characterize an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

* Subproblems ;o o (i) &2 0 ke (i, ®
q( consider the available capacity
* ZO-KP (i, w): 0-1 knapsack problem within w capacity for the first i items
« Goal: ZO-KP(n, W)
« Optimal substructure: suppose OPT is an optimal solution to zO-
KP (i, w),there are 2 cases:
« Case 1:itemiin OPT
« OPT\{i}is an optimal solution of ZO-KP (1 - 1, w - w.)
« Case 2: item i not in OPT
« OPT is an optimal solution of ZO-KP (1 - 1, w)
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Step 2: Recursively Define the Value of an
OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

« Optimal substructure: suppose OPT Is an optimal solution to Z0O-
KP (i, w),there are 2 cases:

« Case 1. itemiin OPT
« OPT\{i} is an optimal solution of ZO-KP (i - 1, w - w,) Mz’,'w = Vi T Mi—l,w—'wi
« Case 2: item i not in OPT

« OPT is an optimal solution of ZO-KP (i - 1, w) M; 1y = M;_1 4
* Recursively define the value
(0 if i =0
M,,;’w = < Mi—l,w if w; > w
| max(v; + M;—1w—w,, Mi—1,,) otherwise
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Step 3: Compute Value of an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

» Bottom-up method: solve smaller subproblems first

(0 if i = 0
Mi,fw = Mi—l,w if w; > w
| max(v; + M; 1 w—w;, Mi—1,,) otherwise
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Step 3: Compute Value of an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

» Bottom-up method: solve smaller subproblems first _
0 lf 1 = O 1 1 4
M; =1 M1 if w; > w 2 2 9
| max(v; + M; 1 w—w;, Mi—1,,) otherwise 3 4 20
W=5

w0l 1]2]3]4]5
0 0 0 0 0

0

0 4 4 4 4 4
0 4 9 13 13 13
0 4 9 13 20 24
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Step 3: Compute Value of an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

» Bottom-up method: solve smaller subproblems first

(0 if i =0
Mz’,w = Mi—l,w if w; > w
| max(v; + M; 1 w—w;, Mi—1,,) otherwise

Z20-KP (n, v, W)
for w =0 to W
M[O, w] = O
for 1 =1 ton
for w =0 to W
if(w, > w) ‘]ﬁ(Tl) = ()(71L1f)
M[i, w] = M[i-1, w]
else
M[i, w] = max(v; + M[i-1, w-w;], M[1-1, w])
return M[n, W]
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Step 4. Construct an OPT Solution by
Backtracking

ZO-KP (n, v, W)
for w =0 to W

I
o

M[1, w] = max(v; + M[1-1, w-w;], M[1-1, w])
return M[n, W]

Find-Solution (M, n, W)
S = {}

w =W
for 1 = n to 1
if M[i, w] > M[i - 1, w] // case 1 T(?’L) — @(n)
W =W — W
S =S U {i}

return S
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o Knapsack Problem

EHE
* Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

 Output: the maximum value for the knapsack with capacity of W

 Variants of knapsack problem
. 0-1 Knapsack Problem: 218¥)mREE=—1E
Unbounded Knapsack Problem: BIE¥moIUEZ(E
Multidimensional Knapsack Problem: & £1Z= & A IR
0O =<7 &

Multiple-Choice Knapsack Problem: 8— ¥ mE%E—{@
Fractional Knapsack Problem: ¥ el AR ZE 7
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Step 1: Characterize an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies
Output: the max value within W capacity

» Subproblems
« U-KP (i, w):unbounded knapsack problem with w capacity for the first i items
« Goal: U-KP (n, W)

each item can be chosen at most once each item can be chosen multiple times

a seguence of binary choices: whetherto  a sequence of i choices: which one (from 1
choose item i to i) to choose

Time complexity = @(nW) Time complexity = @(n*W)
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Step 1: Characterize an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies

Output: the max value within W capacity

« Subproblems
* U-KP (w) : unbounded knapsack problem with w capacity
 Goal: U-KP (W)
» Optimal substructure: suppose OPT is an optimal solution to U-KP (w) ,
there are n cases:

« Case 1:item 1 in OPT
« Removing an item 1 from OPT is an optimal solution of U-KP (w — w,)

« Case 2: item 2 in OPT
« Removing an item 2 from OPT is an optimal solution of U-KP (w — w,)

« Case n: item n in OPT
« Removing an item n from OPT is an optimal solution of U-KP (w - w)
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Step 2: Recursively Define the Value of an
OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies
Output: the max value within W capacity
« Optimal substructure: suppose OPT iIs an optimal solution to U-KP (w),
there are n cases:
 Case i:itemiin OPT
« Removing an item i from OPT is an optimal solution of U-KP (w - w,) My = v3 + My—q,
* Recursively define the value

Vo 0 if w =0 or w; > w for all ¢
v Maxi<;<nfw,<wl Vi + Mw—w,) otherwise
RERHBEREN BT
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Step 3: Compute Value of an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies

Output: the max value within W capacity
« Bottom-up method: solve smaller subproblems first

0 if w =0 or w; > w for all ¢
MaX] <;<nw;<w(Vi + My—w,) otherwise

My, =

W
' w | 0] 1] 2[3 )45 -
M[w] > A
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Step 3: Compute Value of an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies

Output: the max value within W capacity
« Bottom-up method: solve smaller subproblems first

Y, 0 if w =0 or w; > w for all ¢
Y| maxy<i<nw;<w(Vi + My—q,) otherwise

“w o |12 |3 |4]|5
Mw] O 4 9 13 18 22 ;;:
440
maxgnax(él) +4,940) 3 4 I
max(4 49,9 + 4) W =5

max(4 4+ 13,9+ 9,17+ 0)
max(4 + 18,9 + 13,17 + 4)
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Step 3: Compute Value of an OPT Solution

Unbounded Knapsack Problem

Input: n items where i-th item has value v; and weighs w; has unlimited supplies
Output: the max value within W capacity

« Bottom-up method: solve smaller subproblems first

Vo 0 if w=0 or w; > w for all s
W MaX] <;<nw;<w(Vi + My—w,) otherwise
U-KP (v, W)
for w = 0 to W
M[w] = 0
for w = 0 to W

for 1 =1 to n T(n) — @(nW)

1f(wy; <= w)
tmp = v; + M[w - w,]
M[w] = max(M[w], tmp)
return M[W]
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Step 4. Construct an OPT Solution by
Backtracking

U-KP (v, W)
for w =0 to W
M[w] = O
for w =0 to W
for 1 = 1 to n 'zq(TZ) p— ()(71L1f)
1f(w; <= w)
tmp = v, + M[w - wy]
M[w] = max(M[w], tmp)
return M[W]

Find-Solution (M, n, W)

for 1 =1 to n
C[i] = 0 // C[1] = # of item 1 in solution
w =W

for 1 = 1 to n T(’I’L)Z@(TL-I—W)

while w > 0
1f(w, <= w && M[w] == (v; + M[w - w;]))
W =W - W
Cli] +=1
return C
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o Knapsack Problem

EHE
* Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

 Output: the maximum value for the knapsack with capacity of W

 Variants of knapsack problem
« 0-1 Knapsack Problem: BIB¥)mREE—1E
Unbounded Knapsack Problem: BI8#)m o] IZ%1E
Multidimensional Knapsack Problem: & 81Z R AR
O =1 <7 &

Multiple-Choice Knapsack Problem: 8— ¥ mE%E—{@
Fractional Knapsack Problem: ¥ el AR ZE 7
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Step 1: Characterize an OPT Solution

Multidimensional Knapsack Problem

Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is
chosen at most once

« Subproblems

« M-KP (1, w, d):multidimensional knapsack problem with w capacity and d size for
the first i items

« Goal: M-KP (n, W, D)
« Optimal substructure: suppose OPT is an optimal solution to M-KP (1, w,
d), there are 2 cases:
e Case 1:itemiin OPT
« OPT\{i} is an optimal solution of M-KP (i - 1, w - w,, d — d,)
e Case 2:item i notin OPT
 OPT is an optimal solution of M-KP (1 - 1, w, d)
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Step 2: Recursively Define the Value of an
OPT Solution

Multidimensional Knapsack Problem

Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is
chosen at most once

« Optimal substructure: suppose OPT is an optimal solution to M-KP (i,
w, d),there are 2 cases:

« Case 1:itemiin OPT M; w,d = vi + Mi—1,w—w;,d—d;
« OPT\{i} is an optimal solution of M-KP (i - 1, w - w;, d - d;)
« Case 2: item i notin OPT M;iwa=M;_1.w.4

« OPT is an optimal solution of M-KP (1 - 1, w, d)

* Recursively define the value
0 if1=20
Mi,w,d = Mfi—l,w,d if w; >word; >d
max(v; + M; 1 w—w;.d—d;» Mi—1w,4) otherwise
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Exercise

Multidimensional Knapsack Problem

Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is
chosen at most once

« Step 3. Compute Value of an OPT Solution
 Step 4: Construct an OPT Solution by Backtracking
« What is the time complexity?
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+: Knapsack Problem

EHE
* Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

 Output: the maximum value for the knapsack with capacity of W

 Variants of knapsack problem

. 0-1 Knapsack Problem: 218¥)mREE=—1E
Unbounded Knapsack Problem: BI8#)m o] IZ%1E
Multidimensional Knapsack Problem: & £1Z= & A IR
Multiple-Choice Knapsack Problem: BE— Y mRZE=—(E
Fractional Knapsack Problem: ¥ el AR ZE 7
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Multiple-Choice Knapsack Problem

* Input: n items
* v; ;. value of j-th item in the group i
* w; ;. weight of j-th item in the group i
* n;: number of items in group i
 n: total number of items (3, n;)
« (. total number of groups

 Output: the maximum value for the knapsack with capacity of W/,
where the item from each group can be selected at most once

group 2 group 3
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Step 1: Characterize an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once
» Subproblems

« MC-KP (w) . w capacity

« MC-KP (1, w):.w capacity for the first i groups

* MC-KP (i, j, w):w capacity for the first j items from first i groups

Slides modified from Prof. Hsu-Chun Hsiao



Step 1: Characterize an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once
» Subproblems

« MC-KP (w) . w capacity

* MC-KP (i, w): w capacity for the first i groups the constraint is for groups

* MC-KP (i, j, w):w capacity for the first j items from first i groups
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Step 1: Characterize an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once

* Subproblems
« MC-KP (1, w): multi-choice knapsack problem with w capacity for first i groups
 Goal: MC-KP (G, W)
« Optimal substructure: suppose OPT is an optimal solution to MC-KP (1,
w) , for the group i, there are n; + 1 cases:

« Case 1: no item from i-th group in OPT
 OPT is an optimal solution of MC-KP (1 - 1, w)

* Case j + 1: j-th item from i-th group (item;;) in OPT
« OPT\item,; is an optimal solution of MC-KP (1 - 1, w — w; .)
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Step 2: Recursively Define the Value of an
OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once
* Optimal substructure: suppose OPT is an optimal solution to MC-
KP (i, w), forthe group i, there are n; + 1 cases:
e Case 1: no item from i-th group in OPT
 OPT is an optimal solution of MC-KP (1 - 1, w)
* Case j + 1: j-th item from i-th group (item;;) in OPT M = vij+ Mi—1w—w,
« OPT\item;; Is an optimal solution of MC-KP (1 - 1, w — w, ;)
* Recursively define the value

M; = M;_1

0 if i =20
M; W = M;_1 4 if w; ; > w for all j
maxj<;<n, (Ui,j + M’i—l,w—wi,j y Mi—l,w) otherwise

n-'+ 1
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Step 3: Compute Value of an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once

« Bottom-up method: solve smaller subproblems first

(0 if i =0
Mi,fw = < Mi—l,w if Wi j > W for all 7
L maxi<;<n; (Ui,j + Mi—l,'w—’wi,j y Mi—l,w) otherwise

iw o | 1 [ 2 | 3 | .| w | . | W

M’i—]_,’w—wi,j Mz—l,'w

g T
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Step 3: Compute Value of an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once

« Bottom-up method: solve smaller subproblems first

MC-KP (n, v, W)
for w =0 to W
M[O, w] = 0
for i = 1 to G // consider groups 1 to i

for w = 0 to W // consider capacity = w L IIr

M[i, w] = M[1 - 1, w] qu(Tl) T ()(Tl )

for 3 =1 to n; // check j-th item in group i
if(vi,j + M[1 - 1, w - wi,j] > M[1, w])

M[1i, w] vy,s T M[1 -1, w - wiJ]

return M[G, W]

G W ny w G n;
:E::E:::E:c:-c:}{ij::ZE:]_—-(:EE:TL—-anV'
1=1 w=0 j5=1 w=01=1 5=1
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Step 4: Construct an OPT Solution by
Backtracking

MC-KP (n, v, W)
for w =0 to W
M[O, w] = 0
for 1 =1 to G // consider groups 1 to 1
for w = 0 to W // consider capacity = w ( ) — ( )
M[1i, w] = M[1 - 1, w] jr,72 () Tlllf
for 3 = 1 to n; // check items in group 1
if(vi,j + M[1 - 1, w - le] > M[1, w])
M[1, w] = vy Tt M[1 - 1, w - le]
Bli, w] = j
return M[G, W], B[G, W]
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o+ Knapsack Problem
&
* Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

 Output: the maximum value for the knapsack with capacity of W

 Variants of knapsack problem
« 0-1 Knapsack Problem: I E¥)mREEE—1A
Unbounded Knapsack Problem: B8I8¥) ol U =% (E
Multidimensional Knapsack Problem: & £1Z5 B AR
O = £ &

Multiple-Choice Knapsack Problem: 88— ¥ m&%E=—{E
Fractional Knapsack Problem: ¥ @moJI R EE 5
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Fractional Knapsack Problem

* Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

 Output: the maximum value for the knapsack with capacity of W,
where we can take any fraction of items

« Dynamic programming algorithm should work

__________

~~~~~~

» Choose maximal — ($2UCP1E) first “Greedy Algorithm’

Next topic!

(. e,
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Pseudo-Polynomial




Pseudo-Polynomial Time

* Polynomial: polynomial in the length of the input (#bits for the input)
« Pseudo-polynomial: polynomial in the numeric value

* The time complexity of 0-1 knapsack problem is O(nl/)
* n. number of objects
« W: knapsack’s capacity (non-negative integer)
« polynomial in the numeric value
= pseudo-polynomial in input size
= exponential in the length of the input

https://youtu.be/90l7fg-MIpE



Time Complexity Definition

* Time complexity Is iIn measure the time an algorithm takes to run as a
function of
@ the length of the input in bits
¢ the value of the input

function
for 1
prin

(n

t

)
1 to n
i

* nisavalue
n=4=100

H—’

3

n =38 = 1000

‘ﬂ—,
4
n =16 = 10000

O(n)
-0 (Zbits in n)
= 0(2™)

function
for 1
prin

(a

t

[1..n]
1 to
ali]

* aisan array

[ | J
|

O(n)




Time Complexity Definition

* Time complexity Is iIn measure the time an algorithm takes to run as a
function of
C'/) the length of the input in bits
¢ the value of the input

function (n) O(Tl) function (a)
for i = 1 to n bits in n for i = 1 to n O(n)
print 1 — 0(2 ) print 1
: — m :
* nisavalue — 0(2 ) * aisanarray

* The time complexity of 0-1 knapsack problem is @(nlW/)
 n: number of objects = @(n2bs W) = 0(n2™)

« W: knapsack’s capacity (non-negative integer) = exponential in the length of the input
= polynomial in the numeric value

= pseudo-polynomial in input size



Concluding Remarks

* “Dynamic Programming”: solve many subproblems in polynomial time for
which a naive approach would take exponential time

* When to use DP
* Whether subproblem solutions can combine into the original solution
 When subproblems are overlapping
* Whether the problem has optimal substructure
« Common for optimization problem
« Two ways to avoid recomputation
« Top-down with memoization
« Bottom-up method
« Complexity analysis
« Space for tabular filling
 Size of the subproblem graph




Question?

Important announcement will be sent to
@ntu.edu.tw mailbox & post to the course website

Course Website: http://ada.miulab.tw
Email: ada-ta@csie.ntu.edu.tw



