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Lesson 5: Treewidth

Theme: Treewidths of (undirected) graphs

In the following the term “graphs” will always denote undirected graphs. For a graph G =
(V, E), we usually write v € G, or (u,v) € G to denote that a vertex v, or an edge (u,v) in G.
A tree is denoted by T' = (I, F).

1 Treewidth

Let G = (V, E) be a graph. A tree decomposition of G is a tree T' = (I, F'), where:
(C1) the set I of vertices in T"is a set I = {X1,..., Xy}, where each X; C V;
(C2) X\jU---UX, =V,

(C3) for every edge (u,v) € E, there is a node X; in T such that u,v € Xj;

(C4)

C4) for every i1,io € I, for every j € I in the path (in the tree T') between i; and ia, the
following holds:

X, NX;, C Xj

Condition (C4) is equivalent to the following.
(C4’) For every vertex u € V, the set of vertices {i | X; > u} is connected in 7.

The width of a tree decomposition T' = (I, F') is maxx,es(|X;i|) — 1. The treewidth of a graph G,
denoted by tw(G), is the minimum width among all possible tree decompositions of G.

Proposition 5.1

o G is a forest if and only if tw(G) = 1.

e If G contains a complete graph K,,, then tw(G) = m — 1. In particular, tw(K,,) =m — 1.

A tree decomposition T' = (I, F') is nice, if there is no edge (X;, X;) in T such that X; C
Xj. Note that every tree decomposition of a graph G can be transformed into a nice tree

decomposition with the same width. So from now on, we can always assume that every tree
decomposition is nice.

Proposition 5.2 For every graph G = (V, E) with a tree decomposition T = (I, F') of width k,
we have: |I| <|V| -k and |E| < k|V].

2 Separator

Definition 5.3 Let G = (V, E) be a graph.

e For a partition V = AU BU S, we say that S separates A and B, if every path from a
vertex in A to a vertex in B passes at least one vertex in S.

e S is a separator for a set W C V/, if there is partition V = AUBU S such that ANW # 0,
BNW #(, and S separates A and B.
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e Sis a good separator for W, if S separates A and B, and [ANW/|,|BNW|< 2|W|.

Theorem 5.4 [1, 2] Let G = (V, E) be a graph.

o If G has treewidth k, then every subset W C V' of cardinality at least 2k + 3 has a good
separator S of cardinality at most k + 1.

o [f every set W C V of cardinality 2k + 3 has a good separator of cardinality at most k+ 1,
then the treewidth of G is at most 4k + 3.

Theorem 5.4 can be used to obtain an algorithm that on input graph G of treewidth < k,
construct a tree decomposition 7' of width at most 4k + 3. See [2].
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