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Outline

Dynamic Programming
DP #1: Rod Cutting

DP #2: Stamp Problem
DP #3. Matrix-Chain Multiplication
DP #4: Weighted Interval Scheduling

DP #5: Sequence Alignment Problem
* Longest Common Subsequence (LCS) / Edit Distance
* Viterbi Algorithm
« Space Efficient Algorithm

DP #6: Knapsack Problem

« 0/1 Knapsack
« Unbounded Knapsack
« Multidimensional Knapsack A e.

 Fractional Knapsack N’ N’
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Algorithm Design Strategy

* Do not focus on “specific algorithms”
* But "some strategies” to “design” algorithms

» First Skill: Divide-and-Conquer (Z{EZH/7378)%)
» Second Skill: Dynamic Programming (Ei 2857 2l))




Dynamic Programming

Textbook Chapter 15 — Dynamic Programming
Textbook Chapter 15.3 — Elements of dynamic programming
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What 1s Dynamic Programming?

« Dynamic programming, like the divide-and-conquer method, solves
problems by combining the solutions to subproblems.

° ﬁﬁ:’EFﬁTﬁHQH%FEﬁ
- EEBNE NMED)
 “Dynamic”: time-varying
* “Programming”: a tabular method
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Algorithm Design Paradigms

* Divide-and-Conquer « Dynamic Programming
« partition the problem into « partition the problem into dependent
Independent or disjoint or overlapping subproblems
subproblems « avoid recomputation
* repeatedly solving the common v Top-down with memoization
subsubproblems v’ Bottom-up method

- more work than necessary
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Dynamic Programming Procedure

* Apply four steps

Characterize the structure of an optimal solution

Recursively define the value of an optimal solution

Compute the value of an optimal solution, typically in a bottom-up fashion
Construct an optimal solution from computed information

> w N e
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Rethink Fibonaccl Sequence

» Fibonacci sequence (iR ABZEEFI) | Fibonacci (n)

if n < 2 // base case

« Basecase: F(O)=F(1)=1 return 1

* Recursive case: F(n) = F(n-1) + F(n-2) // recursive case

(o)

return Fibonacci (n-1)+Fibonacci (n-2)

F(5)
F(4) v'F(3) was computed twice
v'F(2) was computed 3 times

© © © © 7m=o0e
6@ FOTFQOX FO)N FY FO)

F(1)R F(O)
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FiIbonaccl Sequence
Top-Down with Memoization

 Solve the overlapping subproblems recursively with memoization
« Check the memo before making the calls

MEMO
—

Fn) 1 1

Tttt 111
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FiIbonaccl Sequence
Top-Down with Memoization

Memoized-Fibonacci (n)
// initialize memo (array al])

al0] =1

all] =1

for 1 = 2 to n
ali] = O

return Memoized-Fibonacci-Aux(n, a)

Memoized-Fibonacci-Aux (n, a)
if a[n] > 0O
return an]
// save the result to avoid recomputation
aln] = Memoized-Fibonacci-Aux(n-1, a) + Memoized-Fibonacci-Aux (n-2,
return an]

a)
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FiIbonaccl Sequence
Bottom-Up Method

 Building up solutions to larger and larger subproblems

Bottom-Up-Fibonacci (n)
i1f n < 2
return 1
al0] =1
all] =1
for i = 2 .. n
ali] = a[i-1] + a[i-2]
return aln]
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Optimization Problem

* Principle of Optimality
« Any subpolicy of an optimum policy must itself be an optimum policy with
regard to the initial and terminal states of the subpolicy

« Two key properties of DP for optimization
* Overlapping subproblems

« Optimal substructure — an optimal solution can be constructed from optimal
solutions to subproblems

v"Reduce search space (ignore non-optimal solutions)

If the optimal substructure (principle of optimality) does not hold, then it is
Incorrect to use DP
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Optimal Substructure Example

* Shortest Path Problem

* Input: a graph where the edges have positive costs
« Qutput: a path from S to T with the smallest cost

The path costing Cq,+ Cy51is the shortest path from Sto T
—> The path with the cost Cg_,, must be a shortest path from Sto M

Cru>t
Cann, '\/
y————
ﬁ‘ Coom < Ypr?
11 N

Proof by “Cut-and-Paste” argument (proof by contradiction):
Suppose that it exists a path with smaller cost C'g,,, then we can

Tainan (S) “cut” Cg and “paste” C's,, to make the original cost smaller
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DP#1: Rod Cutting

Textbook Chapter 15.1 — Rod Cutting
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Rod Cutting Problem

* Input: a rod of length n and a table of prices p; fori =1, ...,n

-----

pI’ICG Di

« Output: the maximum revenue r, obtainable by cutting up the rod and
selling the pieces

—
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Brute-Force Algorithm

price p; 1 5 8 9 10

* Arod with the length = 4

T - ©
| T T > s+ 1- 9
| T T - 5+ 5 =(10
I T > . s-9

| T T T 51+ 1-7
| T T > 15+ 1=7

| T T T > 1 157

| T D T T > 111+ 1=4
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Brute-Force Algorithm

price p; 1 5 8 9 10

« Arod with the length = n

o-“)-)

« For each integer position, we can choose “cut” or “not cut”
* There are n - 1 positions for consideration

* The total number of cutting results is 2! = (2" 1)

https://www.dc-dream.com/stkinfo/?kind=sticker&stkno=2325

Slides modified from Prof. Hsu-Chun Hsiao



. : . 1;,. the maximum revenue
ReC U rS |Ve Th I n kl n g obtainable for a rod of
length n
* We use a recursive function to solve the subproblems

* If we know the answer to the subproblem, can we get the answer to
the original problem?

R —

rn = max(Pn, ™1 + Tn_1,T2 +Tp—9,"* ,Tp_1+71)
)

\
no cut |
cut at the i-th position (from left to right)

« Optimal substructure — an optimal solution can be constructed from
optimal solutions to subproblems
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Recursive Algorithms

* Version 1
I'm = max(pn, 1+ I'm—1,72 + 'm—2,""" yTn-1 + Tl)
no cut\ | l
cut at the i-th position (from left to right)
* Version 2

* try to reduce the number of subproblems - focus on the left-most cut

) pi

Iy = MaxXi<i<n (Pi + Tn—i)
left-most value maximum value obtainable from
the remaining part
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Recursive Procedure

* Focus on the left-most cut
« assume that we always cut from left to right - the first cut

I'n — INaxX1<i<n (pq; T Tn—i)
optimal solution optimal solution to subproblems

)
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Naive Recursion Algorithm

rn = Maxi<i<n (Di + Tn—i)

Cut-Rod (p, n)
// base case
if n ==
return O
// recursive case
q = -0
for 1 = 1 to n
q = max(g, pl[i1] + Cut-Rod(p, n - 1))
return g

* T(n) = time for running cut-rRod (p, n)
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Naive Recursion Algorithm

* Rod cutting problem

Cut-Rod (p, n)
// base case
if n ==
return 0O
// recursive case
q = -0
for 1 =1 ton

return g

q = max (g, pl[i] + Cut-Rod(p, n - 1))

CR(3)

CR(1) YcR(0)[CR(0)

cr@2) ] cr)]CRO)]cRr@) JCR©O)]CR(0)

CR(4)

CR(2) CR(1) § CR(0)

CR(0)
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Dynamic Programming

* |dea: use space for better time efficiency

* Rod cutting problem has overlapping subproblems and optimal
substructures - can be solved by DP

* When the number of subproblems is polynomial, the time complexity Is
polynomial using DP
« DP algorithm
» Top-down: solve overlapping subproblems recursively with memoization
« Bottom-up: build up solutions to larger and larger subproblems
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Dynamic Programming

* Top-Down with Memoization « Bottom-Up with Tabulation
 Solve recursively and memo the * Fill the table from small to large
subsolutions (BEZIER) « Suitable that each small problem
 Suitable that not all subproblems should be solved
should be solved
f(0) | (D) | f2) | .. | f(n)_ f(0) | f(D) [ 1) | ... | f(n)
>

T 1
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Algorithm for Rod Cutting Problem

Top-Down with Memoization

Memoized-Cut-Rod (p, n)

// initialize memo (an array r[] to keep max revenue)

r(0] =0

for 1 = 1 to n ()(Tl)
r{i] = -~ // r[i] = max revenue for rod with length = i

return Memorized-Cut-Rod-Aux(p, n, r)

Memoized-Cut-Rod-Aux (p, n, r)
if r[n] >= 0

return r[n] // return the saved solution ()(1)
q:—oo
for 1 = 1 ton | | | () 9
g = max(q, p[i] + Memoized-Cut-Rod-Aux(p, n-i, r)) n
r[n] = g // update memo

return g

* T(n) = time for running Memoized-Cut-Rod (p, n) W T'(n) = O(n?)
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Algorithm for Rod Cutting Problem

Bottom-Up with Tabulation

Bottom-Up-Cut-Rod (p, n)

r[0] =0
for 3 =1 ton // compute r[l], r[2], ... in order
q: — 00
for 1 = 1 to J ()(712)
g = max(q, p[1] + r[] - 1])
r(Jl = g

return r[n]j

* T(n) = time for running Bottom-Up-Cut-Rod (p, n)mp T(n) = O(n?)
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Rod Cutting Problem

* Input: a rod of length n and a table of prices p; fori =1, ...,n

-----

prlce Di

« Output: the maximum revenue r, obtainable and|the list of cut pieces

\
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Algorithm for Rod Cutting Problem

Bottom-Up with Tabulation
« Add an array to keep the cutting positions cut

Extended-Bottom-Up-Cut-Rod (p, n)
r[0] = 0
for 3 =1 ton //compute r[1l], r[2], ... in order
q = —e
for 1 = 1 to j
if g < pl[i] + r[7 - 1]
q=pli] + r[jJ - 1]
cut[j] = i // the best first cut for len J rod
r[i] = g
return r[n], cut

Print-Cut-Rod-Solution (p, n)
(r, cut) = Extended-Bottom—-up-Cut-Rod (p, n)
while n > 0
print cut[n]
n = n - cut[n] // remove the first piece
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Dynamic Programming

* Top-Down with Memoization « Bottom-Up with Tabulation
£(0) | (D) [12) | ... |f(n). £(0) | (D) | 12) | ... | f(n).
1 3 1t ——

 Better when some subproblems
not be solved at all

» Solve only the required parts of
subproblems

 Better when all subproblems must

\ be solved at least once

@
®
®

* Typically outperform top-down
method by a constant factor

* No overhead for recursive calls
« Less overhead for maintaining the table

&
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Informal Running Time Analysis

« Approach 1: approximate via (#subproblems) * (#choices for each
subproblem)
 For rod cutting
 #subproblems =n

« #choices for each subproblem = O(n)
« 2 T(n) is about O(n?)

« Approach 2: approximate via subproblem graphs
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Subproblem Graphs

* The size of the subproblem graph allows us to estimate the time
complexity of the DP algorithm :
A graph illustrates the set of subproblems involved and how *
subproblems depend on another ¢ = (V,E) (E: edge, V: vertex)
 |V|: #subproblems .
« A subproblem is run only once
 |E|: sum of #subsubproblems are needed for each subproblem |

« Time complexity: linear to O(|E| + |V])

D ’ . Graph Algorithm

Bottom-up: Reverse Topological Sort @@@ (taught later)

_______________________________________________________________________
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Dynamic Programming Procedure

1. Characterize the structure of an optimal solution
v Overlapping subproblems: revisit same subproblems

v Optimal substructure: an optimal solution to the problem contains within it
optimal solutions to subproblems

2. Recursively define the value of an optimal solution

v Express the solution of the original problem in terms of optimal solutions for
subproblems

3. Compute the value of an optimal solution
v’ Typically in a bottom-up fashion

4. Construct an optimal solution from computed information
v Step 3 and 4 may be combined
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Revisit DP for Rod Cutting Problem

1. Characterize the structure of an optimal solution

2. Recursively define the value of an optimal solution

3. Compute the value of an optimal solution

4. Construct an optimal solution from computed information
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Step 1: Characterize an OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

« Step 1-Q1: What can be the subproblems?

« Step 1-Q2: Does it exhibit optimal structure? (an optimal solution can
be represented by the optimal solutions to subproblems)

* Yes. = continue
* No. = go to Step 1-Q1 or there is no DP solution for this problem
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Step 1: Characterize an OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r;, obtainable

« Step 1-Q1: What can be the subproblems?
e Subproblems: Cut-Rod (0),Cut-Rod (1), ..., Cut—-Rod (n-1)
 Cut-Rod (1) :rod cutting problem with length-i rod
« Goal: Cut-Rod (n)
« Suppose we know the optimal solution to Cut-Rod (1), there are | cases:

« Case 1. the first segment in the solution has length 1
solutiondP ERE—EBREHLVER, I THEDZCcut-Rod (i-1) H&EH

« Case 2: the first segment in the solution has length 2
solutionh ZiE — B RE 2098 1%, T FRUERD ZCut-Rod (i-2) HEEHA

il
hN

il
N

. Case i: the first segment in the solution has length i
solution ZiE — B RERINE K, T THERD ZCut-Rod (0) WEERE
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Step 1: Characterize an OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

« Step 1-Q2: Does it exhibit optimal structure? (an optimal solution can
be represented by the optimal solutions to subproblems)

* Yes. Prove by contradiction.
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Step 2: Recursively Define the Value of an
OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r;, obtainable

« Suppose we know the optimal solution to Cut-Rod (1), there are | cases:
« Case 1: the first segment in the solution has length 1
tsolution P EE—ERRERIRVER, T RSO ZECut-Rod (1-1) E1ERE 5 = i =F il

« Case 2: the first segment in the solution has length 2
tsolution P EE—ERRER2RVEIR, T FAUEED ECut-Rod (1-2) ER1ERE ri =Dy +7i_o

» Case I: the first segment in the solution has length |
fesolution P EE—ERREBIMEKR, F FE D ECut-Rod (0) EEER Ti = PitTo

* Recursively define the value . _ ] 0 ifi=0
’ maxi<;<j (pj —|—T7;_j) if ¢ Z 1
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Step 3: Compute Value of an OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

« Bottom-up method: solve smaller subproblems first

Y fi—o MEEEEEENEEEEE
L maxi<;<; (pj + Tz'_j) ife>1 i E— -

Bottom-Up-Cut-Rod (p, n)
r[{0] =0

for j =1 ton // compute r[l1l], r[2], ... in order ( ) L ( 2)
S T(n) =06(n
for 1 =1 to j

q = max(q, pli] + r[j - 1])
r{jl = g

return r[n]
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Step 4: Construct an OPT Solution by
Backtracking e RERET

price p; 1

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

« Bottom-up method: solve smaller subproblems first
o { 0 if i =0

maxi<;<; (pj + Tz'—j) if2>1
il ﬁ .
cutif O 1 2 3
max(p1 + r1,p2 + 7o)
max(p1 + r2,p2 + 71, p3 + 7o)
max(p; + 73, p2 + r2, p3 + 11, P4 + 7o)

max(pl + To)

Slides modified from Prof. Hsu-Chun Hsiao



Step 4. Construct an OPT Solution by
Backtracking

Cut-Rod (p, n)

r[(0] = 0
for 3 =1 ton // compute r[1l], r[2], ... in order
q = -
for i = 1 to j T(n) — (,_)(n2)

if g < pli] + r[g - 1]
q=pli] + r[J - 1]
cut[j] = i // the best first cut for len j rod
r[i] = g
return r[n], cut

Print-Cut-Rod-Solution (p, n)

(r, cut) = Cut-Rod(p, n)

while n > 0
print cut[n] T(n) — @(n)
n =n - cut[n] // remove the first piece
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DP#2:. Stamp Problem




Stamp Problem

* Input: the postage n and the stamps with values vy, v,, ..., vy

 Output: the minimum number of stamps to “exactly” cover the postage




A Recursive Algorithm

» The optimal solution §,, can be recursively defined as 1 + min;(S,—,)
1 + min(sn—?)a S’I’L—57 Sn—'?a Sn—12)

Stamp (v, n)

r min = o

if n == 0 // base case
return O

for 1 = 1 to k // recursive case
r[i] = Stamp(v, n - v[i]) T(n)
if r[(1i] < r min

r min = r[i]
return r min + 1




Step 1: Characterize an OPT Solution

Stamp Problem
Input: the postage n and the stamps with values vy, v,, ..., v}
Output: the minimum number of stamps to cover the postage

« Subproblems
* S (1) :the min #stamps with postage i
e Goal: s (n)
« Optimal substructure: suppose we know the optimal solutionto s (i), there are k
cases:
« Case 1: there is a stamp with v, in OPT
ftsolutiontP 8 —RHE Hv, MEE, FITHWED s (i-vi1]) WRER

« Case 2: there is a stamp with v, in OPT
fiesolutionh 28 —EHME RV, MNBRE, FTHWEDEs (1-v(2]) WERER

» Case k: there is a stamp with v, in OPT
fiesolutionP i —RHME LV, NER, 7 MO ES (1-vk]) WERER



Step 2: Recursively Define the Value of an
OPT Solution

Stamp Problem
Input: the postage n and the stamps with values vy, v,, ..., v}
Output: the minimum number of stamps to cover the postage

« Suppose we know the optimal solution to S (i), there are k cases:
. Case 1: there is a stamp with v, in OPT

itsolution P ZE —REE DV, WE T, FI MWD ES (i-v(1]) WHRERE S =1+ S5,
. Case 2. thereis a stamp with v, in OPT
fiesolution P ZE —REBE AV, FE, fEJ"FE’JﬁMJ\%s vi2]) WERERE S, =1+ 5;_,,

. Case k: there Is a stamp with v, in OPT
fitsolutiontP 238 —REE RV MNBE, FTHEDES (i-vk])) WERER Si=1+5i—,

* Recursively define the value g _ 0 if 1 =20
L MmN <;<k (1 + Sz'—'vj) ifi>1



Step 3: Compute Value of an OPT Solution

Stamp Problem
Input: the postage n and the stamps with values vy, v,, ..., v}
Output: the minimum number of stamps to cover the postage

« Bottom-up method: solve smaller subproblems first

o _ {0 nEEN i | 0 | 1| 2| 3| 4[5 | ..|n
Z mini<j<g (1 + Si—y,) ifi>1 s — [ ]
Stamp (v, n)
S[0] =0
for i =1 ton // compute r[l], r[2], ... in order
r min = o
for 3 =1 to k
if S[i - v[j]] < r min jF(Ti):: ()(kﬂl)
r min =1 + S[1 — v[]J]]
S[1] = r min
return S[n]




Step 4. Construct an OPT Solution by
Backtracking

Stamp (v, n)
S[0] =0
for 1 = 1 to n
r min =
for J =1 to k T(’n) _ @(k’ﬂ)
if S[1 - v[J]] < r min
r min = 1 4+ S[1 - v[]]]
B[i] = j // backtracking for stamp with v[]]
S[1] = r min
return S[n], B
Print-Stamp-Selection (v, n)
(S, B) = Stamp (v, n)
while n > 0 g T(n) =0(n)
print B[n]
n =n - v[B[n]]




DP#3:. Matrix-Chain Multiplication

Textbook Chapter 15.2 — Matrix-chain multiplication




Matrix-Chain Multiplication

* Input: a sequence of n matrices (44, ..., 4,,)
 Output: the product of 4,4, ... A4,

.
Al 1 AZ A3 A4 ...... An

A;and A,are compatible.




Observation

C(i,j) =Y _Ali,k) B(k,j)

« Each entry takes g multiplications
» There are total pr entries = 0(2)0(pr) = O(par)

. Matrix multiplication is associative: A(BC) = (AB)C. The time required by
. obtaining A X B x C could be affected by which two matrices multiply first .




Example

n X 1 1 xXn

nXn

* Overall time Is ©(n?) + ©(n?) = O(n?)




Example

nx1l 1Xn

I _ o)

n X 1
* Overall time is ©(n?) + ©(n?) = O(n?)




Matrix-Chain Multiplication Problem

* Input: a sequence of integers [y, l4, ..., L,
* [;_41 IS the number of rows of matrix A;
* [; Is the number of columns of matrix A;

« Output: an order of performing n — 1 matrix multiplications in the
minimum number of operations to obtain the product of 4,4, ... 4,

A;.cols=A,.rows

Al AZ A3 ...... An

A;and A,are compatible.

Do not need to compute the result but find the fast way to get the result!
(computing “how to fast compute” takes less time than “computing via a bad way”)




Brute-Force Naive Algorithm

* P,: how many ways for n matrices to be multiplied

{ 1 ifn=1
Pn — n—1 .
—1 PkPn—k if n Z 2

(A1Ag - Ay) (Ag1Aks2---Ap)

* The solution of P, is Catalan numbers, Q (4—3) or is also Q(2™)
Exercise 15.2-3

n2




Step 1: Characterize an OPT Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [, l4, ..., l,, Indicating the dimensionality of A4;
Output: an order of matrix multiplications with the minimum number of operations
» Subproblems

* M(i, J):the min#operations for obtaining the product of 4; ... 4;

e Goal: M(1, n)
* Optimal substructure: suppose we know the OPTtoM (1, 7j), there

are k cases: i<k<j

» Case k: there is a cut right after A, in OPT
EAMERNESEEEM (1, k) KM (k+1, J) WRER



Step 2: Recursively Define the Value of an
OPT Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [, l4, ..., l,, Indicating the dimensionality of A4;
Output: an order of matrix multiplications with the minimum number of operations

* Suppose we know the optimal solutionto M (i, 7), there are k cases:

 Case k: there Is a cut right after A, in OPT M; ; ik + M1+ Lisilgl
EAFTENEEEEM (1, k) RM(k+1, J)HISRER 1
B Ap.cols=l; A’LkAk+1J
— A;.rows

=l;_4

Aj41.YOWS=[;

Aj.cols=lj

* Recursively define the value

o P>
S mini§k<j (Mi,k -+ Mk:-l-l,j + li—llklj) 1 <7



Step 3: Compute Value of an OPT Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [, l4, ..., l,, Indicating the dimensionality of A4;
Output: an order of matrix multiplications with the minimum number of operations

« Bottom-up method: solve smaller subproblems first

[0 P>
vJ miﬂi§k<j (Mi,k -+ Mk_|_1,j -+ li—llklj) 1 < ]

* How many subproblems to solve
« #combination of thevaluesiandjst. 1 <i<j<n

T(n) = CY +n = 0(n?)

/
iLi iy



Step 3: Compute Value of an OPT Solution

return M

Matrix-Chain(n, 1)

initialize two tables M[1l..n][l..n] and B[l..n-1]1[2..n]
for 1 = 1 to n
M[i][i] = 0 // boundary case
for p = 2 ton // p is the chain length
for i =1ton-p+ 1 // all i, j combinations
J =1 +p -1
M[1i][]J] = o
for k =1 to 3 - 1 // find the best k
q = M[i] [k] + M[k + 1][J] + 1[1 - 1] * 1[k] * 1[J]
if g < M[i][3]
M[1]1[3] = g




Dynamic Programming lllustration

J
___________________________________ Mi,j 112|345 6 n
, How to decide the 110
order of the matrix 2 0
‘ multiplication?
_____________ 3 0
________ | 4 0
(}
5 0
6 0
0
n 0




Step 4: Construct an OPT Solution by
Backtracking

Matrix-Chain(n, 1)
initialize two tables M[1l..n][l..n] and B[l..n-1][2..n]
for 1 =1 to n

M[i]l[i] = O // boundary case
for p =2 ton // p is the chain length
for i =1ton-p+ 1 // all i, j combinations 3
S =1i+p -1 T(n) =06 (n°)
M[1][]] = o
for k =1 to j -1 // find the best k
q = M[i][k] + M[k + 1][3] + 1[1 - 1] * 1[k] * 1[7]
if g < M[1][J]
M[1][J] = g
B[i][j] = k // backtracking

return M and B

Print-Optimal-Parens (B, i, 7J)

if i == 73
print A4;
else

print “(” L
Print-Optimal-Parens (B, i, B[i][j]) {Zj(Tl) T ()(Tl)
Print-Optimal-Parens (B, B[1][]J] + 1, 3)

print “)”




Exercise

Dimension 30 x 35 35x 15 15x5 5x 10 10 x 20 20 x 25

J J
3|14 |5 |6 Bij| 1| 2

=
S,

=
N

®

O 15,7507,8759,37511,87%.5,125
A

1
0 [2,6254,37947,12510,500

w [ W

O |[750 Z,EOC 53,79 1

1
2
3
0 [1,000p3,500 4
5
6

Nlw|W | WwWw]| o

0 15,000

O (bW IN]|PF

0




To Be Continued...




Question?

Important announcement will be sent to
@ntu.edu.tw mailbox & post to the course website

Course Website: http://ada.miulab.tw
Email: ada-ta@csie.ntu.edu.tw



