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Review




Notation Summary

ail : output of a neuron wij : a weight

al . output vector of a layer WZ : a weight matrix

Z.I : input of activation b' : a bias

I function |

ZI : input vector of activation b' : a bias vector
function for a layer



Layer Output Relation —from ato z

[ 1 [—1

Zl = wllal_l —+ wba + -+ bll

zzl = wz-llall_l — wz-lzal_l + -+ bg

Layer | -1 Layer | e I -1 -
N, , nodes N, nodes 2 =W'a +0b




Layer Output Relation—from zto a

| i
al| [olz)
2, | |o(z)
a a(zi')
LaVe'.fl—l Lay.er| - - C -
N,_, nodes N, nodes a' = G(ZI)




Layer Output Relation

Layer | -1 Layer |

N, , nodes N, nodes



Neural Network Formulation f:R" —R"

Fully connected feedforward network
Input  Layer1 Layer2 LayerlL Output

wlel w2 et wh oyt




Neural Network Formulation f:R" —R"

Fully connected feedforward network
Input  Layer1 Layer2 LayerlL Output

wlel w2 et wh oyt




Loss Function for Training

X - “It claims too much.”

function input
)72 - (negative) Model Hypothe5|s Function Set
function output fl, f,-

Training Data } —»L Training: Pick the best function f *

{(Xl,yl),(xz,)?z),... l

“Best” Function f

A “Good” function: f(:z:) (9)

(z;0)|| =0
j. — f(xg; 0)]
k

sum over the error of all training samples

Define an example loss function: 0(9) —




Gradient Descent for Neural Network

y= f(z)=c(Wr ..o(W?c(W'z 4+ b') +b)... + b*)

0 = {Wl L w2 ok bL} Algorithm

Initialization: start at 6°

C T : while(9(+D) = ¢
W' = lw,, w = - '
:21 22 | [ compute gradient at 8°
| o | update parameters

0t 0" — pv,C(6Y)

a0(9) )




Gradient Descent for Optimization

Simple Case

y=f(z;0) =oc(Wz +)
0 = {W7 b} — {wla w27b}

g W

Algorithm

Initialization: start at 6°

while(@(FD) = gt)

{ .
compute gradient at 6*
update parameters

0" — 9" — v ,C(6Y)

W

1

0C(0)] il
oy “1
VeC'(0) = Jws W2 |
aC/(0) N
)

)
- 00 (6)-
] b |
[
b oC(0)




Gradient Descent for Optimization
Simple Case — Three Parameters & Square Error Loss

Update three parameters for ¢-th iteration %W

(t) W, 7
G N ON 7780(9 ) X, + y

1 | Own 7
3;5?) = 2o(Wx +b) — §)[1 — o(Wz + b)]o(Wz + b)ay
acC (o)
w0 _ ) 8202 )
_aglif) = 2o(Wa +b) — §)[L - o(Wa + b)|o(Wz + bz
ac(;_ée) 2o (Wa+b) — )1 — o(Wa +b)|o(We +b)



Optimization Algorithm

Algorithm

Initialization: set the parameters 6, b at random
while(stopping criteria not met)

{
for training sample {x, ¥}, compute gradient and update parameters
1+1 1 1
} o — 0 — v 00"
W) 8 2000 000N ooy by g1 — o(Wa + Do (Wa + by
1 1 8w1 (9101
aC (o)
wy ™ =) - ”a(TQ) 6;{()5) — oWz +b) — §)[1 — o(Wa + b)o(Wz + b)as
(t)
plHl) = p(t) _ nacéi ) agée) = 2e(Waz +b) —§)[1l — o(Wa + b)|o(Wz +b)



Gradient Descent for Neural Network

y= f(z)=c(Wr ..o(W?c(W'z 4+ b') +b)... + b*)

0 = {Wl L w2 ok bL} Algorithm

Initialization: start at 6°

o | : while(9(+D) % gt
W" = 1w, w = : '
:21 22 | [ compute gradient at 8°
| i | update parameters .
- 0t 0" — pv,C(6Y)
oC'(0) }
vC(0) = awﬁj S
: Computing the gradient includes millions of parameters.
3;)(19 ) To compute it efficiently, we use backpropagation. |




Backpropagation




Forward v.s. Back Propagation

In a feedforward neural network

o forward propagation
o from input x to output y information flows forward through the network

o during training, forward propagation can continue onward until it produces
a scalar cost C(0)

> back-propagation

° allows the information from the cost to then flow backwards through the
network, in order to compute the gradient

o can be applied to any function



Chain Rule
Aw — Ar — Ay — Az

0z 0z0ydx
ow 0y dx Ow
= P @) f w

forward propagation for cost

— ~F N\

= [ @) () (w)
Ne—

back-propagation for gradient

~N N ™
Oa0aOnd




Gradient Descent for Neural Network

y=f(z) =c(W"...oc(W?c(W'z +b") +b%)... + b*)

W=

L Initialization: start at 0
P | : while(8(+1) % gt
Wy W = - -
:21 2 ( compute gradient at 6°
i - | update parameters .
. QZ—I—I O _ nVQO(QZ)
ilell) )
B 5’w£- e
f Computing the gradient includes millions of parameters.
8;)(;9 ) To compute it efficiently, we use backpropagation. |



















80(9) 80(9) azl 5l . the propagated gradient
— | 7]

(;
: | ) ding to the /-th layer
l | l | l correspon
ow:. 0z, Ow:.
L) S— (2 L] Layer L
Layer |-1 Layer | Layer |+1 (output layer)

- Idea: computing 8¢ layer by layer (from 8% to 61) is more efficient -



9C(0)/8z = 0!

ldea: from Lto 1

@ Initialization: compute &*
@ Compute 6! based on §!*1




9C(0)/8z = 0!

ldea: from Lto 1

@ Initialization: compute &

@
511325_(/; AzE 5 Ak = Ay, — AC
<

dC/0dy; depends on the loss function




9C(0)/8z = 0!

Idea: from Lto 1 G(Z):L/./
@ Initialization: compute & 05 -
® /

a -~ Z

sL_9C AL Ak = Ay, ACT 2

3 e
L0 7)) ol
_CaP=at =ozh) yy- |7 oo |
Jyi 0zt 7 9
oC , 1 —

= 8_%0 (27) gL = O',(ZL) ® VvC(y)




C(0)/0-!

ldea: from Lto 1

O, Layer | Layer |+1
@ Compute &' based on §'*1

[+1
AZ].+ ’0“
[+1 ™.
AZZ+ ‘e, “’..
I I T T, K
AZi —> ACli A I+1 ’:‘ AO
Zk .......

ac Z ¢ 0z dal

o= — = L)
! 8zl 8zl+1 (903,% 822@

l azl+1 aag 62




C(0)/0z =

ldea: fromLto 1
@
@ Compute 5! based on

8zl+1
5 — l+1
0j = z Z
k
= o'(2) Z @5”1
k

1 cl+1
=0'(i) ) w?J O
k

6l+1

l—l-l l_|_bl—|-1




9C(0)/8z = 0!

Rethink the propagation&f — g’(zi) Z wff%“
- |

> input

5| ] 5|+1 ]
i k
5' §|+l

multiply a Wi o)



5t — O',(Z@') Z w?gléHl Layer / Layer [+




I o aC(0) — AC(6) 9=
oC (9)/ 82@ — 5@ Owi; 9z duy,

ldea: from Lto 1

@ Initialization: compute &* 5t = U,(ZL) ® vC(y)
@ Compute 671 based on 6" 5Z — OI(ZZ) o (Wl+1)T5l+1

Layer | Layer 1+1 Layer L-/  lLayer L




Backpropagation dw, -
32’% B {agl >
[ . _
Forward Pass

2t = Wlx +bot ol =02

Zl _ Wlal—l 4 bl a,l _ U(ZZ)




Backpropagation 3’w§j ffffffff Oz 3“}5;3'
oCc(0) N
ozl

[/

Backward Pass
b =o' (") o vC(y)
5L—1 _ O_/(ZL—l) o (WL)T(SL

5 : O_I(Zl) o (Wl+1)T5l+1




Gradient Descent for Optimization

y=f(z) =Wt ..o(Wia(Wlx +bt) +b%) - + bh)

0 = {W17b17W27b27“ 'WLabL} Al.g?ri.thn:‘ 0
Initialization: start at 8

C T : while(9(+D) = ¢
W' = lw,, w = - '
:21 22 | [ compute gradient at 8°
| o | update parameters

0t 0" — pv,C(6Y)

20(9) )




oc(0)
Concluding Remarks 9w,

at 1>1
Layer| -1 Layer | | =
Xj =
y
Backward Pass Forward Pass
b =o'zl e ve(y) d=wle +pl
5L—1 — o L—1 WL T5L
0.(2 ) O ( ) alza(zl)

6l _ O',(Zl) O (Wl—Fl)Té‘l—Fl :

Compute the gradient based on two pre-computed
terms from backward and forward passes




