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Outline

* Dynamic Programming

e DP #1: Rod Cutting

* DP #2: Stamp Problem

* DP #3: Sequence Alignment Problem
* Longest Common Subsequence (LCS) / Edit Distance
* Viterbi Algorithm
* Space Efficient Algorithm

* DP #4: Matrix-Chain Multiplication

* DP #5: Weighted Interval Scheduling

* DP #6: Knapsack Problem
* 0/1 Knapsack

* Unbounded Knapsack
* Multidimensional Knapsack A l!o

* Fractional Knapsack N\ 7 N\ J




ia— & — [NILERE

. H100MEFE - RRNTER - SR EHRA MM — A EORE -

- ERRIAITIEAR - AR LA (BB —1h - EIEAEITAT - X
ho&EENAILHLE - SEACTLUSRAIECE FREFERE(RuETamAEH) - B
AUEERIEH - FBERRIBMATIEA -

« EEENIP LA —KIE EEBREFWmAR - EABATNAAYUERREFERIA

PEEHEEES ?




slido event code: #ADA2020
S
J7 Rl Rl

« [NIBHER—#F - BEATMUBRIBEMEANE T - EEARBC MERENIL -
- AR —ERNILRBER - KFEER -
- BENIBE TR ZAFIERIEHBRIANE -

Example: SREZBANER/AIE—AEFERR > aHEERTSA




slido event code: #ADA2020

Algorithm Design Strategy

* Do not focus on “specific algorithms”
e But “some strategies” to “design” algorithms

e First Skill: Divide-and-Conquer (Z{EZ&4 /50 8)5)
» Second Skill: Dynamic Programming (E 88 A2 1))
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Dynamic Programming

Textbook Chapter 15 — Dynamic Programming
Textbook Chapter 15.3 — Elements of dynamic programming
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What Is Dynamic Programming?

* Dynamic programming, like the divide-and-conquer method, solves problems
by combining the solutions to subproblems

- FHZ EHBERE
« EEBEE MR
* “Dynamic”: time-varying
* “Programming”: a tabular method
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Algorithm Design Paradigms

* Divide-and-Conquer * Dynamic Programming
 partition the problem into  partition the problem into dependent
independent or disjoint subproblems or overlapping subproblems
* repeatedly solving the common e avoid recomputation
subsubproblems v/ Top-down with memoization

—> more work than necessary v’ Bottom-up method




slido event code: #ADA2020

Dynamic Programming Procedure

* Apply four steps

Characterize the structure of an optimal solution

Recursively define the value of an optimal solution

Compute the value of an optimal solution, typically in a bottom-up fashion
Construct an optimal solution from computed information

W N e
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Rethink Fibonaccl Sequence

* Fibonacci sequence (B R FEZEEIFI) | Fibonacci (n)

if n < 2 // base case
e Base case: F(0)=F(1) =1 return 1

* Recursive case: F(n) = F(n-1) + F(n-2) // recursive case

(o)

return Fibonacci (n-1)+Fibonacci (n-2)

F(5)
F(4) v'F(3) was computed twice
v'F(2) was computed 3 times

@ ® @ © rm-oe
C) F(1)] F(1)X F(O) M F(1)X F(O)

F(1) R F(O)
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FiIbonaccl Sequence
Top-Down with Memoization

* Solve the overlapping subproblems recursively with memoization
e Check the memo before making the calls

MEMO
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FiIbonaccl Sequence
Top-Down with Memoization

Memoized—-Fibonacci (n)
// initialize memo (array all)

al0] =1

all] =1

for 1 = 2 to n
ali] = 0

return Memoized-Fibonacci-Aux(n, a)

Memoized-Fibonacci-Aux (n, a)
if a[n] > O
return aln]
// save the result to avoid recomputation
aln] = Memolized-Fibonacci-Aux(n-1, a) + Memoized-Fibonacci-Aux(n-2, a)
return aln]
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FiIbonaccl Sequence
Bottom-Up Method

 Building up solutions to larger and larger subproblems

Bottom-Up-Fibonacci (n)

i1f n < 2

return 1
al0]
all]
for 1 = 2 .. n

ali] = a[i-1] + af[i-2]
return aln]
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Optimization Problem

* Principle of Optimality

* Any subpolicy of an optimum policy must itself be an optimum policy with regard to
the initial and terminal states of the subpolicy

* Two key properties of DP for optimization
* Overlapping subproblems

e Optimal substructure —an optimal solution can be constructed from optimal solutions
to subproblems

v'Reduce search space (ignore non-optimal solutions)

______________________________________________________________________________________________________________________________________________________________

If the optimal substructure (principle of optimality) does not hold, then it is
Incorrect to use DP
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Optimal Substructure Example

e Shortest Path Problem

* Input: a graph where the edges have positive costs
e Output: a path from S to T with the smallest cost

The path costing Cs5\+ Cy 1 is the shortest path from Sto T
—> The path with the cost Cg_,, must be a shortest path from Sto M

"ﬁo%m

Tainan (S)

. Proof by “Cut-and-Paste” argument (proof by contradiction):
Suppose that it exists a path with smaller cost C'¢ 5, then we can
“cut” Cq5 and “paste” C'c ), to make the original cost smaller
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DP#1: Rod Cutting

Textbook Chapter 15.1 — Rod Cutting
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Rod Cutting Problem

* Input: a rod of length n and a table of prices p; fori =1, ..., n

-----

price p;

* Output: the maximum revenue 1;, obtainable by cutting up the rod and
selling the pieces

—
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Brute-Force Algorithm

price p; 1 5 8 9 10

* A rod with the length =4

T - ©
| T T > G 1-o

) om ] om AR
T - - s-o

) om ] im ] im Ry

| T T T > 1517

| T T T > 11 5= 7

| T TN T T > 11+ 1+ 1= 4
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Brute-Force Algorithm

price p; 1 5 8 9 10

* Arod with the length =n

o-‘)-)

* For each integer position, we can choose “cut” or “not cut”
* There are n — 1 positions for consideration °hm o,

* The total number of cutting results is 2"~1 = (2" 1)
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15, the maximum

Recursive Thinking e cbenabefor

* We use a recursive function to solve the subproblems

* If we know the answer to the subproblem, can we get the answer to the
original problem?

|

I'm =— ma’X(p'n,a 1 + 'm—1,72 + 'm—2,""" ,Tn-1 + Tl)
J

\
no cut \
cut at the i-th position (from left to right)

e Optimal substructure — an optimal solution can be constructed from optimal
solutions to subproblems
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Recursive Algorithms

* \VVersion 1
I'm =— max(pn, 1 + 'm—1,72 + 'm—2,""" ,Tn-1 + Tl)
no cut\ Y :
cut at the i-th position (from left to right)
* \Version 2

* try to reduce the number of subproblems = focus on the left-most cut

) pi

rp = Maxi<i<n (Pi + Tn—i)
left-most value maximum value obtainable from
the remaining part



slido event code: #ADA2020

Recursive Procedure

* Focus on the left-most cut
* assume that we always cut from left to right = the first cut

rn = INaX]1<;<n (pi + ?”n—z')
optimal solution optimal solution to subproblems

)
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Naive Recursion Algorithm

rp = Maxi<i<n (Pi + Tn—i)

Cut-Rod (p, n)
// base case
1if n ==
return O
// recursive case
q = -0
for 1 =1 to n
q = max(q, pl[1] + Cut-Rod(p, n - 1))
return g

e T(n) = time for running cut-Rod (p, n)

(1) if n =1 .
Tin) = { O+ 3" T(n—1i) ifn>2 = T(n)=06(2")
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Naive Recursion Algorithm

* Rod cutting problem

Cut-Rod (p, n)
// base case
if n ==
return O
// recursive case
q = —-00
for 1 = 1 to n

return g

g = max (g, pl[i] + Cut-Rod(p, n - 1))

CR(3)

CR(1)YCR(0)]CR(0)

cr2)]crR@)JCRO)]cr@)JCRO)]CR(0)

CR(4)

CR(2) CR(1) CR(0)

CR(0)
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Dynamic Programming

* |dea: use space for better time efficiency

* Rod cutting problem has overlapping subproblems and optimal substructures
—> can be solved by DP

* When the number of subproblems is polynomial, the time complexity is
polynomial using DP

* DP algorithm
* Top-down: solve overlapping subproblems recursively with memoization
* Bottom-up: build up solutions to larger and larger subproblems
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Dynamic Programming

* Top-Down with Memoization « Bottom-Up with Tabulation
» Solve recursively and memo the * Fill the table from small to large
subsolutions (BEZIER) « Suitable that each small problem
 Suitable that not all subproblems should be solved
should be solved
f(0) | f(1) | f) | ... | f(n)_ f(0) | f(1) | ) | ... | f(n)_
>

T 1
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Algorithm for Rod Cutting Pro

Top-Down with Memoization

Memoized-Cut-Rod (p, n)

// initialize memo (an array r[] to keep max revenue)

r[(0] = 0

for i = 1 to n ()(71)
r[i] = -~ // r[i] = max revenue for rod with length = i

return Memorized-Cut-Rod-Aux (p, n, r)

Memoized-Cut-Rod-Aux (p, n, r)
if r[n] >= 0

return r[n] // return the saved solution ()(1)
q:—oo
for 1 = 1 to n | | | () 5
q = max (g, pli] + Memoized-Cut-Rod-Aux(p, n-i, 1)) mn
r(n] = q // update memo

return g

* T(n) =time for running Memoized-Cut-Rod (p, n) = T(n) = O(n?)
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Algorithm for Rod Cutting Pro

Bottom-Up with Tabulation

Bottom-Up-Cut-Rod (p, n)

r[(0] = 0

for 3 =1 ton // compute r[l], r[2], ... in order
q = —e
for 1 =1 to J ()(712)

q = max(q, pli] + r[J - 1])

r[j] = g

return r[n]

* T(n) = time for running Bottom-Up-Cut-Rod (p, n) W T'(n) = O(n?)
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Rod Cutting Problem

* Input: a rod of length n and a table of prices p; fori =1, ..., n

-----

price p;

* Output: the maximum revenue 7;, obtainable and|the list of cut pieces

—
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Algorithm for Rod Cutting Pro

Bottom-Up with Tabulation
* Add an array to keep the cutting positions cut

Extended-Bottom-Up-Cut-Rod (p, n)
r(0] = 0
for 3§ = 1 ton //compute r[1l], r[2], ... in order
q = —e
for 1 = 1 to j
if g < pl[i] + r[j - 1]
q=pli]l + r[jJ - 1]
cut[j] = i // the best first cut for len j rod
r[i] = ¢
return r[n], cut

Print-Cut-Rod-Solution (p, n)
(r, cut) = Extended-Bottom-up-Cut-Rod (p, n)
while n > 0
print cut[n]
n = n - cut[n] // remove the first piece
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Dynamic Programming

* Top-Down with Memoization * Bottom-Up with Tabulation
momomm O  omomesm

v

* *

e Better when some subproblems
not be solved at all

* Solve only the required parts of
subproblems

>

* Better when all subproblems must be
solved at least once

* Typically outperform top-down method
by a constant factor

* No overhead for recursive calls

v

@
®
@

* Less overhead for maintaining the table

\RE)
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Informal Running Time Analysis

* Approach 1: approximate via (#subproblems) * (#choices for each subproblem)

* For rod cutting
e ##subproblems =n

» f#ichoices for each subproblem = O(n)
* 2 T(n) is about O(n?)

* Approach 2: approximate via subproblem graphs




slido event code: #ADA2020

Subproblem Graphs

* The size of the subproblem graph allows us to estimate the time

complexity of the DP algorithm '
* A graph illustrates the set of subproblems involved and how
subproblems depend on another G = (V, E) (E: edge, V: vertex) :
* |V|: #subproblems '
* A subproblem is run only once
* |E|: sum of #subsubproblems are needed for each subproblem |

» Time complexity: linear to O(|E| + |V])

i : - Graph Algorithm

_______________________________________________________________________

Bottom-up: Reverse Topological Sort @)@)@) (taught later)

_______________________________________________________________________
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Dynamic Programming Procedure

1. Characterize the structure of an optimal solution

v Overlapping subproblems: revisit same subproblems

v Optimal substructure: an optimal solution to the problem contains within it optimal
solutions to subproblems

2. Recursively define the value of an optimal solution

v’ Express the solution of the original problem in terms of optimal solutions for
subproblems

3. Compute the value of an optimal solution
v’ typically in a bottom-up fashion

4. Construct an optimal solution from computed information
v’ Step 3 and 4 may be combined
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Revisit DP for Rod Cutting Problem

Characterize the structure of an optimal solution
Recursively define the value of an optimal solution
Compute the value of an optimal solution

Construct an optimal solution from computed information

B w e
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Step 1: Characterize an OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

e Step 1-Q1: What can be the subproblems?

e Step 1-Q2: Does it exhibit optimal structure? (an optimal solution can be
represented by the optimal solutions to subproblems)

* Yes. = continue

* No. = go to Step 1-Q1 or there is no DP solution for this problem
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Step 1: Characterize an OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

e Step 1-Q1: What can be the subproblems?

e Subproblems: Cut-Rod (0), Cut-Rod (1), .., Cut-Rod (n-1)
e Cut-Rod (i) :rod cutting problem with length-i rod
e Goal: Cut-Rod (n)
* Suppose we know the optimal solution to Cut-Rod (i), there are i cases:

e Case 1: the first segment in the solution has length 1
fitsolution P EZE—EREBIEIR, T M2 ECut-Rod (i-1) FEEHA
e Case 2: the first segment in the solution has length 2
itsolutionP ZiE—ERRE&2HIE K, T FAIEI D ECut-Rod (1-2) W&RIEA

+d

+d

« Case i: the first segment in the solution has length i
fitsolutiontf 28— RE HIMEIR, T FRIEE2 ECcut-Rod (0) W&RIERR
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Step 1: Characterize an OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

e Step 1-Q2: Does it exhibit optimal structure? (an optimal solution can be
represented by the optimal solutions to subproblems)

* Yes. Prove by contradiction.
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Step 2: Recursively Define the Value o
OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

* Suppose we know the optimal solution to Cut-Rod (i), there are i cases:
* Case 1: the first segment in the solution has length 1
ftsolutiont 2 —ERERLHEE, F T2 RCut-Rod (i-1) WRER ri =p1+ri-1

* Case 2: the first segment in the solution has length 2
{iEsolution P 25— ERRER2RVE IR, T MBS ECut-Rod (1-2) & ERE ri = Py 4 Ti_o

. Case i: the first segment in the solution has length i
tsolutionF ZE—ERERINEE, T THEDECut-Rod (0) WERERE i = DPi T 7o

e 0 if 1 =
¢ maxi<;<i (pj + ’T‘i_j) ite>1

* Recursively define the value
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Step 3: Compute Value of an OPT Solution

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

* Bottom-up method: solve smaller subproblems first

- fi—0 EEREEEEEERECEE
L maxi<;<; (pj + Tr,;_j) ife>1 1 EE— -

Bottom-Up-Cut-Rod (p, n)
r[{0] =0

for j =1 ton // compute r[1], r[2], ... in order . 2
Sl T(n) =06(n")
for i = 1 to ]

g = max(q, pli]l + r[j - 11)
r(jl = g

return r[n]
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Step 4: Construct an OPT Solution
Backtracking -----

price p; 1

Rod Cutting Problem
Input: a rod of length n and a table of prices p; fori =1, ...,n
Output: the maximum revenue r, obtainable

* Bottom-up method: solve smaller subproblems first
0 if i =0
| maxi<;<; (pj + ’I“Z'_j) if¢>1

_n-----
S ﬁ
cutif O 1 2 3
max(p1 + 70)
max(p1 + 71, p2 + 7o)

max(py + r2,p2 + 71, P3 + 70)

Ti = <

max(p1 + r3,p2 + 2, p3 + 71, pa + 7o)
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Step 4: Construct an OPT Solution by
Backtracking

Cut-Rod (p, n)

r[0] = 0
for 3 =1 ton // compute r[l], r[2], ... in order
q = -
for i = 1 to ] T(’I’L) _ @(,nQ)

if g < pl[i] + r[] - 1]
q =pli] + r[j - 1]
cut[j] = i // the best first cut for len j rod
r[i] = g
return r[n], cut

Print-Cut-Rod-Solution (p, n)

(r, cut) = Cut-Rod(p, n)

while n > 0
print cut[n] T(’)’L) — @(?’L)
n =n - cut[n] // remove the first piece
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DP#2: Stamp Problem
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Stamp Problem

* Input: the postage n and the stamps with values v, v,, ..., vy

»
) BUEsGnsR

PR nRLT z
“« O \'
« ] s s
« =

« 4

« i) -

« !

‘ »

LI

« 5 PR BIFPI RepUBLIC OF CHINA [ TAWAN )
»

e Qutput: the minimum number of stamps to cover the postage
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Stamp (v, n)
r min = o
if n == 0 // base case
return O
for 1 = 1 to k // recursive case
r(i] = Stamp(v, n - v[1i])
if r[i1] < r min
r min = r[1i]
return r min + 1
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Step 1: Characterize an OPT Solution

Stamp Problem

Input: the postage n and the stamps with values vy, v,, ..., v}

Output: the minimum number of stamps to cover the postage

* Subproblems
* S (1i):the min #stamps with postage i
e Goal: S(n)

e Optimal substructure: suppose we know the optimal solutionto S (i), there are k cases:
e Case 1: there is a stamp with v, in OPT

{iEsolutiontP 22— REE Hv, AU, T MRUBIDES (i-v[1]) NEERE
e Case 2: there is a stamp with v, in OPT

{iEsolutionP 28 —REE R/V,AVER, T FRUBIDES (i-v[2]) NEER
* Case k: there is a stamp with v, in OPT

{iEsolutionP 28 —REE RV ETE, I MELDZES (1-v[k]) BIRIEE
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Step 2: Recursively Define the Value o
OPT Solution

Stamp Problem
Input: the postage n and the stamps with values vy, v,, ..., v}
Output: the minimum number of stamps to cover the postage

* Suppose we know the optimal solutionto S (1), there are k cases:
* Case 1: there is a stamp with v, in OPT

it solutioneh 218 —IE A B, OB, FIFEMH Bs (1-v(1]) MR 0 LT D

* Case 2: there is a stamp with v, in OPT
fitsolution P ZE — R E RV, HIFZE, i.CJ_FE’JﬁMJ\%S v[2]) WRERE S, =1+ S;_,,

. Case k: there is a stamp with v, in OPT
ftsolutionF Z3E—RBE RV MWEE, RITHWEDES (i-vIk]) WRER S;=1+S;_.,

* Recursively define the value 0 ifi=0
Si = . .
ming<j<g (1 +Si—y,) if12>1
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Step 3: Compute Value of an OPT Solution

Stamp Problem

Input: the postage n and the stamps with values vy, v,, ..., v}
Output: the minimum number of stamps to cover the postage

* Bottom-up method: solve smaller subproblems first

g — { 0 ifi =0 [ HIKEENENENEREEEE

minlgjgk (1 -+ Sz'—'vj) if¢e>1 g —
Stamp (v, n)
S[0] =0
for 1 =1 ton // compute r[l], r[2], ... in order
r min = o
for 3 =1 to k
if S[i - v[j]] < r min T(n) = O(kn)
r min = 1 + S[1i - vI[]j]]
S[i] = r min
return S[n]




Step 4: Construct an OPT Solutioh' By
Backtracking

Stamp (v, n)

S[0] =0
for 1 = 1 to n
r min =
for 3 = 1 to k T(n) — @(kn)
if S[1 - v[J]] < r min
r min = 1 + S[1i — v[]]]

B[i] = j // backtracking for stamp with v[7]
S[1] = r min
return S[n], B

Print-Stamp-Selection (v, n)
(S, B) = Stamp (v, n)
while n > 0 T'(n) = ©(n)

print B[n]
n =n - v[iB[n]]
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DP#3:. Sequence Alignment

Textbook Chapter 15.4 — Longest common subseguence
Textbook Problem 15-5 — Edit distance
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Monkey Speech Recognition

- Er S EREE - KEBRENEENE  W—XRriEnERa
F”banana’NEE BB E

* How to evaluate the similarity between two sequences?

1
/HT

2%

Q E{adikjaz}

banana

h Svkbrlvpnzanczyqza}
0’&’0
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Longest Common Subsequence (LCS)

* Input: two sequences X = (zq, 22, , T

Y = <y17y29° T 7y?’b>
¢ OUtpUt: |Onge5t common SUbsequence Of two sequences

 The maximum-length sequence of characters that appear left-to-right (but not
necessarily a continuous string) in both sequences

X = banana
Y = aenigadikjaz
- ba-n--an---a- X
, o
—» —aenlgadikjaz Y

t I

X =
Y

banana
svkbrlvpnzanczygza

~—~ha---n-gn-----g
svkbrlvpnzanczygza

————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

The infinite monkey theorem: a monkey hitting keys at random
ole ~ for an infinite amount of time will almost surely type a given text |
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Edit Distance

* Input: two sequences X = (zq, 22, , T

Y = <ylay27' e 7yn>
* Qutput: the minimum cost of transformation from Xto Y
* Quantifier of the dissimilarity of two strings

X = banana X = banana
Y = aenigadikjaz Y = svkbrlvpnzanczygza

9¢X —~ ba-n—--an---a-

Y - —aenigadikjaz

X
!
!
|
|
O
o
|
|
|
7
o)
S
|
|
|
|
|
o)

— svkbrlvpnzanczygza

1 deletion, 7 insertions, 1 substitution 12 insertions, 1 substitution
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Sequence Alignment Problem

* Input: two sequences X = (zq, 22, , T

Y = (ylay%' e 7yn>
* Output: the minimal cost M,,, ,, for aligning two sequences

* Cost = #insertions X Cyys + #deletions X Cpgy, + #substitutions X C,
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Step 1: Characterize an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (1,22, -+ ,Tm) ¥ = (y1,%2, -+ , Un)
Output: the minimal cost M,, ,, for aligning two sequences

e Subproblems
* SA(i, 7):sequence alighment between prefix strings x4, ..., x; and y,, e Y
e Goal: SA(m, n)

* Optimal substructure: suppose OPT is an optimal solutionto SA (i, 7), thereare
3 cases:

* Case 1: x; and y; are aligned in OPT (match or substitution)
. OPT/{xi,,yj} is an optimal solution of SA (1i-1, j-1)

* Case 2: x; is aligned with a gap in OPT (deletion)
* OPTis an optimal solutionof SA (i-1, 7)

* Case 3: y; is aligned with a gap in OPT (insertion)
* OPTis an optimal solutionof SA (i, j-1)
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Step 2: Recursively Define the Value o
OPT Solution

Sequence Alignment Problem
Input: two sequences X = (1,22, -+ ,Tm) ¥ = (y1,%2, -+ , Un)
Output: the minimal cost M,, ,, for aligning two sequences

* Suppose OPT is an optimal solutionto SA (i, 7j), there are 3 cases:

* Case 1: x; and y; are aligned in OPT (match or substitution)
. OPT/{xi,,yj} is an optimal solution of SA (1-1, j-1) M;; = M; 1,1+ Cy,y,
* Case 2: x; is aligned with a gap in OPT (deletion)

* OPT is an optimal solution of SA (i-1, ) M; ; = M;_1 ; + CpEL
* Case 3:y; is aligned with a gap in OPT (insertion)
 OPT is an optimal solution of SA (i, j-1) M; ;= M,; -1+ Cins
* Recursively define the value | v
JC1INs ifi=0
M;; ={ iCpgr if j=0
min(Mi_Lj_l + C:n,; R M;_4 i CbhEL, M@',j_1 + CINS) otherwise
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Step 3: Compute Value of an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (z1,22, -+ ,&m) Y = (Y1, 42, , Un)
Output: the minimal cost M,, ,, for aligning two sequences

* Bottom-up method: solve smaller subproblems first

JCINS if i =0
M;; ={ iCpgr if j =0
min(Mz-_ljj_l + Cﬁl?qj,yj ; Mi—l,j + CpEL, Mi,j—l + CINS) otherwise

Xy, o1l 2013 /45 .| n_
0
i
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Step 3: Compute Value of an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (r1,z2,- ,Tm) Y = (y1,¥2, " ,¥n)
Output: the minimal cost M,, ,, for aligning two sequences

* Bottom-up method: solve smaller subproblems first

JCIns if i =0
M;; ={ iCpgr if j =0
min(Mi_ljj_l + sz Y M@ 1 ] + CDEL) Mz J 1 —|- CINS) otherwise

ﬂ-----ﬂ-ﬂﬂ

4 8 12
4 7 11 15 19 23 27 31 35 39 43 47 51
8 4 8 12 16 20 23 27 31 35 39 43 47
2 8 12 8 12 16 20 24 28 32 36 40 44
12 15 12 15 19 16 20 24 28 32 36 40
16 19 15 19 22 20 23 27 31 35 39 43
20 23 19 22 26 22 26 30 34 38 35 39

CperL = 4,Cins = 4
Cpoqe="7,itp#q

el
o o

Y 3 v 3 9 O

NN
~
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Step 3: Compute Value of an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (1,22, -+ ,Tm) ¥ = (y1,%2, -+ , Un)
Output: the minimal cost M,, ,, for aligning two sequences

* Bottom-up method: solve smaller subproblems first

JCINs ifi=0
M; ; ={ iCpgr if j=0
Hﬂn(ﬂ4}_1d_q_+—C&Hﬂﬁ,ﬂ4}_Lj-%(jDEL,ﬂ4@j_1'+-CﬁNs) otherwise
Seqgq-Align (X, Y, Cppr, Ciysr Cy o)
for J = 0 to n
M[O][J] = J * Cr // |X[|=0, cost=|Y|*penalty
for 1 =1 tom T(n) — @(mn)
M[1]1[0] = 1 * Cp // 1Y|=0, cost=|X|*penalty
for 1 =1 tom
for j =1 ton
M[1] [j] = mll’l(M[l—l] [j_1]+cxi,yi’ M[l_l] [j]+CDEL’ M[l] [j_1]+CINS)
M[m] [
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Step 4: Construct an OPT Solution
Backtracking

Sequence Alignment Problem
Input: two sequences X = (r1,z2,- ,Tm) Y = (y1,¥2, " ,¥n)
Output: the minimal cost M,, ,, for aligning two sequences

* Bottom-up method: solve smaller subproblems first

JCIns if i =0
M;; ={ iCpgr if j =0
min(Mi_ljj_l + sz Y MZ 1 ] + CDEL) Mz J 1 —|- CINS) otherwise

ﬂ-----ﬂ-ﬂﬂ

4 8 12 16 20 24 28 32 36
2 7 11 15 19 23 27 31 35 39 43 47 51
8 T 4«38 12 16 20 23 27 31 35 39 43 47
8 12\ 8 12 +16 «20 «24«28 32 36 40 44
12 15 12 15 19 16 20 24 28_32 36 40
0O 16 19 15 19 22 20 23 27 31\35 39 43

4 20 23 19 22 26 22 26 30 34 38\354—39

CperL = 4,Cins = 4
Cpoqe="7,itp#q

el
o N

Y 3 v 3 9 O

N DN
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Step 4: Construct an OPT Solution by
Backtracking

Sequence Alignment Problem
Input: two sequences X = (1,22, -+ ,Tm) ¥ = (y1,%2, -+ , Un)
Output: the minimal cost M,, ,, for aligning two sequences

* Bottom-up method: solve smaller subproblems first

JCINS if i =0
Mi’j = 1CphEL if 7=0
Hﬂn(ﬂ4j_1d_q_+—C&Hﬂﬁ,ﬂ4}_Lj-%(jDEL,ﬂ4£j_1'+-C&Ns) otherwise

Find-Solution (M)
ifm=0orn=20
return {}
v = min(M[m-1] [n-1] + me,yn, Mm-1] [n] + Cpgr, MIm] [n-1] + Ciys)
if v = M[m-1][n] + Cu // T deletion _
return Find-Solution (m-1, n) T(n) o @(m + n)
if v = M[m] [n-1] + Cqy // €:insertion
return Find-Solution(m, n-1)
return {(m, n)} U Find-Solution(m-1, n-1) // : match/substitution




Step 4: Construct an OPT Solutioh' By
Backtracking

Seg-Align (X, Y, Cppr, Cirysr Cp o)
for Jj = 0 to n
M[O][J] = 3 * Cry // |X|=0, cost=|Y|*penalty
for 1 = 1 to m T(?’L) — @(mn)
M[i][0] = 1 * Cpe // 1Y|=0, cost=|X|*penalty
for 1 = 1 tom
for J =1 ton
MI1][J] = min(M[i-1][J-1]+Cy o5, MIi-1]1[J]1+4Cpey, MI1][J-1]1+Cpys)
[m]

Find-Solution (M)
ifm=0orn=20
return {}
v = min(M[m-1] [n-1] + CMLW” Mm-1] [n] + Cpgr, MIm] [n-1] + Ciys)
if v = M[m-1][n] + Cu // T deletion L
return Find-Solution (m-1, n) T('I’L) o @(m + n)
if v = M[m] [n-1] + C;y // <:insertion
return Find-Solution(m, n-1)
return {(m, n)} U Find-Solution(m-1, n-1) // |N|: match/substitution
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Space Complexity

* Space complexity

Xy, o1l 2013/ 4/5 ] .| n_

= O(mn)

* If only keeping the most recent two rows: Space-Seg-Align (X, Y)

Xyl ol 11203 ... 1n
-1

= — ]
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slid- oot oot
Divide-and-Conquer

Space-Efficient Solution +

Dynamic
Programming

* Problem: find the min-cost alighment = find the shortest path

START ¢ p_ €

n--- :
P
a 7 11 15
P 4 8 12 ‘ p
P 8 12 8 1
1 12 15 12
e 16 19 15 ©

END

—> distance = Cs
J distance = C
N distance = C, , for edge (u, v)
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Shortest Path in Graph

* Each edge has a length/cost

* F(i,j): length of the shortest path from (0,0) to (i,j) (START = (i,j))
* B(i,j): length of the shortest path from (i, j) to (m,n) ((i,j) = END)
« F(m,n) = B(0,0)
=0 1 2 3 4 5 6 7

F(2,3) = distance of the
shortest path © —@

B(2,3) = distance of the

J

0

1

2 "
shortest path @—© 3
4
5
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Recursive Equation

* Each edge has a length/cost

* F(i,j): length of the shortest path from (0,0) to (i,j) (START = (i,j))
* B(i,j): length of the shortest path from (i, j) to (m,n) ((i,j) = END)
* Forward formulation

1C1INS if2=20
Fi;j={ iCpgr ifj=0 _4
min(Fi—1,j-1 + Cs, 4,5 Fi—1,; + CpEL, Fij—1 + Cins)  otherwise j -
e Backward formulation 1€
(TL — j)OINS ifi =0 2 S
Bi,j = (m — i)CDEL ifj =0 3¢
min(Bi+1,j+1 -+ Cxi,yj y Bi-l-l,j + CDEL, Bz’,j—l—l + CINS) otherwise 4 €
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Shortest Path Problem

F(i,j): length of the shortest path from (0,0) to (i,j)

B(i, j): length of the shortest path from (i,j) to (m,n)

* Observation 1: the length of the shortest path from (0,0) to (m, n) that
passes through (i,j) is F(i,j) + B(i,j)

----------------------------------------------

- optimal substructure 7"

Fij)

*
---------------
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Shortest Path Problem

F(i,j): length of the shortest path from (0,0) to (i,j)
B(i, j): length of the shortest path from (i,j) to (m,n)

* Observation 2: for any v in {0, ..., n}, there exists a u s.t. the shortest path
between (0,0) and (m, n) goes through (u, v)
— the shortest path must go across a vertical cut

---------

j=0 1 2:3:4 5 6 7
i=0

1 €

2
3
4 €
5

------
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Shortest Path Problem

F(i,j): length of the shortest path from (0,0) to (i,j)
B(i, j): length of the shortest path from (i,j) to (m,n)

* Observation 1+2:
F(man) :miD(F(O,’l))—I—B(O,’U),F(LU) —|—B(1,’U), aF(maU) —|—B(m,v))

F(m,n) = ming<y<m F(u,v) + B(u,v)Vv

----------------------------------
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Divide-and-Conquer Algorithm

* Goal: finds optimal solution
v=mn/2

——————

=~

-

= [dea: utilize sequence alignment algo.
= Call space-Seg-Align(X,Y[1:v]) to find

F(O) V)’F(l, v)) ""F(m) v) r_____________________‘:
Olm x3));

» Call Back-Space-Seg-Align(X,Y[v+1l:n])
to find B(0,v), B(1,v), ..., B(m,
o find B(0,v), B(1,v) (m,v) @(mx%)i
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Divide-and-Conquer Algorithm

* Goal: finds optimal solution —DC-Align (X, Y) space Complexity: O(m + n)
v=mn/2

= Divide the sequence of size n into 2
subsequences

= Find u to minimize F(u,v) + B(u, v)

- Recursive case (n > 1)  ©(mn)
= prefix jw ). L

_____________

< (F(u,v) + B(u,v)) $

|Eiiiiiiiil\

‘ = suffix L'_I:'g_““—“’_%_)_‘i
= DC-Align (X[u+l:m], Y[vtl:n])

E R s arionr, 1) 6 I
' v 3. Combine '
= T(m,n) = time for running pc-

= Return seg-aAlign (X, YH()Un)i
Align(x, Y) With |X|=m,|Y|=n

__________

T(u,n/2)+T(m—u,n/2)+O(mn) if n>2

T(m,n) :{ O(m) ifn =1 » T(m,n) = O(mn)
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Time Complexity Analysis

e Theorem O(m) ifn=1
i) = { T(u,n/2)+T(m—u,n/2)+O(mn) ifn>2 = 7(m, n) = O(mn)

* Proof

* There exists positive constants a, b s.t. all
a-m ifn=1
<
T(m,n) < { T(u,n/2)+T(m—u,n/2)+b-mn ifn>2
* Use induction to prove T(m,n) < kmn

. Practice to check the initial condition T(m,n) <T(u,5)+T(m—u,5)+b-mn

Inductive < L2 1 k(m — u)2 - b -
hypothesis — uy +k(m—u)g +b-mn
< (£ 4+ b)mn

< kmn when k > 2b
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Extension: JE& X Recognition

* Given a graph G = (V,E), each edge (u,v) € E has an associated non-
negative probability p(u, v) of traversing the edge (u, v) and producing the
corresponding character. Find the most probable path with the label s =

(01,09, ..., Op).

% 5 T ] T TR e T :

Find the path from START
C //A\
l~ “

to END with highest prob
V"'

:.\{

START
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Viterbi Algorithm

produce o
p _ [ P(START,v) itj=1
| maxg(Pr -1 X p(u,v)) otherwise
produce o;
/ol lebe:

START “}{% A\‘z’;‘{ )}"g k’A END  V:vocabulary size
WL RPN " m 1) = 0vn)
JIN@EO, o /A o
"»‘\”7"“ /\ \\’

Pel\g)
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To Be Continued...




Question?

Important announcement will be sent to
@ntu.edu.tw mailbox & post to the course website

Course Website: http://ada.miulab.tw
Email: ada-ta@csie.ntu.edu.tw



