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Announcement

Mini-HW 5 released
= Due on 10/26 (Thu) 17:20

Homework 1 due soon

Homework 2
= Due on 11/09 (Thur) 17:20 (4 weeks)

TA Recitation (next week)
= 10/26 (Thu) at R103
= Homework 1 QA

= Another course website you can get the videos sooner
= http://ada.miulab.tw

= Note: if you have questions about the homework, please find TAs

——————————————————————————————————————————————————————————————————————————————————————————————


http://ada.miulab.tw/

Mini-HW 5
Mini HW #5

Due Time: 2017/10/26 (Thu.) 17:20
Contact TAs: ada-ta@csie.ntu.edu.tw

Suppose you have 4 kinds of objects, each kind of them has its own weight w;, value v;, and
quantity n;. Now you would like to maximize the total values while the total weights cannot exceed
8.

Information of these objects:
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(1) Please fill the DP table below, where dpli[j| indicates the maximum values you can get with
weight less or equal to j using objects 1 to . (6pt)

(2) Use the DP table to find out one of the solution and briefly explain how. (4pt)
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Dynamic Programming
DP #1: Rod Cutting

DP #2: Stamp Problem
DP #3: Matrix-Chain Multiplication

DP #4: Sequence Alignment Problem
= Longest Common Subsequence (LCS) / Edit Distance

= Space Efficient Algorithm
= Viterbi Algorithm

DP #5: Weighted Interval Scheduling

DP #6: Knapsack Problem
= 0-1 Knapsack

Unbounded Knapsack
Multidimensional Knapsack
Multi-Choice Knapsack
Fractional Knapsack
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Vote for Your Answer

CIStn Create polls with real-time results
= http://qstn.co/q/O0ZK7sYQ,

NAEHEES - (RE SREi s NBEIZERZ /D ?

<=735 0% 0
76~79 0% 0
80~85 0% 0
86~90 0% 0
90~95 0% 0
95~100 0% 0


http://qstn.co/q/OOZK7sYQ

Review




Algorithm Design

= Divide-and-Conquer
= partition the problem into

independent or disjoint
subproblems

= repeatedly solving the common
subsubproblems

- more work than necessary

Paradigms

= Dynamic Programming

= partition the problem into
dependent or overlapping
subproblems

= avoid recomputation
v Top-down with memoization

v Bottom-up method



Dynamic Programming Procedure

1. Characterize the structure of an optimal solution
v Qverlapping subproblems: revisit same subproblems

v" Optimal substructure: an optimal solution to the problem contains
within it optimal solutions to subproblems

2. Recursively define the value of an optimal solution

v Express the solution of the original problem in terms of optimal
solutions for subproblems

3. Compute the value of an optimal solution
v typically in a bottom-up fashion

4. Construct an optimal solution from computed information
v Step 3 and 4 may be combined



= DP#4: Sequence
= Alignment

Textbook Chapter 15.4 — Longest common subsequence
Textbook Problem 15-5 — Edit distance



Monkey Speech Recognition
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= How to evaluate the similarity between two sequences?

,;6‘\ \Fizgzéadikjaz1

svkbrlvpnzanczyqza}
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Longest Common Subsequence (LCS)

= Input: two sequences X = (1, o, -

Y = <y1?y27"

.. ,33m>

) Jyn>

= OQutput: longest common subsequence of two sequences

= The maximum-length sequence of characters that appear left-to-right (but

not necessarily a continuous string) in both sequences

X = banana X =
Y = aenigadikjaz Y =

X - ba-n-—-an---a- X -
M 1. 1 . .
Y - —aenigadikjaz Y

banana
svkbrlvpnzanczygza

~——ba---p-gp---—-g
svkbrlvpnzanczygza

O

(s )



Edit Distance

* Input: two sequences X = (xq,xo, - ,Xp)
Y = <ylay27"' ;yn>

= Qutput: the minimum cost of transformation from Xto Y
= Quantifier of the dissimilarity of two strings

X = banana X = banana
Y Y

= aenligadikjaz = svkbrlvpnzanczygza

X - ba-n--an---a- X - -—--ba---n-an----- a
Y - —aenigadikjaz Y - svkbrlvpnzanczygza

1 deletion, 7 insertions, 1 substitution 12 insertions, 1 substitution



Sequence Alignment Problem

* Input: two sequences X = (xq,xo, - ,Xp)
Y = <ylay27"' ;yn>

= Output: the minimal cost M,,, ,, for aligning two sequences
= Cost = #insertions X (jygs + #deletions X Cpgy, + #substitutions X €, ,




Step 1: Characterize an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (x1,z9,  + ,Twm) Y = (Y1,Y2, s Yn)
Output: the minimal cost My, ,, for aligning two sequences

= Subproblems
= SA (i, 7):sequencealighment between prefix strings x, ..., x; and Vi Vi
= Goal: SA (m, n)

= Optimal substructure: suppose OPT is an optimal solutionto SA (i, 7J),
there are 3 cases:

= Case 1: x; and y; are aligned in OPT (match or substitution)
. OPT/{xi,,yJ-} is an optimal solution of SA (i-1, j-1)

= Case 2: x; is aligned with a gap in OPT (deletion)
= OPT is an optimal solution of SA (1i-1, 7J)

= Case 3: y; is aligned with a gap in OPT (insertion)
= OPT is an optimal solution of SA (1, j-1)



Step 2: Recursively Define the Value
of an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (x1,z9,  + ,Twm) Y = (Y1,Y2, s Yn)
Output: the minimal cost My, ,, for aligning two sequences

= Suppose OPT is an optimal solutionto SA (i, 7), there are 3 cases:
= Case 1: x; and y; are aligned in OPT (match or substitution)
= OPT/{x;,,y,} is an optimal solution of SA (i-1, 3j-1) Mi,j = Mi—l,j—l + Ox@,yj
= Case 2: x; is aligned with a gap in OPT (deletion)
= OPT is an optimal solution of SA (i-1, 7) Mi’j - 1—1,9 + ODEL
= Case 3: y; is aligned with a gap in OPT (insertion) M. . —
T,]

_ , , o i.j—1 + CINs
= OPT is an optimal solution of SA (i, j-1)

= Recursively define the value
{ jC1ns ifi=0

M@'j = iCDEL lf] =0 @
min(M;_1 ;-1 + Cp,y;» M;—1,; + CpgL, M; j_1 + Cins)  otherwise O

3



Step 3: Compute Value of an OPT
Solution

Sequence Alignment Problem
Input: two sequences
Output: the minimal cost M, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first

JCINS ifi=0
Mi,j = 1ChEL if 7=20

min(M@-_ljj_l + C(I:i,yj , Mi—l,j + CbEL, M@',j_l + CINS) otherwise

W, o123/ 4/5 | . | n_




Step 3: Compute Value of an OPT
Solution

Sequence Alignment Problem
Input: two sequences
Output: the minimal cost My, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first
JCINs ifi =0
Mi,j = iCDEL ifj =0
min(M; 1 j—1 + Cm“y:,, i—1 3 + C'DEL, M,; U,, 1 + C’INS) otherwise

Coer. — 4. Cins — 4 n-nnnnn-nnmm
Cpg=Tyifp#q MO

b 4 7 11 15 19 23 27 31 35 39 43 47 51
a 8 4 8 12 16 20 23 27 31 35 39 43 47
n 12 8 12 8 12 16 20 24 28 32 36 40 44
a 16 12 15 12 15 19 16 20 24 28 32 36 40
n 20 16 19 15 19 22 20 23 27 31 35 39 43
a 24 20 23 19 22 26 22 26 30 34 38 35 39



Step 3: Compute Value of an OPT
Solution

Sequence Alignment Problem
Input: two sequences
Output: the minimal cost My, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first

JCINS if i =0
M;; ={ iCpeL if j =0
min(M;_1;-1+ Cy,y,» Mi—1; + CpeL, M; j—1 + Cins)  otherwise
Seq-Align (X, Y, Cpgr, Crygr Cp )
for J = 0 ton
M[O][J] = J * Ciy // 1XI1=0, cost=]|Y|*penalty
for i =1 tom T(?’L) — @(mn)
M[1][0] = i * Cyg // 1Y|=0, cost=|X|*penalty
for i =1 tom
for j =1 ton
M[i][J]
[m]

= min(M[i-1][J-11+4C; i, M[i-11[31+4Cpey, M[i][J-11+Cpys) @




Step 4: Construct an OPT Solution by
Backtracking

Sequence Alignment Problem
Input: two sequences
Output: the minimal cost My, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first

M; ;= { '

CpeL = 4,Cing =4
Cprq="Tifp#q

JCINS
iCDEL
min(Mz 1,j—1 + Ca: y:,a
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Step 4: Construct an OPT Solution by
Backtracking

Sequence Alignment Problem
Input: two sequences

Output: the minimal cost My, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first
JCINs if i =0
M; ;=< iCpgr if j =0
Hlin(M@'fl’jfl + CCU?:,yj ) Mifljj + CDEL; M@"jfl + CINS) otherwise

Find-Solution (M)

ifm=0orn=20
return {}
v = min(M[m-1] [n-1] + Com, yn s M[m-1] [n] + Cper, M[m] [n-1] + Ciyg)
if v = M[m-1][n] + Cp // T deletion
return Find-Solution (m-1, n) T(?’L) — @(m + ’I’L)

if v = M[m] [n-1] + Cpy // €:insertion
return Find-Solution(m, n-1)

return {(m, n)} U Find-Solution(m-1, n-1) // N: match/substitution




Step 4: Construct an OPT Solution by
Backtracking

Seg-Align ( Y, Cpersr Ciysr C

prq)

n (X,
for J = 0 to n
M[O][J] = 3 * Ciy // IX|=0, cost=|Y|*penalty
for 1 =1 tom
MI1100] = 1 * Co. // 1¥1=0, cost—|X|*penalty 1(n)=O(mn)
for 1 =1 tom
for j =1 ton
M[1]1[3] = min(M[i-1]1[3-11+Cp s, MIi-11131+Cpgy, M[1][3-11+Cpyg)
[m]

[n]

]
return M

Find-Solution (M)
ifm=0orn=20
return {}
v = min(M[m-1] [n-1] + Com, yn s M[m-1] [n] + Cper, M[m] [n-1] + Ciyg)
if v = M[m-1][n] + Cp // T deletion
return Find-Solution (m-1, n) T(?’L) — @(m + ’I’L)
if v = M[m] [n-1] + Cpy // €:insertion
return Find-Solution(m, n-1)
return {(m, n)} U Find-Solution(m-1, n-1) // N: match/substitution @




Space Complexity

= Space complexity

x| o | 1] 23] 4|5 ].|n|

=
|

- m

= |f only keeping the most recent two rows: Space-Seg-Align (X, Y)

Xyl o123 il n

-1 :>|J__| = O(n)
N




Divide-and-Conquer

Space-Efficient Solution i

Dynamic Programming

= Problem: find the min-cost alighment = find the shortest path

O = 'O 'O w
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—> distance = C;¢
Jd distance = Cpp,
N distance = C, , for edge (u, v)

€



Shortest Path in Graph

= Each edge has a length/cost

= F(i,j): length of the shortest path from (0,0) to (i, j) (START = (i, )))
= B(i,j): length of the shortest path from (i, j) to (m,n) ((i,j) = END)
= F(m,n) = B(0,0)

j=0 1 2 3 4 5 6 7

5 06 6.6 6 ¢
5 0.6 0.6 6 ¢

F(2,3) = distance of the | =
shortest path v—>‘

B(2,3) = distance of the

shortest path @—@) “““““““

5 06 0.6 6 ¢

g BB W N P O




Recursive Equation

= Each edge has a length/cost
= F(i,j): length of the shortest path from (0,0) to (i, j) (START = (i, )))
= B(i,j): length of the shortest path from (i, j) to (m,n) ((i,j) = END)
= Forward formulation
§CNs if i =0
F; ;=14 CpgL if 1 =0

min(Fi_ljj_1 + Cﬂ?i,yj i1+ CbEL, Fii—1+ CINS) otherwise

= Backward formulation

(TL — j)OINS if i =m
B'j: (m—i)C’DEL ifj:n
min(B@-+1,j+1 + ngi,yj y Bi_|_1,j + CDEL; B%',j-l-l + OINS) otherwise

©



Shortest Path Problem

F (i, j): length of the shortest path from (0,0) to (i, j)
B(i, j): length of the shortest path from (i, j) to (m, n)

= Observation 1: the length of the shortest path from (0,0) to (m, n) that
passes through (i,j) is F(i,j) + B(i,j)
— optimal substructure




Shortest Path Problem

F (i, j): length of the shortest path from (0,0) to (i, j)
B(i, j): length of the shortest path from (i, j) to (m, n)

= Observation 2: forany v in {0, ..., n}, there exists a u s.t. the shortest
path between (0,0) and (m, n) goes through (u, v)
- the shortest path must go across a vertical cut

---------

j=0 1 2i{3%4 5 6 7

o &~ w N R O



Shortest Path Problem

F(i,j): length of the shortest path from (0,0) to (i, j)
B(i, j): length of the shortest path from (i, j) to (m, n)

= Observation 1+2:
F(m,n) = min (F(0,v) + B(0,v), F(1,v) + B(1,v),--- , F(m,v) + B(m,v))
F(m,n) = ming<y<m F(u,v) + B(u,v)Vv

N
SRS BEPE

SR
St




Divide-and-Conquer Algorithm

= Goal: finds optimal solution

= |dea: utilize sequence alignment algo.

= Call Space-Seg-Align(X,Y[1:v]) tofind
F(0,v),F(1,v), ..., F(m,v) [kit"'"'"}{j}

___________________

= Call Back-Space-Seg-Align (X,Y[v+1:n])
to flndB(O; U),B(l,v),...,B(m,v) :"(;)‘ ------------- |

___________________

___________



Divide-and-Conquer Algorithm

= Goal: finds optimal solution—DC-Align (X, Y) Space Complexity:O(m + n)

= Divide the sequence of size ninto 2
subsequences

= Find u to minimize F(u,v) + B(u, v)

= Recursive case (n > 1) G)(mn)
= prefix EITu,%)E

= DC-Align(X[1l:u]l, Y[1l:v])

_______________

2. Conquer

______________

= DC-Align(X[u+l:m], Y[v+l:n])
', = Base case (n = 1)

= Return seg-2Align (X, Y)i

3. Combine

[
X
D
—
[
=
S5

o

]

0]
Hh
'_l.

b
+

0

a
Hh
Hh
'_l.

b

D

—

-

S

= T(m,n) =time for running DC-Align (X, Y) with |[X|=m,|Y]|=n
[ O(m) ifn=1
Tm,w) = § F0) o) Tm — wnf2) 4 Ofmn) 1 = 2 T (mem) = Olmm) ©



Time Complexity Analysis

O(m) ifn=1
1210y ) = { (u,n/2) +T(m —u,n/2)+O(mn) ifn>2 = 7'(m,n) = O(mn)

= Proof

= There exists positive constants a, b s.t. all
a-m ifn=1
T(m,n) < { T(u,n/2)+T(m—u,n/2)+b-mn ifn>2

= Use induction to prove T'(m,n) < kmn

____________________________________________________________

T(m,n) <T(u,5)+T(m—u,5)+b-mn

Inductive < ku% +k(m —u)2 +b-mn
hypothesis e
< (5 +bmn

< kmn when k > 2b @
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Extension: ;7= & X Recognition

= Given a graph G = (V,E), each edge (u, v) € E has an associated non-
negative probability p(u, v) of traversing the edge (u, v) and producing
the corresponding character. Find the most probable path with the

label s = (04, 09, ..., 0,). ST

X 7 T ] I

\\ ‘
‘ ) (" Al“

W”dl % "\g \
o2/

START to END with
highest prob

START END

Find the path from \



Viterbi Algorithm

produce gy

P { p(START, v) if j =1
“ | maxg(Prj—1 X p(u,v)) otherwise
produce o;
01 02 On

ﬁ‘ M
W \
‘W }%‘? W

START NH@K o X A\'¢
W ASHIORD
heila/liglt
A |
Ne\a)

V: vocabulary size

= 7'(n) =0(Vn)

____________________________________________________________________________________________________________________



Weighted Interval
= Scheduling




Interval Scheduling

= Input: n job requests with start times s;, finish times f;

= Qutput: the maximum number of compatible jobs

= The interval scheduling problem can be solved using an “early-finish-time-
first” greedy algorithm in O(n) time “Greedy Algorithm”
Next topic!
job index
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Weighted Interval Scheduling

= Input: n job requests with start times s;, finish times f;, and values v;

= Qutput: the maximum total value obtainable from compatible jobs

Assume that the requests are sorted in non-decreasing order (f; < f; when i < j)
p(j) = largestindexi < j s.t. jobs i and j are compatible

eg.p(1)=0,p(2) =0,p(3) =1,p(4) =1,p(5) =4,p(6) =3

job index

EEE
3

o U b W N




Step 1: Characterize an OPT Solution

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible
Output: the maximum total value obtainable from compatible

= Subproblems
= WIS (1) :weighted interval scheduling for the first i jobs

= Goal: WIS (n)

= Optimal substructure: suppose OPT is an optimal solution to WIS (1),

there are 2 cases: job index o
= Case 1:job i in OPT i!:| ;
= OPT\{i} is an optimal solution of WIS (p (1)) 3 E
= Case 2:job i notin OPT i: | |
6

= OPT is an optimal solution of WIS (1i-1)



Step 2: Recursively Define the Value
of an OPT Solution

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible
Output: the maximum total value obtainable from compatible

= Optimal substructure: suppose OPT is an optimal solution to WIS (1),
there are 2 cases:

= Case 1:job i in OPT M; = v, + My
= OPT\{i} is an optimal solution of WIS (p (1))
= Case 2:job i notin OPT
= OPT is an optimal solution of WIS (1i-1)

M; = M;_

= Recursively define the value

v {0 if i =0
© | max(v; + My, M;—1) otherwise



Step 3: Compute Value of an OPT

Solution

Weighted Interval Scheduling Problem

Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible

Output: the maximum total value obtainable from compatible

= Bottom-up method: solve smaller subproblems first

Ve — 0 if1=0
" | max(v; + My, M;—1) otherwise

i | o | 1] 2[3]4a]5
M[i] I

WIsS(n, s, £, v, p)

M[O] =0
for 1 =1 ton T(n) — @(TL)
M[1i] = max(v[i] + M[p[i]], M[1 - 1])

return M[n]




Step 4: Construct an OPT Solution by
Backtracking

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible
Output: the maximum total value obtainable from compatible

= Bottom-up method: solve smaller subproblems first

0 ifi=20
max fuz + My, M otherwise

M[l] 0 ! |

’Ul+ (1)—1—|-Mo’03+ (3)—3+M1 ve + Mpe) = 1+ M3

job. mdex ,
1

2-—




Step 4: Construct an OPT Solution by

Backtracking

Weighted Interval Scheduling Problem

Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible

Output: the maximum total value obtainable from compatible

WIS(n, s, £, v, p)

M[O0] = O
for 1 = 1 to n
M[i] = max(v[i] + M[p[i]], M[1 - 1])

return M[n]

Find-Solution (M, n)
ifn=20
return {}
if v[n] + M[p[n]] > M[n-1] // case 1
return {n} U Find-Solution(p[n])
return Find-Solution(n-1) // case 2




7)) Knapsack Problem
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Textbook Exercise 16.2-2
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Knapsack Problem y

&

= Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

= Qutput: the maximum value for the knapsack with capacity of W

= Variants of knapsack problem
= 0-1 Knapsack Problem: BIEY)m R EEE—{&
Unbounded Knapsack Problem: 2IE¥) ol A Z= %@
Multidimensional Knapsack Problem: & €12 B AR
= a

Multiple-Choice Knapsack Problem: E— ¥ m&mZE—{&
Fractional Knapsack Problem: ¥ @ o] IR Z &5
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Knapsack Problem

S

= Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

= Qutput: the maximum value for the knapsack with capacity of W

= Variants of knapsack problem
= 0-1 Knapsack Problem: BIE¥m R = —1@
Unbounded Knapsack Problem: 2IE¥) ol A Z= %@
Multidimensional Knapsack Problem: & €12 B AR
= a

Multiple-Choice Knapsack Problem: E— ¥ m&mZE—{&
Fractional Knapsack Problem: ¥ @ o] IR Z &5



Step 1: Characterize an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

D

= Subproblems ZO-KP (1) @a Z0-KP (1, (W)

consider the available capacity
= ZO-KP (i, w):0-1knapsack problem within w capacity for the first i items
= Goal: ZO-KP (n, W)

= Optimal substructure: suppose OPT is an optimal solution to ZO-KP (1,
there are 2 cases:

= Case 1:itemiin OPT

= OPT\{i} is an optimal solution of ZO-KP (1 - 1, w - w;)
= Case 2:item i not in OPT

= OPT is an optimal solution of ZO-KP (i - 1, w)




Step 2: Recursively Define the Value
of an OPT Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

= Optimal substructure: suppose OPT is an optimal solution to ZO-KP (i, w),
there are 2 cases:

= Case 1:item i in OPT Mi,w = v; + Mi—1,w—w¢
= OPT\{i} is an optimal solution of ZO-KP (1 - 1, w - w;)
= Case 2:item i notin OPT

M; .. = M,;_
= OPT is an optimal solution of ZO-KP (i - 1, w) 5w o=l
= Recursively define the value
0 if7=20
Mz’,w = M'i—l,w if w; > w

max(v; + M;—1,.w—w;, Mi—1.,) otherwise @



Step 3: Compute Value of an OPT
Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;
Output: the max value within W capacity, where each item is chosen at most once

= Bottom-up method: solve smaller subproblems first

0 ife=0
Mz’,'w = M’i—l,w if w; > w
max(v; + M;—1 w—w,, Mi—1.4) otherwise

w0123 | . |wl. . | W

Mz’—l,w—wi M'—l,w




Step 3: Compute Value of an OPT
Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;

Output: the max value within W capacity, where each item is chosen at most once

= Bottom-up method: solve smaller subproblems first m

0 ifi=20 1 1 4
Mi,w = M'i—l,w if w; > w 2 2 9
max(v; + M;—1 w—w,, Mi—1.4) otherwise 3 4 20
w0 1] 23|45 v

0 0 0 0 0 0

0 4 4 4 4 4

0 4 9 13 13 13

0 4 9 13 20 24




Step 3: Compute Value of an OPT

Solution

0-1 Knapsack Problem
Input: n items where i-th item has value v; and weighs w;

Output: the max value within W capacity, where each item is chosen at most once

= Bottom-up method: solve smaller subproblems first

0 itt=20

A4£w== A4}%Lw if w; > w
rnax(vi%—]Mg_lﬂu_uu,ﬂdg_lﬂu) otherwise

Z20-KP (n, v, W)
for w =0 to W
M[O, w] = O
for 1 =1 ton
for w = 0 to W
1f(w, > w)

M[i, w] = M[i-1, w]
else
M[i, w] = max(v; + M[1-1, w-w;], M[i-1, w])

return M[n, W]




Step 4: Construct an OPT Solution by

Backtracking

ZO-KP (n, v, W)
for w =0 to W

M[O, w] = O
for 1 = 1 to n
for w =0 to W
1f(wy; > w)
M[1i, w] = M[1-1, w]
else
M[1i, w] = max(v; + M[1-1, w-w;], M[1-1, w])

return M[n, W]

Find-Solution (M, n, W)
S = {}

w =W
for i = n to 1
if M[i, w] > M[1 - 1, w]
W =W — W
S =S U {i}

return S




Pseudo-Polynomial Time

= Polynomial: polynomial in the length of the input (#bits for the input)

= Pseudo-polynomial: polynomial in the numeric value

= The time complexity of 0-1 knapsack problem is @(nW/)
= n: number of objects
= W': knapsack’s capacity (non-negative integer)
= polynomial in the numeric value
= pseudo-polynomial in input size
= exponential in the length of the input

= Note: the size of the representation of W is log, W

= 2m = m
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Knapsack Problem

&I

= Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

= Qutput: the maximum value for the knapsack with capacity of W

= Variants of knapsack problem

= 0-1 Knapsack Problem: BIEY)m R EEE—{&
Unbounded Knapsack Problem: BI8¥)amt] U EZ &
Multidimensional Knapsack Problem: & €12 B AR
Multiple-Choice Knapsack Problem: B— 8z %E=—{E

Fractional Knapsack Problem: ¥ @ o] IR Z &5



Step 1: Characterize an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w;, each has unlimited supplies
Output: the max value within W capacity

= Subproblems
= U-KP (1, w):unbounded knapsack problem with w capacity for the first i items

= Goal: U-KP(n, W)

0-1 Knapsack Problem Unbounded Knapsack Problem

each item can be chosen at most once  each item can be chosen multiple times

a sequence of binary choices: whether  a sequence of i choices: which one
to choose item i (from 1 to i) to choose

Time complexity = ©@(nW) Time complexity = @(n?W)




Step 1: Characterize an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w;, each has unlimited supplies
Output: the max value within W capacity

= Subproblems
= U-KP (w) : unbounded knapsack problem with w capacity

= Goal: U-KP (W)

= Optimal substructure: suppose OPT is an optimal solution to U-KP (w), there are
7 cases:

= Case l:item 1in OPT
= Removing an item 1 from OPT is an optimal solution of U-KP (w - w;)

= Case 2:item 2 in OPT
= Removing an item 2 from OPT is an optimal solution of U-KP (w - w,)

= Casen:itemnin OPT
= Removing an item n from OPT is an optimal solution of U-KP (w - w)

©




Step 2: Recursively Define the Value
of an OPT Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w;, each has unlimited supplies
Output: the max value within W capacity

= Optimal substructure: suppose OPT is an optimal solution to U-KP (w), there
are n cases:

= Casei:itemiin OPT

My = v; + My_o,
= Removing an item i from OPT is an optimal solution of U-KP (w — wy)

= Recursively define the value

[V 0 if w =0 or w; > w for all ¢
Y| maxi<i<nfw,<w|Vi + My_w,) otherwise

RERBHEREEN MIIBH

©



Step 3: Compute Value of an OPT
Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w;, each has unlimited supplies
Output: the max value within W capacity

= Bottom-up method: solve smaller subproblems first

{0 if w =0 or w; > w for all ¢

M, = .
Max]<i<n,w;<w(Vi + My_qy,) otherwise

2 2 9
M[w] I 3 4 2
W =5




Step 3: Compute Value of an OPT
Solution

Unbounded Knapsack Problem
Input: n items where i-th item has value v; and weighs w;, each has unlimited supplies
Output: the max value within W capacity

= Bottom-up method: solve smaller subproblems first

Mw:{o if w=0 or w; >w for all ¢

Max| <i<n.w,<w(Vi + Muy_w,) otherwise ow v
2 2 9

M[w] O 3 4 17

max(4 + 0) W =5
max(4 + 4,9+ 0)
max(4+ 9,9+ 4)

max(4 + 13,94 9,17+ 0) |
max(4 + 18,9 + 13,17+ 4) @




Step 3: Compute Value of an OPT

Solution

Unbounded Knapsack Problem

Input: n items where i-th item has value v; and weighs w;, each has unlimited supplies

Output: the max value within W capacity

= Bottom-up method: solve smaller subproblems first

Vo 0 if w =0 or w; > w for all ¢
Y| maxi<i<nw,<w (Vi + My—w,) otherwise
U-KP (v, W)
for w =0 to W
M[{w] = 0
for w = 0 to W
for 1 =1 ton T(n) @(TLW)

1f(w; <= w)
tmp = v; + M[w - w;]
M[w] = max(M[w], tmp)
return M[W]




Step 4: Construct an OPT Solution by

Backtracking

U-KP (v, W)
for w = 0 to W
M[lw] = 0
for w =0 to W
for i = 1 ton
1f(w; <= w)
tmp = v; + M[w - w,]
M[w] = max(M[w], tmp)
return M[W]

Find-Solution (M, n, W)
for 1 = 1 ton
C[i] = 0 // C[i] = # of item 1 in solution
w =W
for 1 = 1 ton
while w > 0
1f(w, <= w && M[w] == (v; + M[w - w;]))
W =W - W,
Cli] +=1
return C

T(n)

T(n)

O(nW)

O(n+ W)
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Knapsack Problem

&I

= Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

= Qutput: the maximum value for the knapsack with capacity of W

= Variants of knapsack problem

= 0-1 Knapsack Problem: BIEY)m R EEE—{&
Unbounded Knapsack Problem: 2IE¥) ol A Z= %@
Multidimensional Knapsack Problem: 5 81 Z B A R
Multiple-Choice Knapsack Problem: B— 8z %E=—{E

Fractional Knapsack Problem: ¥ @ o] IR Z &5



Step 1: Characterize an OPT Solution

Multidimensional Knapsack Problem

Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is
chosen at most once

= Subproblems

= M-KP (1, w, d):multidimensional knapsack problem with w capacity and d size
for the first i items

= Goal: M-KP(n, W, D)

= Optimal substructure: suppose OPT is an optimal solution to M-KP (i, w,
d), there are 2 cases:

= Case 1:itemiin OPT
= OPT\{i} is an optimal solutionof M-KP (1 - 1, w - w,, d - d,)
= Case 2:item i not in OPT
= OPT is an optimal solution of M-KP (1 - 1, w, d) @



Step 2: Recursively Define the Value
of an OPT Solution

Multidimensional Knapsack Problem

Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is
chosen at most once

= Optimal substructure: suppose OPT is an optimal solution to M-KP (i, w,

d), there are 2 cases:
- Case 1: item i in OPT M; w,a = Vi + Mi—1,w—w;,d—d;

= OPT\{i} is an optimal solutionof M-KP (1 - 1, w - w,, d - d,)
= Case 2:item i not in OPT WYy 1 = W51
= OPTis an optimal solutionof M-KP (1 - 1, w, d)

= Recursively define the value

0 ifz=20
M;wa=9 Mi-1,w,d if w; > w or d; > d@
max(v; + Mi—1.w—w;.d—d;, Mi—1w.a4) otherwise



Exercise

Multidimensional Knapsack Problem
Input: n items where i-th item has value v;, weighs w;, and size d,

Output: the max value within W capacity and with the size of D, where each item is

chosen at most once

= Step 3: Compute Value of an OPT Solution
= Step 4: Construct an OPT Solution by Backtracking

= What is the time complexity?



)

e

(e

Knapsack Problem

&I

= Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

= Qutput: the maximum value for the knapsack with capacity of W

= Variants of knapsack problem

= 0-1 Knapsack Problem: BIEY)m R EEE—{&
Unbounded Knapsack Problem: 2IE¥) ol A Z= %@
Multidimensional Knapsack Problem: & €12 B AR
Multiple-Choice Knapsack Problem: BE—Y)m&ExZ E—{E

Fractional Knapsack Problem: ¥ @ o] IR Z &5



Multiple-Choice Knapsack Problem

= Input: n items
= v; j: value of j-th item in the group i
= w; j: weight of j-th item in the group i
= n;: number of items in group i
= n: total number of items (}; n;)
= (7: total number of groups

= Qutput: the maximum value for the knapsack with capacity of W,
where the item from each group can be selected at most once

group 1 group 2 group 3



Step 1: Characterize an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items in group i, G: #groups)

Output: the max value within W capacity, where each group is chosen at most once

= Subproblems
= MC-KP (w) : w capacity
g « MC-KP (i, w):w capacity for the first i groups the constraint is for groups
= MC-KP (i, Jj, w):w capacity forthe firstj items from first i groups

@D

_______________________________________________________________________

_______________________________________________________________________



Step 1: Characterize an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items in group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once

= Subproblems

= MC-KP (i1, w): multi-choice knapsack problem with w capacity for the first i
groups

= Goal: MC-KP (G, W)

= Optimal substructure: suppose OPT is an optimal solution to MC-KP (i, w),
for the group i, there are n; + 1 cases:

= Case 1: no item from i-th group in OPT
= OPT is an optimal solution of MC-KP (i - 1, w)

= Case j + 1: j-th item from i-th group (item; ) in OPT
= OPT\item,; is an optimal solution of MC-KP (1 - 1, w — w, ;) @



Step 2: Recursively Define the Value
of an OPT Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items in group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once

= Optimal substructure: suppose OPT is an optimal solution to MC-KP (i, w),
for the group i, there are n; + 1 cases:

= Case 1: no item from i-th group in OPT Wil = Wils 3 g
= OPT is an optimal solution of MC-KP (i - 1, w)
= Case j + 1: j-th item from i-th group (item;;) in OPT M w =055+ Mi—1.w—w,
. OPT\itemi,j is an optimal solution of MC-KP (i - 1, w - Wi o5)
= Recursively define the value
0 if2=20
Mi,w = Mi—l,w if Wi > W for all ]
\maxlgjgm (vi,j + Mi—l,w—'w,;,j , Mi—l,uf) otherwise @
Y
n; +1




Step 3: Compute Value of an OPT
Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items in group i, G: #groups)

Output: the max value within W capacity, where each group is chosen at most once

= Bottom-up method: solve smaller subproblems first
0 if i =0
Mz’,w = Mfi—l,w if Wi > W for all 7
maxij<j<n; (Uz',j + Mi—l,w—w@-,j , Mi—l,w) otherwise




Step 3: Compute Value of an OPT
Solution

Multiple-Choice Knapsack Problem
Input: n items with value v; ; and weighs w; ; (n;: #items in group i, G: #groups)
Output: the max value within W capacity, where each group is chosen at most once

= Bottom-up method: solve smaller subproblems first

MC-KP (n, v, W)
for w =0 to W

G // consider groups 1 to i
to W // consider capacity = w

] = M[i -1, w] T(n)=06(nW)
= 1 to n; // check j-th item in group i
o+ M1 -1, w - w41 > M[i, w])
+ M[1 - 1, w - w

'_h
O
=
l_l
Il
N =
O |
O

13]

G W nz Z

7776—6??71—62%—6?1“/ @

=1 w=0 j3=1 w=0 =1 3=1




Step 4: Construct an OPT Solution by

Backtracking

MC-KP (n, v, W)

for w =0 to W
M[O, w] = O
for 1 = 1 to G // consider groups 1 to i
for w = 0 to W // consider capacity = w
M[i, w] = M[1 - 1, w]
for j = 1 to n; // check items in group 1
if(vi,j + M[1 -1, w - ij] > M[1, w])
M[1, w] = vi4 t M[1 -1, w - ij]
B[i, w] = jJ
return M[G, W], B[G, W]

_____________________________________________________________________________________________

_____________________________________________________________________________________________
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Knapsack Problem

&I

= Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

= Qutput: the maximum value for the knapsack with capacity of W

= Variants of knapsack problem

= 0-1 Knapsack Problem: BIEY)m R EEE—{&
Unbounded Knapsack Problem: 2IE¥) ol A Z= %@
Multidimensional Knapsack Problem: & €12 B AR
Multiple-Choice Knapsack Problem: B— 8z %E=—{E

Fractional Knapsack Problem: g o] LI R ZE 5%



Fractional Knapsack Problem

= Input: n items where i-th item has value v; and weighs w; (v; and w;
are positive integers)

= Qutput: the maximum value for the knapsack with capacity of W,
where we can take any fraction of items

= Dynamic programming algorithm should work

= Choose maximal —( £B1LICP1E) first “Greedy Algorithm”
Next topic!




Concluding Remarks

= “Dynamic Programming”: solve many subproblems in polynomial time
for which a naive approach would take exponential time

= When to use DP
Whether subproblem solutions can combine into the original solution

When subproblems are overlapping

Whether the problem has optimal substructure

Common for optimization problem

= Two ways to avoid recomputation
= Top-down with memoization

= Bottom-up method

= Complexity analysis
= Space for tabular filling
= Size of the subproblem graph



Question?

Important announcement will be sent to @ntu.edu.tw mailbox
& post to the course website

Course Website: http://adal7.csie.org

Email: ada-ta@csie.ntu.edu.tw
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