THINK LIKE A PROGRAMMER

DYNAMIC PROGRAMMING




slido event code: #ADA2020

Announcement

* Homework 1 ADA Party
e Due on 10/29 (Thur) 14:20

e Mini-HW 4 released
 Due on 10/29 (Thur) 14:20

* Homework 2 released
* Due on 11/10 (Tue) 14:20 (2 days before midterm)
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Outline

* Dynamic Programming

 DP #1: Rod Cutting

* DP #2: Stamp Problem

* DP #3: Sequence Alignment Problem
* Longest Common Subsequence (LCS) / Edit Distance
* Viterbi Algorithm
» Space Efficient Algorithm

* DP #4: Matrix-Chain Multiplication

* DP #5: Weighted Interval Scheduling

* DP #6: Knapsack Problem
* 0/1 Knapsack

* Unbounded Knapsack
* Multidimensional Knapsack A l!o

* Fractional Knapsack N\ 7\ J
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DP#4:. Matrix-Chain Multiplication

Textbook Chapter 15.2 — Matrix-chain multiplication
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Matrix-Chain Multiplication

* Input: a sequence of n matrices (44, ..., 4,,)
* Output: the product of 4,4, ... A,

s =4 A,.COlS=A,.rows

Al 1 AZ A3 ...... An

A;and A,are compatible.
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Observation

C(i,J) = > p=1 Ali,q) - Bk, j)
* Each entry takes g multiplications
* There are total pr entries = O(q)O(pr) = O(pqr)

____________________________________________________________________________________________________________________________

. Matrix multiplication is associative: A(BC) = (AB)C. The time required by
. obtaining A X B X C could be affected by which two matrices multiply first .
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Example

n X 1 1 xXn

nXn

* Overall time is ©(n?) + ©(n?) = 6(n?)
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Example

nx1l 1Xn

I_ 0(n?)

n >< 1
* Overall time is ) + O(n?) = O(n?)
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Matrix-Chain Multiplication Problem

* Input: a sequence of integers [y, l4, ..., I,
* [;_4 is the number of rows of matrix A;
* [; is the number of columns of matrix 4;

e Qutput: an order of performing n — 1 matrix multiplications in the minimum
number of operations to obtain the product of A4, ... 4,

s =4 A,.COlS=A,.rows

Al I AZ A3 ...... An

A,and A,are compatible.

Do not need to compute the result but find the fast way to get the result!
(computing “how to fast compute” takes less time than “computing via a bad way”)
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Brute-Force Naive Algorithm

* P,: how many ways for n matrices to be multiplied

{ 1 ifn=1
Pn — n—1 .
—1 PkPn—k if n Z 2

(A1Ag - Ay) (Ag1Aks2---Ap)

: : 4m :
* The solution of P, is Catalan numbers, () (—3>, oris also Q(2") Exercise 15.2-3

n2
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Step 1: Characterize an OPT Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [, l4, ..., l,, Indicating the dimensionality of A4;
Output: an order of matrix multiplications with the minimum number of operations
* Subproblems

* M (1, J):the min #operations for obtaining the product of A4; ... A;

e Goal: M(1, n)
* Optimal substructure: suppose we know the OPTtoM (i, 7j), therearek

cases: i<k<j

* Case k: there is a cut right after A, in OPT
AAFFENEBEEEM (1, k) RM(k+1, 7)BIERER
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Step 2: Recursively Define the Value o
OPT Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [, l4, ..., l,, Indicating the dimensionality of A4;
Output: an order of matrix multiplications with the minimum number of operations

* Suppose we know the optimal solutiontoM (i, ), there are k cases:

* Case k: there is a cut right after A, in OPT
AGRAERNER SRV (1, k) BM(k+1, j)HIERERE

M;; = M; p + Mpy1,; + Li—1lgl;

f

Ay.cols=l, Ai---kAk—l—l---j

— A;.rows
=li—1

Aj41.YOWS=[;,

Aj.cols:lj

* Recursively define the value

{0 P>
S mini§k<j (Mi,k -+ Mk:-l-l,j + li—llklj) 1 <7
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Step 3: Compute Value of an OPT Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [, l4, ..., l,, Indicating the dimensionality of A4;
Output: an order of matrix multiplications with the minimum number of operations

* Bottom-up method: solve smaller subproblems first

[0 P>
vJ miﬂi§k<j (Mi,k -+ Mk_|_1,j -+ li—llklj) 1 < ]

* How many subproblems to solve
e #combination of thevaluesiandjst. 1 <i<j<n

T(n) = CY +n = 0(n?)

/
iLi iy
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Step 3: Compute Value of an OPT Solution

Matrix-Chain(n, 1)
initialize two tables M[1l..n][l..n] and B[l..n-1][2..n]
for 1 = 1 to n
M[i][i] = 0 // boundary case
for p = 2 ton // p is the chain length
for i =1ton-p+ 1 // all i, j combinations ijnJ — ()(ng)
i =1i4+p-1
MIi] [J] = o
for k =1 to 3 - 1 // find the best k
q = M[i] [k] + M[k + 1][3] + 1[1 - 1] * 1[k] * 1[J]
if g < M[1][J]
M[1][3J] = g
return M
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Dynamic Programming lllustration

J
T T . M;j 112 13|4]|5]|6 n
How to decide the 110
. |
order of the matrix 5 0
multiplication?
____________ 3 0
______ |4 0
1
5 0
6 0
o
n 0
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Step 4: Construct an OPT Solution
Backtracking

Matrix-Chain(n, 1)
initialize two tables M[1l..n][l..n] and B[l..n-1][2..n]
for i =1 to n

M[i][i] = 0 // boundary case
for p =2 ton // p is the chain length
for i =1 ton-p+ 1 // all i, j combinations 3
S =1i+p -1 T(n) =06 (n°)
M[1][]] = o
for k =1 to j -1 // find the best k
q = M[i][k] + M[k + 1][3] + 1[1 - 1] * 1[k] * 1[3]
if g < M[1][37]
M[1][3] = g
B[i][j] = k // backtracking

return M and B

Print-Optimal-Parens (B, 1i, 7J)

if 1 == 73
print A4;
else

brint (" (n) =0O(n)
Print-Optimal-Parens (B, i, B[1][]] {11 n) = () n
Print-Optimal-Parens (B, B[i][]J] +

print “)”

)
1, 3)
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Exercise

Dimension 30 x 35 35x 15 15x5 5x 10 10 x 20 20 x 25

J J
3|14 |5 |6 Bij| 1| 2

=
<.

=
N

®

O 15,7507,8759,37511,87%.5,125
A

1
0 [2,6254,3797,12510,500

w w
o~

0O [ 750 2,§OC 53,79 1
1

1
2
3
0 [1,000p3,500 4
5
6

nlw|w|w]|o

0 |5,000

O O TWIN]|PF

0




slido event code: #ADA2020

DP#5: Weighted Interval Scheduling

Textbook Exercise 16.2-2
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Interval Scheduling

* Input: n job requests with start times s;, finish times f;
e Qutput: the maximum number of compatible jobs
* The interval scheduling problem can be solved using an “early-finish-time-
first” greedy algorithm in O(n) time Greedy Algorithm”
Next topic! @)‘&@

job index

1 Yo
_

O 01 b WN
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Weighted Interval Scheduling

* Input: n job requests with start times s;, finish times f;, and values v;
e Qutput: the maximum total value obtainable from compatible jobs

Assume that the requests are sorted in non-decreasing order (f; < f; when i < j)
p(j) = largestindex i < js.t. jobs i and j are compatible

e.g.p(1)=0,p(2)=0,p(3) =1,p(4) =1,p(5) =4, p(6) =3

job index |
1 '
2_

3 I
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Step 1: Characterize an OPT Solution

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

* Subproblems
e WIS (1):weighted interval scheduling for the first i jobs
e Goal: WIS (n)

e Optimal substructure: suppose OPT is an optimal solution to WIS (i), there
are 2 cases:

e Case 1:jobiin OPT job Tdex | |
« OPT\{i} is an optimal solution of WIS (p (1)) 2

=
* Case 2:job i notin OPT s

 OPT is an optimal solution of WIS (1-1)
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Step 2: Recursively Define the Value o
OPT Solution

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

e Optimal substructure: suppose OPT is an optimal solution to WIS (i), there
are 2 cases:

e Case l:jobiin OPT
e OPT\{i}is an optimal solution of WIS (p (1)) M; = v; + Mp(@')
* Case 2:job i notin OPT

 OPT is an optimal solution of WIS (1-1) M; = M;_4
* Recursively define the value
V. — 0 if =0
* | max(v; + My, M;—1) otherwise
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Step 3: Compute Value of an OPT Solution

Weighted Interval Scheduling Problem

Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

* Bottom-up method: solve smaller subproblems first

Vo — 0 ifi =0
© | max(v; + My, M;—1) otherwise

i o l1 /2013 /45 . |n

MIi] I
WIS(n, s, £, v, p)
M[0O] = O
for 1 = 1 to n T(n) — @(n)
M[1] = max(v[i] + M[p[i]], M[1 - 1])
return M[n]




Step 4: Construct an OPT Solutioii By
Backtracking

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

* Bottom-up method: solve smaller subproblems first

Vo — 0 ifi =0
© | max(v; + My, M;—1) otherwise

| o | 1 | 2 | 3 | 4
MI[i] 1 4 |5

Ul+Mp(1)—1+MO’03 My =3+M1 vg+ My =1+ Ms

joblndex

@U‘I-h()\)l\)
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Step 4. Construct an OPT Solution by
Backtracking

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largest index i < j s.t. jobs i and j are compatible
Output: the maximum total value obtainable from compatible

WIS(n, s, £, v, p)
M[O0] = O
for 1 = 1 to n T(n) = @(TL)
M[i] = max(v[i] + M[p[i]], M[1 - 1])
return M[n]

Find-Solution (M, n)
if n =20
return {}
if vin] + M[p[n]] > M[n-1] // case 1 T(n) — @(n)
return {n} U Find-Solution(p[n])
return Find-Solution(n-1) // case 2
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DP#3: Knapsack (& & E1#8)

Textbook Exercise 16.2-2
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& Knapsack Problem
%&;&Wa

* Input: n items where i-th item has value v; and weighs w; (v; and w; are
positive integers)

e Qutput: the maximum value for the knapsack with capacity of W

* Variants of knapsack problem

* 0-1 Knapsack Problem: B18#)mm REEEZ—1E
Unbounded Knapsack Problem: BIE¥)qr o] LI Z 2@
Multidimensional Knapsack Problem: 5 ElZE & AR
Multiple-Choice Knapsack Problem: 88— ¥ m&xZE—{E

Fractional Knapsack Problem: #)mao] IR ZE( 7
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o Knapsack Problem

* Input: n items where i-th item has value v; and weighs w; (v; and w; are
positive integers)

e Qutput: the maximum value for the knapsack with capacity of W

* Variants of knapsack problem

e 0-1 Knapsack Problem: B18#¥) i ReEE—{&
Unbounded Knapsack Problem: BIE¥)qr o] LI Z 2@
Multidimensional Knapsack Problem: 5 ElZE & AR
Multiple-Choice Knapsack Problem: 88— ¥ m&xZE—{E

Fractional Knapsack Problem: #)mao] IR ZE( 7
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Step 1: Characterize an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

* Subproblems ;o_xp (1) %82 so-xp (i, W

consider the available capacity
e Z0-KP (i, w):0-1knapsack problem within w capacity for the first i items

e Goal: ZO-KP (n, W)
e Optimal substructure: suppose OPT is an optimal solution to Z0-KP (i,
w) , there are 2 cases:
e Case 1:itemiin OPT
* OPT\{i}is an optimal solution of ZO-KP (1 - 1, w - w;)
 Case 2:item i not in OPT
* OPT is an optimal solution of ZO-KP (i - 1, w)
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Step 2: Recursively Define the Value o
OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

e Optimal substructure: suppose OPT is an optimal solution to ZO-KP (1,
w) , there are 2 cases:
* Case 1:item i in OPT
* OPT\{i}is an optimal solution of ZO-KP (i - 1, w - w,) Mi,w — Mi—l,w—w,,;
* Case 2:item i notin OPT
 OPT is an optimal solution of ZO-KP (1 - 1, w) Mi,w —

— 1—1,w
* Recursively define the value
(0 if i = 0
M,,;’w = < Mi—l,w if w; > w
| max(v; + M;—1w—w,, Mi—1,,) otherwise
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Step 3: Compute Value of an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

* Bottom-up method: solve smaller subproblems first

(0 if i = 0
Mi,fw = Mi—l,w if w; > w
| max(v; + M; 1 w—w;, Mi—1,,) otherwise

w012 03w W

Mi—l,w—wi M'—l,w
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Step 3: Compute Value of an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

* Bottom-up method: solve smaller subproblems first

, |
0 lf’L:O 1 1 4
Mi,w = Mi—l,w if w; > w 2 2 9
| max(v; + M; 1 w—w;, Mi—1,,) otherwise 3 4 20
W=25

w0l 1]2]3]4]5
0 0 0 0 0

0

0 4 4 4 4 4
0 4 9 13 13 13
0 4 9 13 20 24
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Step 3: Compute Value of an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

* Bottom-up method: solve smaller subproblems first

( . .
0 if1=20
Mi,w = Mi—l,w if w; > w
L max('vi -+ Mi—l,fw—’wi; Mi—l,w) otherwise
Z20-KP (n, v, W)
for w =0 to W
M[O0, w] = O
for i =1 ton
for w =0 to W
LE (W, > W) T(n) =0 (nW)
M[i, w] = M[1i-1, w]
else
M[i, w] = max(v; + M[i-1, w-w;], M[1-1, w])
return M[n, W]




Step 4: Construct an OPT Solutioh'By™
Backtracking

ZO-KP (n, v, W)
for w =0 to W

|
o

M[1i, w] = max (v, + M[1-1, w-w;], M[1-1, w])
return M[n, W]

Find-Solution (M, n, W)
S = {}

w =W
for 1 = n to 1
if M[i, w] > M[i - 1, w] // case 1 T(’n,) — @('n)
W =W — W,

S =S U {1i}
return S
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Pseudo-Polynomial Time

* Polynomial: polynomial in the length of the input (#bits for the input)
* Pseudo-polynomial: polynomial in the numeric value

* The time complexity of 0-1 knapsack problem is @(nW)
* n: number of objects
 W: knapsack’s capacity (non-negative integer)
* polynomial in the numeric value
= pseudo-polynomial in input size
= exponential in the length of the input
* Note: the size of the representation of W is log, W
=2 =m
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o Knapsack Problem

* Input: n items where i-th item has value v; and weighs w; (v; and w; are
positive integers)

e Qutput: the maximum value for the knapsack with capacity of W

* Variants of knapsack problem

* 0-1 Knapsack Problem: BIB¥)mREEE—1&
Unbounded Knapsack Problem: SIEY)m o] LI E2E
Multidimensional Knapsack Problem: 5 ElZE & AR
Multiple-Choice Knapsack Problem: 88— ¥ m&xZE—{E

Fractional Knapsack Problem: #)mao] IR ZE( 7
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Step 1: Characterize an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies
Output: the max value within W capacity

* Subproblems
e U-KP (1, w):unbounded knapsack problem with w capacity for the first i items
e Goal: U-KP (n, W)

each item can be chosen at most once each item can be chosen multiple times
a seqguence of binary choices: whetherto  a sequence of i choices: which one (from 1
choose item i to i) to choose

Time complexity = @(nW) Time complexity = 8(n?W)
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Step 1: Characterize an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies

Output: the max value within W capacity

e Subproblems
e U-KP (w) : unbounded knapsack problem with w capacity
e Goal: U-KP (W)
* Optimal substructure: suppose OPT is an optimal solution to U-KP (w), there are
n cases:

e Case 1:item 1in OPT
* Removing an item 1 from OPT is an optimal solution of U-KP (w — w)

e Case 2:item 2 in OPT

* Removing an item 2 from OPT is an optimal solution of U-KP (w — w,)

* Casen:itemnin OPT
* Removing an item n from OPT is an optimal solution of U-KP (w - w,)
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Step 2: Recursively Define the Value o
OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies
Output: the max value within W capacity

e Optimal substructure: suppose OPT is an optimal solution to U-KP (w),
there are n cases:

* Caset:itemtiin OPT
* Removing an item i from OPT is an optimal solution of U-KP (w - w,) My = v; + My—qw,

e Recursively define the value

0 if w =0 or w; > w for all ¢
M, = | .
MAaX1 < <nlw, <wl Vi Mw w,) otherwise
REZEEE=EEN MIIEF

U

“ﬂ
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Step 3: Compute Value of an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies

Output: the max value within W capacity
* Bottom-up method: solve smaller subproblems first

0 if w =0 or w; > w for all ¢
MaX] <;<nw;<w(Vi + My—w,) otherwise

My, =

h!

w | 0] 1] 2[3 |45
M[w] I

wliN |-
IRy =
©
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Step 3: Compute Value of an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w; has unlimited supplies

Output: the max value within W capacity
* Bottom-up method: solve smaller subproblems first

0 if w =0 or w; > w for all ¢
M, = | | )

MaX] <;<nw;<w(Vi + My—w,) otherwise
"wlo|1]l2]|3|4]5

1 1 4

Mw] O 4 9 13 18 22

(4 + O) — >

IMmax
max(4 + 4,9+ 0) 3 4 20
max(4 49,9 + 4) W =5

max(4 4+ 13,9+ 9,17+ 0)
max(4 + 18,9 + 13,17 + 4)
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Step 3: Compute Value of an OPT Solution

Unbounded Knapsack Problem

Input: n items where i-th item has value v; and weighs w; has unlimited supplies
Output: the max value within W capacity

* Bottom-up method: solve smaller subproblems first

0 if w =0 or w; > w for all ¢
M, = .
MaX] <;<nw;<w(Vi + My—w,) otherwise
U-KP (v, W)
for w =0 to W
M[w] = 0
for w =0 to W
for 1 = 1 to n JP(71) — ()(71LLI)

if(wy; <= w)
tmp = v, + M[w - w;]
M[w] = max(M[w], tmp)
return M[W]
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Step 4. Construct an OPT Solution by
Backtracking

U-KP (v, W)
for w =0 to W
M[w] = O
for w =0 to W
for 1 = 1 to n 'zq(7l) p— ()(71L1f)
1f(wy; <= w)
tmp = v, + M[w - w;]
M[w] = max(M[w], tmp)
return M[W]

Find-Solution (M, n, W)

for 1 =1 to n
C[i] = 0 // C[1i] = # of item 1 in solution
w =W

for 1 = 1 to n T(’I’L)Z@(TL-I—W)

while w > 0
1f(w, <= w && M[w] == (v; + M[w - w;]))
W =W - W
Cl[i] +=1
return C
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o Knapsack Problem

* Input: n items where i-th item has value v; and weighs w; (v; and w; are
positive integers)

e Qutput: the maximum value for the knapsack with capacity of W

* Variants of knapsack problem

* 0-1 Knapsack Problem: B18#)mm REEEZ—1E
Unbounded Knapsack Problem: BIE¥)qr o] LI Z 2@
Multidimensional Knapsack Problem: & ®1ZE B B[R
Multiple-Choice Knapsack Problem: 88— ¥ m&xZE—{E

Fractional Knapsack Problem: #)mao] IR ZE( 7
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Step 1: Characterize an OPT Solution

Multidimensional Knapsack Problem

Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is
chosen at most once

e Subproblems

e M-KP (1, w, d):multidimensional knapsack problem with w capacity and d size for the
first i items

e Goal: M-KP(n, W, D)
e Optimal substructure: suppose OPT is an optimal solution to M-KP (i, w, d),
there are 2 cases:
* Case 1:item ( in OPT
* OPT\{i}is an optimal solutionof M-KP (1 - 1, w - w,, d - d.)
* Case 2:item i notin OPT
 OPTis an optimal solutionof M-KP (1 - 1, w, d)




slido event co fe #ADA2020

Step 2: Recursively Define the Value o
OPT Solution

Multidimensional Knapsack Problem

Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is
chosen at most once

e Optimal substructure: suppose OPT is an optimal solution to M-KP (1, w,
d), there are 2 cases:
* Case 1:itemiin OPT Wil p o1 = W A= W51 o d—al;
* OPT\{i}is an optimal solutionof M-KP (i - 1, w - w,, d - d,)
* Case 2:item i notin OPT
e OPTis an optimal solutionof M-KP (i - 1, w, d)

* Recursively define the value
0 if 2 =0
Mz’,w,d = Mi—l,w,d if w; > w or d; > d
max(v; + M; 1 w—w;.d—d;s Mi—1.w,4) otherwise

M;wa=M;_1w4
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Exercise

Multidimensional Knapsack Problem

Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is
chosen at most once

 Step 3: Compute Value of an OPT Solution
e Step 4: Construct an OPT Solution by Backtracking
* What is the time complexity?
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o Knapsack Problem

* Input: n items where i-th item has value v; and weighs w; (v; and w; are
positive integers)

e Qutput: the maximum value for the knapsack with capacity of W

* Variants of knapsack problem

* 0-1 Knapsack Problem: B18#)mm REEEZ—1E
Unbounded Knapsack Problem: BIE¥)qr o] LI Z 2@
Multidimensional Knapsack Problem: 5 ElZE & AR
Multiple-Choice Knapsack Problem: B—$¥mxZE—({@
Fractional Knapsack Problem: #)mao] IR ZE( 7
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Multiple-Choice Knapsack Problem

* Input: n items
* v;j:value of j-th item in the group i
* w; j: weight of j-th item in the group {
* n;: number of items in group i

n: total number of items (), n;)

G : total number of groups

e Output: the maximum value for the knapsack with capacity of W, where the
item from each group can be selected at most once

group 2 group 3
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Step 1: Characterize an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once

* Subproblems
* MC-KP (w) : w capacity
e MC-KP (i, w):w capacity for the firsti groups the constraint is for groups
e MC-KP (i, Jj, w):w capacity forthe firstjitems from first i groups
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Step 1: Characterize an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once
* Subproblems
e MC-KP (1, w): multi-choice knapsack problem with w capacity for the first i groups
e Goal: MC-KP (G, W)
e Optimal substructure: suppose OPT is an optimal solution to MC-KP (i,
w) , for the group i, there are n; + 1 cases:

e Case 1: noitem from i-th group in OPT
 OPTis an optimal solution of MC-KP (1 - 1, w)

* Casej + 1: j-th item from i-th group (item; ) in OPT

* OPT\item,; is an optimal solution of MC-KP (1 - 1, w — w; .)



slido event co fe #ADA2020

Step 2: Recursively Define the Value o
OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once
e Optimal substructure: suppose OPT is an optimal solution to MC-KP (i,

w) , for the group i, there are n; + 1 cases:

* Case 1: no item from i-th group in OPT My = M1
 OPTis an optimal solution of MC-KP (1 - 1, w) ’ ’
* Case j + 1: j-th item from i-th group (item; ) in OPT Mijw = vij + Mi—1,w-w;
. OPT\|tem,,J is an optimal solution of MC-KP (i - 1, w — w; ;)
* Recursively define the value
0 if 2 =0
M; W = M;_1 4 if w; ; > w for all j
maxj<;<n, (Ui,j + M’i—l,w—wi,j y Mi—l,w) otherwise

n-'+ 1
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Step 3: Compute Value of an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once

* Bottom-up method: solve smaller subproblems first

(0 if i =0
Mi,fw = < Mi—l,w if Wi j > W for all 7
L maxi<;<n; (Ui,j + Mi—l,'w—’wi,j y Mi—l,w) otherwise

iw Lo |1 [ 2 | 3 | .| w | .. | W

M’i—]_,’w—wz',j Mz—l,'w

0L
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Step 3: Compute Value of an OPT Solution

Multiple-Choice Knapsack Problem

Input: n items with value v; ; and weighs w; ; (n;: #items In group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once
* Bottom-up method: solve smaller subproblems first

MC-KP (n, v, W)
for w =0 to W
M[O, w] = O
for i =1 to G // consider groups 1 to 1

for w = 0 to W // consider capacity = w L W

M[i, w] = M[1 - 1, w] 3?(71) T ()(Tl )

for jJ =1 to n; // check j-th item in group i
if(vi,j + M[1 -1, w - w; j] > M[1, w])

M[1i, w] = viy t M1 -1, w - w; j]
return M[G, W]

G W ny n;
ZZZC-CZZZl—cZn—an
1=1 w=0 j5=1 w=01=1 j5=1
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Step 4: Construct an OPT Solution
Backtracking

MC-KP (n, v, W)
for w =0 to W
M[O, w] = 0
for 1 =1 to G // consider groups 1 to i
for w = 0 to W // consider capacity = w ( ) — ( )
M[1, w] = M[1 - 1, w] jr,72 () Tlllf
for 3 = 1 to n; // check items in group 1
1f (v Vg Tt M[1 - 1, w - ij] > M[1, w])
M[1, w] = vy Tt M[1 - 1, w - le]
B[i, w] = ]
return M[G, W], B[G, W]
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o Knapsack Problem

* Input: n items where i-th item has value v; and weighs w; (v; and w; are
positive integers)

e Qutput: the maximum value for the knapsack with capacity of W

* Variants of knapsack problem

* 0-1 Knapsack Problem: B18#)mm REEEZ—1E
Unbounded Knapsack Problem: BIE¥)qr o] LI Z 2@
Multidimensional Knapsack Problem: 5 ElZE & AR
Multiple-Choice Knapsack Problem: 88— ¥ m&xZE—{E

Fractional Knapsack Problem: ¥ Ga o] LA R EE[ 5
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Fractional Knapsack Problem

* Input: n items where i-th item has value v; and weighs w; (v; and w; are
positive integers)

e Qutput: the maximum value for the knapsack with capacity of W, where we
can take any fraction of items

* Dynamic programming algorithm should work

e Choose maximal —( BH1EICP1E) first “Greedy Algorithm”
Next topic!

(. e,
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Concluding Remarks

* “Dynamic Programming”: solve many subproblems in polynomial time for which a
naive approach would take exponential time
* When to use DP
* Whether subproblem solutions can combine into the original solution
 When subproblems are overlapping
* Whether the problem has optimal substructure
 Common for optimization problem
* Two ways to avoid recomputation
* Top-down with memoization
* Bottom-up method
* Complexity analysis
* Space for tabular filling
 Size of the subproblem graph




Question?

Important announcement will be sent to
@ntu.edu.tw mailbox & post to the course website

Course Website: http://ada.miulab.tw
Emall: ada-ta@csie.ntu.edu.tw



