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Markov Chain



Lecture 3
Markov Chains (MC)

Most stochastic processes we’ll study this semester have a
special property called the Markov Property.

Informally, conditioned on the present state, the past &
future behavior of a MC are independent.
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Lecture 3 (ii)

Recall: A discrete stochastic process is a collection of RV’s
evolving in discrete time steps!

(Xn)oo (X07X15X27"')

n=0 -
Recall: Conditional probability of B given A

P(ANB)

P(AIB) = —5 5
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Lecture 3 (iii)

Def: (X,,) is a (discrete time) Markov Chain (MC) if
P(Xn+1 — .’En+1 ’ Xn — .'I)n, "'7XO = 330)
:P(X +1 = Tp41 |Xn:xn)

n

forallm >land z, ,..., 2
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Lecture 3 (iv)
Discrete Time Markov Chains are discussed in:

« Durrett §1
« Pinsky-Karlin §3-4

Reading, looking at the examples, & doing exercises here is
encouraged!
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Lecture 3 (v)

In other words, when asking what the MC will do next, all
that matters is its current state (not how it got there, etc.).

Def: P(X,.1 = Z,,1 | X,, = z,) is called the transition

n
probability from z, to x,,, ; at time n + 1.
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Lecture 3 (vi)
In this course, we will almost only study MC’s that have
time-homogenous transition prob.s.

This means that, for all i & j, P(X,,,; = j | X,, =) is the
same for all times n.

So we write

P(X1:j|X0:i)
P(X,=j|X;=1)
P(X3:j|X2:i)

Di,j
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Lecture 3 (vii)

» We write either p, ; = p(i, j).

* D= prob. the MC transitions from ¢ to j, supposing it is
currently at <.

Def: The state space S is the collection of all possible states
that the MC can visit.

— Sometimes ) instead of S.
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Lecture 3 (viii)
For a time-homogenous MC with finite state space |S| < oo,
we can put the transition probabilities in a matrix:

Def: Transition Matrix
P = (pz‘,j). .
i.e. P is a matrix whose 7, j’th!" entry is
p;; = P(Xn+1 =j| X, = Z)

(for all n)

5’th row and j’th column
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Lecture 3 (ix)
« If |S| = oo but countable, e.g. S = {0, 1,2, ...} then P is

an infinite matrix.

« For now, we’ll mainly focus on MC’s with finite state
spaces.

Note: in this case we can always encode S by {0, 1,..., N} or
{1,2,..., N} — often it is convenient to do so.
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Lecture 3 (x)

Many nice examples of MC’s in:

. [D] §1.1
. [PK] §3.3

Please take a look. We’ll do some today — but not all of
them.
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Lecture 3 (xi)
Examples:
(1) Simple Random Walk (SRW) on integers Z =
{0,4+1,4+2,...},p € (0,1).
g=tp P

] ]

— —>
&1 i H

p j=1+1
pij =949 J=1—1 (g=1-p)
0 o/w

« Ifp= % symmetric SRW.
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Lecture 3 (xii)
Le. each step of walk, we flip a coin that is heads w.p. p, tails
w.p. ¢ = 1 — p. If heads we step right, if tails we step left.

Sn:Z&c, S0:0
k=0

+1 w.p.p
&,&, ... IID {_1 W.p. q
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Lecture 3 (xiii)

For any n,
P(Sn+1 :] ‘ Sn — 7:, Sn—l - Sn_17 ...,SO — 80)
=P(S,41 =718, =1
:P(én—I—l :.7_2)

p forj=i+1
=<¢q forj=1—-1
0 o/w

~ (X,,) is a time-hom. MC.
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Lecture 3 (xiv)

State space Z is infinite:

. P R b o5 b€
; . /
_Z? = 4: ‘1’4, e (::>
. 4° P
ok 4’ ) P

i,j thentry =p, ; fori,j € Z.
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Lecture 3 (xv)
(2) Gambler’s Ruin

SRW with absorbing states at 0 and V.
Def: A state i € S is absorbing if p(i, i) = 1.

Le. once in state 7, MC will stay there forever.
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Lecture 3 (xvi)

@ 9 P > r ol
O’r’o‘\) f‘s ¥ = ‘, fg
{ f l .

Poo =Pnn =1
Piit1=p, 1<i<N
Piic1=¢ 1<i<N

pi,j :O, O/W.
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Lecture 3 (xvii)

Called Gambler’s Ruin because:

« Start with $X,.

« Each step bet $1. Win $1 w.p. p, lose $1 w.p. q.

« Until either win jackpot $V or go bust $0 — and then stop
playing either way:.
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Lecture 3 (xviii)
Interesting Questions:

T=min{n >1:X, € {0,N}}
= # bets until game over
Foragivenl < zj < N,
Question: EwO(T)m = E(T|X, = ;)
Question: P, (I'= N) = P(T = N|X,, = z,)

Le. expected # bets & prob. of jackpot, starting with $z.

(Expected value conditioned on starting point being z,.
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Lecture 3 (xix)

« These questions will be investigated in the workshops &
later this semester.

« SRW & Gambler’s Ruin will be important examples which
we’ll come back to often.
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Lecture 3 (xx)
612 ---- W1 o

D - o[ B
. L ¢ o
.| 4°P
L O e
N .

i,jthentry =p, ;for0<4,j5 < N.
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Lecture 4

Recall: (Xn)zoz , is a (time-homogenous) MC if
P(Xn+1 :.7 ’ Xn :ivanl =z

:P(Xn+1:.7|Xn:z)

1> ...XO — xo)

n

=p;; (i.e., doesn't depend on n)

for all n and states ¢, j, z,,_1, ..., Z-
« P= Dij = transition matrix

N
tr. prob. from 4 to j
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Lecture 4 (ii)
We did a couple examples ((1) SRW & (2) Gambler’s ruin).
Let’s see one more:

(3) Ehrenfest model:

Physicists (wife & husband):

Tatiana & Paul Ehrenfest proposed this model to explain the
2nd law of thermodynamics:

In particular, an isolated system will naturally evolve toward
max entropy (least ordered).
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Lecture 4 (iii)

N molecules in a chamber divided by a thin membrane.
Sometimes a molecule slips through.

Let X,, = # molecules on the left side.
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Lecture 4 (iv)
To get a mathematical model:

« Each step, select a molecule uniformly at random (amongst
all V) and then move it to the other side.

p(i,i — 1) = P(pick mol. from left)

1
N
p(i,i+ 1) = P(pick mol. from right)
_N—d 1— 2
N N

(& all other p;; = 0)
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Lecture 4 (v)

« We are often interested in the long run (LR) behavior of
MC’s.

« E.g., for the Ehrenfest chain, does P(X,, = i) "977

By the 2nd law of thermodynamics, you might expect this

equilibrium distribution to be:

# subsets size %
—_——

(N)
Jim P(X, =i) = —5 57—, 0<i<N
# subsets

BJZN (N) = 2" Binomial Theorem
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Lecture 4 (vi)
We’ll come back to this problem and LR behavior of MC’s in
depth, starting in [D] §1.4 and [PK] §4.

Homework:
Take a look at the other examples in [D] §1.1.
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Lecture 4 (vii)
[D] §1.2: Multi-step transition prob.’s

P = (pij)’ bi; = P(X,1 =7 X,=1)
Eg, X, = {(1) gj;g} on day n.

4 .6
Suppose P = (.7 _3)

Le., given rainy today, the probability of sunny tomorrow is
60%.
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Lecture 4 (viii)
0 = Rainy, 1 = Sunny

= (75)
P(Sunny 2 days from now | Rainy today)
=P(X,5=1]X,=0)
=P(X,,=1,X,,=0|X,=0)
tP(Xppp=1,X, 1 =1]X, = 0)[4]
= PooPo1 + Po1P11 = -4(.6) + .6(.3)

n

MLoTP
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Lecture 4 (ix)
But what is pyopg; + Po1P11?

p— (-4 ~6> _ (poo pm)

o 7.3 P10 P11
P2 — (Poopoo + Po1P10 PooPo1 +p01p11)
- P10Poo + P11P10 P1oPo1 T P11P11

(1_32)“ = Zk:pikpkj

PooPo1 T Po1P11 = (1_32)01
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Lecture 4 (x)

This holds in general:
To get m step transition prob.’s

We simply take P to the mth power P™.
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Lecture 4 (xi)

Theorem

Let (X,,) be a (time-hom.) MC on state space S.
Then, for any m and i,j € S,

pi; = P(X
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Lecture 4 (xii)
Useful if P can be diagonalized:

P=U"1DU

+ D = Diagonal matrix of eigenvalues
« U = Rows are corr. left eigenvectors
« U™! = Columns are corr. right eigenvectors

Then P™ = U 'D™U

Ay AT
D= D" =
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Lecture 4 (xiii)
Eg: 2-State MC

(1)
q 1l—g¢q

P 5
:<1 p+g>(1” 0 )(— —)
I —5 0 I-p—gq 1 -1

Note: |1 — p — ¢g| < 1 unless MC is trivial:

BlLeading eigenvalue
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Lecture 4 (xiv)
Otherwise, (1 —p — ¢)™ — 0 as m — oo.

9 _pP
_ (pj]-q p?) _ (7>
p+q ptq T
Where m = (7, m,) is the left eigenvector for the leading
eigenvalue A = 1.
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Lecture 4 (xv)

This suggests that — regardless of the initial state X; —

limiting distribution of this 2-state MC is

lim P(X, =1i)=m,

(2
n— oo

« We’ll come back to this later (Main MC Theorem)

the

37/637



Lecture 4 (xvi)
Eg: 0 = Rainy, 1= Sunny

4 .6
P= (7 _3), p=06,q=0.7

7= (my,my) = <L L)

p+q p+gq

(s
- \1.3'1.3

~ About 53.8% of days rainy &
46.2% of days sunny &=
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Lecture 5
From last class:

Theorem. Let (X,,) be a (time-hom.) MC on state space S.

Then, for any m and ¢,j € S,
p%?:P(X =j|X,=1)

= (™),

ij

Proof:
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Lecture 5 (ii)
This essentially follows by the Law of Total Probability
(LoTP).

In this context, we call it the Chapman-Kolmogorov
equations

m+n __ m,n
pb; = E :pikpkj
k

Foralln,m >0&i,j € S.
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Lecture 5 (iii)
CK Equations

m+n __ m,.n
pb; = E :pikpkj
k

(1) Why is it true?
(2) How does it prove the theorem?

41/637



Lecture 5 (iv)
(1) If MC transitions from ¢ to j in n + m steps, then it is at
some state k at time n on its way there. By LoTP

P(Xn—l-m:j'XO:i)

=Y P(Xpym=4X,=k| X, =1)
k
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Lecture 5 (v)
= ZP(XTH-m :j’Xn =k | XO :Z)
k

=N P(Xpi =i | X, =k Xy = i)P(X, =k | X, =)
k

TN PXym =il X, =k)P(X, =k | X, =1)
k

time_hom. m.n
= E Pg;Di
k

“IP(A, B|C) = P(A|B,C)P(B|C)
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Lecture 5 (vi)
(2) Theorem follows by induction:

P™=pmlp
= (p57) (v3y)
S (™), = Y Dl o
- p;;f by CK-Eqn.

(Recall: (AB);; = >_, A By;)
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Lecture 5 (vii)
[D] §1.3: Classification of states

Many interesting questions about MC’s involve their long-
run (LR) behavior. We saw some examples last class.

Another such question is:
Which states are visited co many times, which only < co
times?
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Lecture 5 (viii)
First, we set up some notation:
(X,,) a MC on state space S.
o For x € S and an event A,
P (A)=P(A] Xy =x)

the prob. of A starting at x.

« Fory € S, T, = min{n > 1: X,, = y}, time of first visit
(after time 0) to state y.
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Lecture 5 (ix)
We let

pyy = B (T, < )
Be prob. the MC ever returns to y, having started at y.

Def y is transient if p,, <1

recurrent if p,, =1
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Lecture 5 (x)

Intuitively, by Markov property, each time (X)) visits y it
starts afresh.

So
pyy = P(ever visit y)
= P(visit y at least once)

pz, = P(visit y at least twice)

p’;y = P(at least k visits)
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Lecture 5 (xi)

To formalize this reasoning, we introduce the idea of a
stopping time, which will play an important role in this
course.

Def. T is a stopping time (ST) if only the values of
Xy, X1, -, X, are needed to determine if the event {T" = n}
has occurred.
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Lecture 5 (xii)
Eg SRW. X, = 0.

« T =T, =1 visit to 1
IsaST.

e T=min{n>1:X,,,=1}=

time just before first visit to 1.

Is not a ST, since eg.

(X, X1, X5) = (0,—1,0) is not enough to determine if

T=2.
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Lecture 5 (xiii)
The strong Markov property is the fact that the Markov
property also holds at ST’s.

Note this is not trivial, since ST’s can be random.

Theorem (X,,)*° aMC, T aST. Given T = n and Xp =y,
(XT”f)Zio is a MC started at y.
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Lecture 5 (xiv)
This is quite intuitive, so we won’t prove it. — See [D]
p11-12, where it is shown

P(Xpi =2 | XT=y7T=n)=pyz
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Lecture 5 (xv)
By the strong MP, indeed

P (T} < o0) = P(at least k visits)
_ ok
= Pyy

pryy< 1,Py(Tyk <oo) —0ask — oo.
So total # visits to y is < oo (w.p. 1).
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Lecture 5 (xvi)
Why? # visits to y after time 0 is Geometric(l — pyy):

P(#visits = k) = plr (1 —p,, ), k=10,1,...

~ E(#visits) = 1& < 00
— Pyy

If P(#visits = co) > 0, then E(#visits) = oo
(contradiction).
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Lecture 5 (xvii)
On the other hand,

If p,,, = 1, then if started from y the MC will visit y co many
times (wp 1).
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Lecture 5 (xviii)
E.g., Gambler’s Ruin

\ sl_’ P 1
{ —4—4 )
; D PR 21 N

0, N are clearly recurrent — any absorbing state is: starting
from there, not only do you return, you can never leave!
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Lecture 5 (xix)
All other states 0 < 7 < N are transient.

Note: This means (wp 1) the game will eventually end (either
0 = bankrupt or N = jackpot).[”

Why?

M All states between 0 and N will only be visited finitely many times.
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Lecture 5 (xx)
First note if p = 0 or p = 1 the result is obvious since
starting at 0 < ¢ < N, the MC will never return to .

Ifp € (0,1), then
P(T} =) >q>0=1 trans.
P(T, = o) > ¢* > 0 = 2 trans.

P(Ty_, =00) > "> 0= N—1 trans.

BlAlso > p
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Lecture 5 (xxi)
A more surprising fact — which we’ll prove later on — is that
1

for SRW on Z, all states are recurrent if p = 5

« Also true on Z2.
» But all states transient for SRW on Zd, d > 3.

“A wandering walker finds their way home, but not so for a

bird”.
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Lecture 6
Continuing [D] §1.3 — Classification of States

Main Idea

» State space S can be split into “communication classes”.

+ x,y in the same class if possible to get from x to y and
back again.

« States in the same class have many of the same properties
— we call these “class properties”.
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Lecture 6 (ii)

Def: We say that y is accessible from z, and we write x —
y.if p,, = P,(T, < 00) > O

In other words,
Pgy > 0, for some m >0
+ [D]urrett instead say “x comunicates with y” — we

wouldn’t do this, because the following definition is
standard in probability:

PITime of first return to .
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Lecture 6 (iii)
Note:

Pry = Px(Ty < oo)

p: Greek letter Rho

This is what is used in [D]urrett. It can look like a p in
handwriting. I'll do my best — usually clear by context (ask
me if not).
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Lecture 6 (iv)

Def: We say that x #+ y communicate, x <> y, if t — y and
y — x. We trivially define all z <> z.

“+»” is an equivalence relation on S. This means:

« a.x < z for all z (Reflexive)

b.x 4 y=y < xforall z,y (Symmetric)

s x> Y&y z=x <+ zforall z,y, z (Transitive)
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Lecture 6 (V)

Consequently, the state space S of any MC (X)) is the
disjoint union of “communication classes”.

C, = Communication class of 210

={yeS:z ey}

Note: z <+ x and x <> y = y <> x are trivial.

(9t is possible some C, = C,.In fact, C, = G, if z <> y.
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Lecture 6 (vi)
We need only check that: < is transitive:

Lemma: Suppose £ — y & y — z. Then x — 2.0
Proof:

T — Yy = py, > 0 for some m

Yy — z = py, > 0 for some n

12
apprm >pnpm S0 O

[1Same holds for <.
) There may be many way from z to z in n + m steps. But one ways
is to first go to y in n steps and then go to z in m steps.
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Lecture 6 (vii)
Eg: Gambler’s Ruin

3 communication classes.
Co = {0},Cy = {N}
Cl == ... = CN—]. - {1,2, ...,N_ 1}

Note: x € C, for any z.
If z is absorbing then C, = {z}.
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Lecture 6 (viii)

We will see in the lectures to come that many important
properties of states in a MC are “class properties” — meaning
if « has this property, then so do all y € C,.

67/637



Lecture 6 (ix)
The following result is useful, especially when |.S| = cc.

Theorem. If z — y but p,,, < 1 then z is transient.

Intuitively, there is a chance that the MC will visit y before
returning to x. And once at y, there is a chance it may never
visit z in the future.

s Ppre < 1= x is transient.
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Lecture 6 (x)

Proof
Letl = min{m : Dy > 0} be the length of the shortest path
from z to y. | < oo since z — y.

Note: by minimality, x is not visited on this path.

w1 = Py 2Py | 1= pys | >0
~—— ~——
>0 <1

= Ppr < 1=z is transient. [J
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Lecture 7
Def: We say that y is accessible from z, and we write x —
y, if p,y = P, (T, < 00) > 0.

In other words,
Pyy > 0 for some m > 0.
« Durrett instead say “x communicates with y” — we won’t

do this, because the following definition is standard in
probability:

31 Tjem of the fist return to y
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Lecture 7 (ii)

Def: We say that x and y communicate, x <+ y,if x — y
and y — x. We trivially define all z <> x.

“++” is an equivalence relation on S. This means:

« a.x < z for all z (Reflexive)

b.x 4 y=y < xforall z,y (Symmetric)

s cxryandy <> 2 = x & zforall x,y, z (Transitive)
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Lecture 7 (iii)
Consequently, the state space S of any MC (X, ) is the
disjoint union of “communication classes”.

C, = Communication class of

={yeS:z ey}

Note: z <+ x and x <+ y = y <> z are trivial.
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Lecture 7 (iv)
The following result is useful, especially when |.S| = cc.

Theorem. If z — y but p,,, < 1, then z is transient.

Intuitively, there is a chance that the MC will visit y before
returning to x. And once at y, there is a chance it may never
visit z in the future.

s Ppre < 1= x is transient.
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Lecture 7 (v)

From now on:
Transient = Trans
Recurrent = Rec.

This theorem immediately implies:
Corollary. If z is Rec and x — y, then p,, = 1.

(By theorem p,, = 1, or else z is Trans.)
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Lecture 7 (vi)
As you might expect:

Theorem. Trans/Rec is a class property i.e. all states in the
same class are trans or rec.

We begin now working towards a proof of this.
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Lecture 7 (vii)

Do example 1.14, p14 on your own.

+ Draw tr. diagram.

« Find comm. classes.

« Determine rec/trans for each state (& notice that it is the
same within classes).

76/637



Lecture 7 (viii)
In order to prove the theorem, we show:

Lemma. If z is rec and x <> y then y is rec.

Note: Lemma = Theorem.

Why?
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Lecture 7 (ix)
This lemma follows by a useful characterization of
recurrence:

A state y is Rec &
O, @
E,N, = Zpgy =

n=1

where N, = # visits to y after time 0
=#{n>1:X, =y}
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Lecture 7 (x)
To see why: (1)

s 1if X, =y
— 1 —a9 1 ., = . n
N, ; Xo=y X,y {0 it X, #y

By LoE, EmNy = 220:1 P;C(Xn = y) = E;O:I pgy

In particular, if x = y,

o0
E,N, = Zpgy
n=1
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Lecture 7 (xi)
(2) For this, we use the SMP.

- 14
E,N, =Y P,(N, > k)"
k=1
15~ e1[16]
= Pay Pyy
k=1
_ Pzy (17]
1— Pyy

Review: Tail formula for a RV with valuesin 0,1, 2, ...
Visit 1st time

Return k-1 more times (at least)

Geometric sum

80/637



Lecture 7 (xii)
Ifxr <y
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Lecture 7 (xiii)
Recall p,,, = 1 < Rec.

= By N, = Zpyy —p—oo
vy

< Rec.
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Lecture 7 (xiv)
With this, we can finally prove our lemma:

Lemma. If z is Rec and = <> y then y is Rec.

If x is Rec and = <+ y, we already know from earlier that
Pye = 1.
=~ some k, [ such that
Py >0

p;x >0
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Lecture 7 (xv)
To show y is Rec, we show Z _, Dyy = 0.

oo oo
n l+n+k
> 0= vy
n=1 n=1
oo
l n .k
2 E Pyz  PzzPary
__pympxy § :pwx
"—’—oo since x is rec
=
~yis Rec. O
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Lecture 7 (xvi)
[D]urrett p15-17 prove these previous results + more:

Def: A subset C' C S of the state space is closed if you can’t
get out once in:

Def: A set A C S isirreducible if for alli,j € A = i < j.
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Lecture 7 (xvii)
Durrett (see Theorem 1.7) shows:

If C is finite, closed and irreducible, then all states in C
are Rec.

To prove this now, using what we already know, we just
need to make the following observation:
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Lecture 7 (xviii)

Obs: Suppose C' C S is finite and closed. Then at least one
state is recurrent.

This is sort of obvious. Once in C' you are stuck there
forever. There are only |C| < oo states. So if the MC runs
forever (co many steps), at least one state must be visited co
many times. (See p17 for formal proof.)
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Lecture 7 (xix)
Another class property

Def: The period of a state z is

gcd™ {m>1:pm >0}

+ A state x is aperiodic if its period is 1.

« An MC is aperiodic if all of its states are aperiodic.

M8lgreatest common divisor
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Lecture 7 (xx)

m 1, 2 have period 2

@QCZ> 1, 2 aperiodic

1, 2, 3 aperiodic, p3; > 0,p3; >
0,gcd{3,5,...} =1
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Lecture 7 (xxi)
Theorem Aperiodicity is a class property.

Le. all states in the same comm. class have the same period.

Proof. Think about it yourself. Might be on HW or in
workshop.
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Lecture 7 (xxii)
A useful observation

If in the tr. diagram there is a “loop” at x:

[i.e.p,, > 0]

Then C,, = class of x is aperiodic.

Why?

[¥TPos. entry on diagonal of P.
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Lecture 7 (xxiii)
[D] §1.4 — Stationary distributions

The main result here is that if (X,,) on |S| < oo
1. Aperiodic
2. Irreducible (only 1 class)

Then (X,,) has a SD 7:

We’ll prove this later. For now we just assume it.

[20]71' - (7T177T25"'77rm)7 |S‘ =m
[21]

= LR prop. of time spent in state j, does not depend on X|,.
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Lecture 8
[D] §1.4-1.6: Stationary Distributions

Main result here is that if

1. |S| <o

2. Aperiodic (all states period 1)

3. Irreducible (i <+ j for all 4, j € .5)

Then (X,,) has a stationary distribution 7 = 7P and

lim ™ = 7.
’n——>c>opl~j J

Moreover,
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Lecture 8 (ii)
Let N,,(j) = # visits to j by time n
EjTj = mean return time to j

n—oo N E.T. J

Therefore, 7; = long-run proportion of time in j

= inverse mean return time to j.

So 7 tells us about the long-run behavior of a MC.
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Lecture 8 (iii)
« We will prove these results later (§1.7)

« For now we study their consequences through some
examples

« Markov chains with |\S| = oo can have stationary
distributions but the situation is more complicated (§1.10)
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Lecture 8 (iv)
Important to note:

n—o00 Pij J
N _
dependson i & j does not depend on ¢

Le. dependence on initial state X, decreases as n — oo.
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Lecture 8 (v)
May not be true if (X,,) is periodic or reducible:

m (periodic)

n _ J1 if n iseven
P11 =00 if n is odd

~ lim p7; does not exist!
n—oo
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Lecture 8 (vi)

@Zﬁ} @ (reducible)

m,,_,., p;; depends on i.
pis =1 for all n

pls = pys = 0 for all n

« lim,,_, . p;; depends on which class 7 is from.
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Lecture 8 (vii)

(22ISuppose we start (X,,) randomly,
ie. XyisaRVonS ={1,2,...,m}
some distribution:

LAWhy m = 7 P?
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Lecture 8 (viii)

P(X, = j) P(X, =3 X,=14) (LoTP)

|
.MS

=1

I
hgE

P(oni)P(Xn:j|X0:i)
1

.
Il

[
Ms

quzj

n).

J

Il
—

I~y

q

Where q = (q17Q27 7qm)
P = (py)
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Lecture 8 (ix)
Recall that stationary distribution 7 = (7, ..., 7,,,) has
property that

lim p;’ =m;, forany i

1)
n—00 J

It follows that lim P(X,, = j) = m,; no matter what q is:

J

=> qpl
i

n— 00

-1
- Jim P(X Zqz = quizﬂ
5

n—oo
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Lecture 8 (x)
Q:

Now, what happens if we start (X,,) in from its stationary
distribution: Xj ~ 7
Le: 71-7‘/ = P(XO = Z)?
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Lecture 8 (xi)
ZP i)p;; (LoTP+Cond. prob.)

Take n — oo:

That is,

Bl= (7P);
4Probably the most important formula in §1.
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Lecture 8 (xii)
Note # = P =

= 7P? = (rP)P =P ==
etc.
=71 =nP"
for any n.

= if X, ~ m,then P(X,, =) =m;

(3
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Lecture 8 (xiii)
In other words:

If we start (X,,) from , i.e. X, ~ 7, then (X)) stays in 7
forever:

Xo~m=> X, ~m

for all n.

For this reason, we also sometimes call 7 the equilibrium.
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Lecture 8 (xiv)

There are many simple examples in §1.4 for you to look at.

+ Can always try to find stationary distribution 7 by solving
the system of equations m = 7w P directly. Sometimes this is
doable.

« However, often this is complicated. Several important
special cases where 7 can be found are in §1.6.
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Lecture 8 (xv)

A special case where it is easy to find 7:

For any P, rows sum to 1:

Zpij =1, for any 1
J

Def: P is doubly stochastic if also columns sum to 1:

Zpij =1, for anyj
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Lecture 8 (xvi)
If | S| = m and P doubly stochastic then 7 = (L, ..,

).

3=

Le. stationary distribution is uniform on S:

1 1 s 1
(Wf)j:ZEPU:EZPij :E:ﬂ'j
.'.7T:7T£ |:|

+ Other important special cases where 7 can be found are in
§1.6.

313, pij = 1since P is doubly stochastic.
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Lecture 8 (xvii)
Detailed Balance Equations
Suppose that for some © = (74, ..., 7,,)

Then m = wP.

DB
(nP); =Y mpyy = )Ty
i i

=1
——
= ijpﬁ =T
i
=>7mtP=m
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Lecture 8 (xviii)
For what MC’s (X,,) should we expect DB to hold?*!

x, 27] 28]

Pi; = 773'[ Pj;

=~ DB says LR prop. of transitions ¢ — j = LR prop. of
transitions j — .

2IDB=>SD, but not SD=-DB
1= lim,,_,  P(X,, = i) = LR proportion of time in %
(LR proportion of time in j
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Lecture 8 (xix)
Eg: Recall the Ehrenfest chain:

N molecules separated by a thin membrane into 2 chambers.
Sometimes a molecule slips through.

X,, = # molecules in 1st chamber.

Each step pick a random molecule and move through.

¥ forj=i-1
Pij=1—% forj=i+1
0 o/w
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Lecture 9
Eg: Recall the Ehrenfest chain:

N molecules separated by a thin membrane into 2 chambers.
Sometimes a molecule slips through.

X,, = # molecules in 1st chamber.

Each step pick a random molecule and move through.

¥ forj=i-1
Pij=1—% forj=i+1
0 o/w
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Lecture 9 (ii)

Intuition: In the long run as n — oo, any given particle
should be approximately equally likely to be in either
chamber.

1
~ X, = # in 1st chamber ~ Bin (N, —)

= () () 5

(5 ) o
~ Expect m, = lim P(X,, =1i) = = 129]

n—00 2N

[21Prob. a uniform random subset is size 3.
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Lecture 9 (iii)
It is somewhat involved to solve m = 7P for this Markov
chain. It is easier to use the DBE.

But why should we Expect
T;Pij = T;Pji Vi, j

to hold for this MC?
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Lecture 9 (iv)

m; = long-run prop. of time spent in state %
;D;; = long-run prop. of transitions made by MC from ¢ — j

7;p;; = long-run prop. of transitions made by MC from j —
i

Note: only possible transitions are ¢ — ¢ & 1 (all other p;; =
0)
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Lecture 9 (v)

Also: every time the MC transitions ¢ — ¢ + 1, it must first
make a transition ¢ + 1 — 7 before it can make another i —
t + 1 again.

=~ At all times n, the number of transitions from ¢ — j and
the number of transitions from j — ¢ made by time n are
equal up to +1.
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Lecture 9 (vi)
That is, for any n,

#(i — j by time n)  #(j — i by time n) £ 13

n n
Taking n — oo,

miPi; = TP (DBE)

Bl _y
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Lecture 9 (vii)

Next we use the DBE to verify that m = (7, ..., 7, ) is the
SD (r = 7 P) wherel*!

Check:F

oN Piiv1 = oN Pitl,i

B ast class: DB = SD
B2Can assume |i — j| = 1, since otherwise p;; = p;; = 0. So can
assume j =1t + 1
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Lecture 9 (viii)

G, 2la)
:zpf/]juzﬁ—l - :ZJMV 1)w+1,z

()0-%)=(2)%
N O N—i- NT i+ 1
AN =) N ((+D(N—i—1)! N
il(N —12'— ! (N —1i —1)!

v
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Lecture 9 (ix)
= Since DB = SD, we know therefore

T=7nP

where
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Lecture 9 (x)

1 2N
= lim P(X, =1i)

n—oo

= long-run proportion of time spent in state %

(¢ molecules in 1st chamber)
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Lecture 9 (xi)
For a gas, N ~ 1024
PMF of m ~ Bin(10%*, 1):

T8 ﬁLh('WA'—uOVS
> o o 185 OC10')

0

# molecules in 1st chamber (large n)

= 500, 000,000, 000, ..., ..., ..., ....53

BIAsn — oo, % ~ % Small fluctuations in here.
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Lecture 9 (xii)
Reversible MC’s

The MP is symmetric in time: “Given current state, past &
future are independent.”

However, convergence to a stationary distribution is not.
Typically, as n — oo, organized — disorganized state.

Eg. Ehrenfest chain: X; = N (all in 1st chamber). As n —

00, molecules in 1st or 2nd chambers wp %, %
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Lecture 9 (xiii)
This suggests that if we want to get time symmetry, we must

start from the stationary distribution: X ~ .

Def: Let (Xn)i:rzo be a MC run up to time N. Then Y, =
Xn_y, is called the backwards chain.

(V)

n/n=0

= (Y}, Yy, Yy
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Lecture 9 (xiv)

Theorem Suppose (X, ) has SD 7. X,, ~ 7. Then the
backwards chain

_ N
(Yn - XN_n)n:O
1. IsaMC
2. HasSD 7
3. Has transition probabilities
Tr -
_ j
4 = Pji;

7
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Lecture 9 (xv)
Proof: Will be on HW #2.

Note: If (X, ) satisfies the DBE,

Ty
1] jlﬂ_i 1)

In this case, we call (X,,) time reversible.

If you watch a movie of (X,) started from equilibrium X, ~
m, you won’t be able to tell if time is moving forward or
backward.
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Lecture 10
Eg Prof has 3 umbrellas. Each day

PM
Office

()

Home
AM

Rains w.p. p on each trip.

Takes umbrella if raining & has one at current location (o/w
gets wet).

Q: What long-run fraction of time does prof get wet?
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Lecture 10 (ii)

X,, = # umbrellas at current location

1 D 1—-p

O=0=0=0PF

1—p D 1—p

Can try to solve m = 7w P directly.

But easier to use DB.

(DB because for any %, j such that p;; > 0, if we go i — j we
must 7 — ¢ before ¢ — j again.)
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Lecture 10 (iii)

Normalizing method

1. First find z,p,; = =,p,; Vi, j.

2. Then m; = Zwix‘ is SD.
j

J

We are “normalizing” in step 2. so that 3 m; = 1.
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Lecture 10 (iv)
2o = (1 —p)z;
T3p = T1P
z,(1—p) =z,(1—p)

Ty =Ty = T3
=
{330 = (1 —p)x3

Since we will normalize after, it doesn’t matter which z, we
take, as long as # 0. z; = 1 is easy:

1—p 1 1 1
4—p'4—p'4—p 4—p

x:(l—p,1,1,1)=>7rz(
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Lecture 10 (v)
Q: What LR fraction of time does prof get wet?

This is myp = LR prop. of times it is raining in his current
location before the next trip.
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Lecture 10 (vi)
The previous MC is a special case of “brith & death” (B&D)
MC.

In sucha MC, |S| = {l,l + 1, ...,7} for some [ < r and
rpe 5 4, (Ye=°
4 ()' = "' 0 ( r® °)
QE? 0..?_‘_,:9. =
Je -t T vy

All other p;; = 0.
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Lecture 10 (vii)
A B&D MC always satisfies DB:

(#{i — j by time n} = #{i + j by time n} + 1 for any
1, j and time n.)

You can use this to find 7.

PiPiy1---Pryi—

T4 =T
Q4191429144
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Lecture 10 (viii)

DB:
TP = Ti+149141
b
=My =T
441

Ti+1Pi+1 = Ti29142

p pip
o — i PP
1+2 I+1 l
Q142 q1+19142
¢ ete.
PiPiy1---Pryi—1
Ty = T

Q14191429144
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Lecture 10 (ix)
Eg SRW on {a,a + 1, ..., b} with “reflecting” boundary
points a, b:

\r
Yo T, Zor
0,’ e =D
a PR L] b
_ . PaPat1--Payi-1 __ (p)i
T, =, —eretlrtaticl — g (L
a+ti a 9a+19a+2--9a+i a q
_ 1 _ _ _
Case 1.Ifp=q=35,m, =741 = ... =T,

N _( 1 1
™= b—a+1 "b—a+1

) (Uniform)
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Lecture 10 (x)
Case 2.Ifp # g, then 7, ;, =7, (%)Z

bf
We need Zi_g Tati = 1, 80

i:"i(zz)i:&
Ta =0 q g—l

Therefore,

E o K
Tori = l?—l(z_))
()"~
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Lecture 10 (xi)
Metropolis-Hastings Algorithm

Used in Bayesian statistics, image reconstruction, for
studying complicated statistical physics models, etc...

Suppose we want to sample from some distribution 7 on a
set S.
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Lecture 10 (xii)

We can construct a MC (X,,) with SD 7. If we run (X,,) for
a long time, P(X,, = i) ~ m;, so the position of (X,,) after a
long time is close to a sample from the distribution 7.

Metropolis-Hastings gives us a method of constructing such
aMC (X,):
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Lecture 10 (xiii)
Let (Y,,) be a MC on S with tr. prob. g;.

Then let (X,,) be the MC on S with tr. prob.

Pij = Q;575;4

) T

where ri‘zmln{ 22 ,1}
J .0
1457
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Lecture 10 (xiv)

In other words, if (X,,) is currently at i, we select a possible
next transition according to what (Y,,) would do (i — j w.p.
q;;). however we accept this transition only with probability

T (e
7;; = min —Jqﬂ,l [34]
T;d;;

Otherwise we stay at ¢ in this step.

Bw.p 1 —r,;;, we reject and staty at i
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Lecture 11
Metropolis-Hastings Algorithm

Used in Bayesian statistics, image reconstruction, for
studying complicated statistical physics models, etc...

Suppose we want to sample from some distribution 7 on a
set S.
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Lecture 11 (ii)

We can construct a MC (X,,) with SD 7. If we run (X,,) for
a long time, P(X,, = i) ~ m;, so the position of (X,,) after a
long time is close to a sample from the distribution 7.

Metropolis-Hastings gives us a method of constructing such
aMC (X,):
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Lecture 11 (iii)
Let (Y,,) be a MC on S with tr. prob. g;.

Then let (X,,) be the MC on S with tr. prob.

Pij = Q;575;4

) T

where ri‘zmln{ 22 ,1}
J .0
1457
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Lecture 11 (iv)

In other words, if (X,,) is currently at i, we select a possible
next transition according to what (Y,,) would do (i — j w.p.
q;;). however we accept this transition only with probability

T (e
7;; = min —Jqﬂ,l 135]
T;d;;

Otherwise we stay at ¢ in this step.

Blw.p 1 —r,;;, we reject and staty at i
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Lecture 11 (v)
Then X, has SD 7.

To see this we check DB:
T;Ps; = T;Dg; Vi, j
Recall Dij = 4T = Qij min{ WJZZ; 1}

Case 1:

T .Q.
Suppose —Z 9y <1
Ti4;5

T
Then r,; = %395t ond ri; =1
T4y
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Lecture 11 (vi)
=MDy = 34557 54
595i

i95;
T34
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Lecture 11 (vii)

Case 2: TF] 95t > 1 is symmetric, and follows similarly.

1451

Therefore (X,,) satisfies DB with 7. Hence 7 = 7 P.
» lim P(X,, = i) = m;,as desired

n—oo
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Lecture 11 (viii)

Example: Generating samples from Geometric(\), A € (0, 1),

using SRW.
Then

m; = P(Geometric(\) = 1)

A(1—A),i=0,1,...

j=itl
o/w

O Nl

(X, SR g =

i = min{l, M} = min{1, "'}
it
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Lecture 11 (ix)
Since A < 1,7 ;19 = A&7 ;g = 15

(¥,,) has Di

122 12 Y 122
2 2 2 2
%
Running (Y,,) for a long time gives an approx sample from
Geometric(\) distribution.

[37]

Bel= min{1, )\}
B7irreducible, aperiodic, |S| =
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Lecture 11 (x)
[D] §1.7 — Proof of main theorems

Recall from last week:

Main MC Theorem If (X)) is aperiodic, irreducible and
|S| < oo, then thereisaSD 7 (i.e. 71 =7P & Y m, = 1) and

1. lim pjs =7, for any i
n—oo

o i Nelps _ 1 —
noee M E; |T}]

[38

LR prop. of time in 7.

B Inverse mean return time to j.
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Lecture 11 (xi)
We’ll prove this theorem this week. Along the way we’ll

prove some more general results:[*!

Theorem 1.19 Suppose (X,,) is irreducible, aperiodic and

has a SD m = 7 P. Then lim,,_, . pjs =m; foralli,j

Theorem 1.20 Suppose (X)) is irreducible and Rec. Then it
has a stationary measure pn > 0: > pu;p;; = p; for alla.

[41Holds for |.S| = oco.
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Lecture 11 (xii)

Note: We don’t assume |S| < oo above.

However, if |S| < oo then the stationary measure y can be
normalized to get a SD:

S i [41]
7
Then 7 > 0, Ziﬂ'i =1,&7=nP.

~ Theorems 1.19 & 1. 20 = Part (1.) in the main theorem.

%™ < oo since | S| < oo
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Lecture 11 (xiii)

However, if |S| = 0o, we may not be able to normalize.

E.g. (X,,) symmetric SRW on Z.

pi =1 Zjﬂjzoo

~ m would have to be m = 0 which is not a prob. dist. (does
not add to 1)
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Lecture 11 (xiv)
To prove theorem 1.19, we need:

LemmalIf (X,) hasaSD 7 (le. m = mP & 3 m; = 1) then
all states with ;> 0 are Rec.

Proof. From previous lectures,

o0 o0
ZﬂE@Nj = Zﬂi ZP?J
i i=1 n=1
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Lecture 12
[D] §1.7 — Proof of main theorems

Recall from last week:

Main MC Theorem If (X)) is aperiodic, irreducible and
|S| < oo, then thereisa s.d. 7 (ie.m =7P & > m; = 1) and

1. lim pjs =7, for any i
n—oo
noee E; (T3]

[42

ILR prop. of time in 7.

Inverse mean return time to j.
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Lecture 12 (ii)
We’ll prove this theorem this week. Along the way we’ll

prove some more general results:[*!

Theorem 1.19 Suppose (X,,) is irreducible, aperiodic and

has a SD m = 7 P. Then lim,,_, . pjs =m; foralli,j

Theorem 1.20 Suppose (X)) is irreducible and Rec. Then it
has a stationary measure pn > 0: > pu;p;; = p; for alla.

44Holds for |.S| = oco.
156/637



Lecture 12 (iii)

To prove theorem 1.19, we need:

LemmalIf (X,) hasaSD 7 (le. m = mP & 3 m; = 1) then
all states with ;> 0 are Rec.

Proof. From previous lectures,

o0 o0
ZﬂE@Nj = Zﬂi ZP?J
i i=1 n=1
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Lecture 12 (iv)

00 00
LIRS DT BT
7 7 n=1 n=1 1

(2

(since m = 7P = 7 =7P" and 7; > 0)

Recall: E;N; = lf;jjj where p;; = B(T; < oc)
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Lecture 12 (v)

"'Z”ilfii,,. - — D mipiy = o0
13 ;

1

However,
YILTIED SR
i i

_ 1
ST

Pjj
= j is Rec. O
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Lecture 12 (vi)

We are ready to prove:

Theorem 1.19 Suppose (X,,) is irreducible, aperiodic and

has a stationary distribution 7 = 7P. Then lim 7r

n o_
n—00 i%j — g

for all 4, j.
[Proof is long but beautiful. We’ll split it into several parts]

Proof. (X,,) a MC on S with tr. prob. p,;. We define (Y,,) =
(X,, X)) on S? =8 x S with tr. prob g as follows:
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Lecture 12 (vii)
Uiy .51, (in,52) T PirisPings

Le. the 2 co-ordinates transition independently according to
P.

Step 1. (Y,,) is irreducible.

Lemma 1.16 in [D] shows that if state x is aperiodic, p7, > 0
for all sufficiently large n. We’ll use this without proof.
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Lecture 12 (viii)
Since (X,,) irreducible,

pfliz > 0 and péljz > ( for some k, I

Since (X,,) aperiodic, so i,, j, are aperiodic,

Piiy Py, >0 for all large n

. okl k+l4+n, k+l+n
a q(51:j1):(127j2) ])11»12 2911732
l+n k+n
(p1,17,2p7,222> (pthszJz) > 0 for all large n
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Lecture 12 (ix)

~ (Y)) is irreducible.
Step 2 7(; ;) = m;m; is a SD for (Y},).

This is because, recall, the coordinates move independently

like (X,).

So by lemma, all states (4, j) € S? are recurrent for (Y,,) =
(X, X3)-

Let T = min{n > 0: X,, = X/} = 1" time co-ordinates
equal.

Note: P(T' < oo) = 1. (all states (x, ) is recurrent.)
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Lecture 12 (x)

Step3 P(X, =z,T <n)=P(X, =z,T <n)

P(X,=z,T <n)

= ZZP(T_vam_van:x)
m=1 y
m=1 y

by def of T'
X X id.
by 1st two lines of reasoning instead applied to (X),).
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Lecture 12 (xi)
Finally,

Step 4 By previous step, the distributions of X, and X,
agree on {T' < n}. So,
|P(X,, =2z) - P(X, =2)|
=|P(X, =z,T>n)— P(X|, =z,T>n)|
<P(X,=xT>n)+P(X,=2zT>n)"

[48

1By triangle inequality.
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Lecture 12 (xii)
2 Y |P(X, =z)— P(X], = )|
< 2P(T >n)
—+0 as n— o0
All above holds regardless of what X, is.
Now, let X, = i & X{; ~ 7. Then,

Z|p?j—7rj|—>0 as n — 0o
J

= limp%zﬂ' Vi, 7 O

n—oo J
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Lecture 12 (xiii)

Next, we prove:

Theorem 1.20 Suppose (X,,) is irreducible and recurrent.
Then it has a stationary measure ;1 > 0 : Zl WiDij = W
for all j.

Recall: if |S| < oo we can use p to find SD: 7, = Zﬂ_lu
Pl
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Lecture 12 (xiv)
Proof. Fixi € S. Let

T, =min{n >1: X, =i}
We show
n=0
= expected # visits to j before time T , starting from i

is a stationary measure.
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Lecture 12 (xv)
This is called the “cycle trick”.

/'\ '/\
5 /W /
[ ‘/‘
1 "
o o

w,;(j) = E;[# visits to j during {0,1,...,T; — 1}]
= E,[# visits to j during {1,2,...,T;}]
= (1) (9)
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Lecture 13

Next, we aim to prove part (2) of the main MC theorem. This
follows by:

Theorem 1.21 If (X)) is Irr and Rec, then

N, (5) 1
lim =)
s, BT,

And
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Lecture 13 (ii)
Theorem 1.22 If (X)) is Irr and has a SD 7 (i.e., 7 = 7P
and > m; = 1), then

1
. =
T BT
Therefore, if (X,,) is Irr, Aper, and |S| < oo, we know (X))
is Rec and so a SD 7 exists. So,

N_(j 1
lim n(7) 121 122

n—oo M EjTj J
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Lecture 13 (iii)

« Also note that Theorem 1.22 implies that if (X,) is Irr and
has a SD 7, then the SD is unique. (ie., if 7" = 7’ P, then
7’ =)

o If an Irr MC has an equilibrium, it is unique!
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Lecture 13 (iv)

Note that Theorem 1.21 does not require aperiodicity.

01
P= (Vo)
Irreducible, recurrent and has a stationary distribution,
(doubly stochastic.)

Eg. 0«1

although period = 2. 7 = (2, 2)

é = F, T} = long-run proportion of time spent in state 1.
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Lecture 13 (v)
First, we note that Thm 1.21 — Thm 1.22:

Proof of Thm 1.22

Suppose (X,,) is irreducible and has a stationary distribution
.

By a previous lemma, if there is a stationary distribution 7,
then all ¢ with 7r; > 0 are recurrent. Therefore, since (X,,) is
irreducible, all states are recurrent (recurrence is a class
property). Hence, by Thm 1.21,

N, (5) 1
lim =)
s, BT,
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Lecture 13 (vi)
This holds no matter what X, is.

Assuming X, ~ m, and taking expectations on both sides,

N, (j 1
EW{ n(])} — as nm — 0o
n E;T;

But since 7 is a stationary distribution,

:ﬂ'j

E_[N, (j Z P = nm
Therefore

’ET =m; U
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Lecture 13 (vii)
Finally,

Proof of Thm 1.21 Suppose (X,,) is irreducible & recurrent.
We show

(no matter what X, is).

First, if X, = j, then the times ¢, ¢,, ... between visits to j
are iid.
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Lecture 13 (viii)

Let
T, = min{n >1: N,(j) = k}
= time of k™ return.
k
=t
=1
By LLN,

T,
f—>EjTj as k— oo

since T}, = sum of k iid rvs with mean E,T.
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Lecture 13 (ix)

If X, # j, it doesn’t make a difference in the limit: ¢; < oo
since (X,,) is irreducible & recurrent. Then ¢,, t5, ... are iid
with mean E,T.

-, no matter what X is,
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Lecture 13 (x)
To finish the proof, note

In,) =n <TG+
« N, (j) = # visits by time n.
« Ty (jy =nif X, =j orelse Ty (; <n.
« At time n, have visited N,,(j) times. So n < time of
(N, (5) + 1) visit = Tyy ;41
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Lecture 13 (xi)

—0——
Ty
NGz | Ne(5)=3
T\ﬁl.é_r”" Ta2 b < Ty
u
: 4 s g
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Lecture 13 (xii)

Hence,
TNn(J) < n < Ty (5)+1
N,(7) — N,(5) ~ N,()
—>E‘jT

_ TN, Na() +1
N,(j)+1 N,()

—E;T; —1

Since j is recurrent, N, (j) — oo as n — oo. (Will visit co
many times.)

Therefore, lim = E T O

n—oo N (J)
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Lecture 13 (xiii)
The following generalization is proved in Durrett:

Theorem 1.23 Suppose (X,,) is irreducible, has a stationary
distribution , & > _|f(z)| m, < oc. Then

L3 ) = X S,

Taking f(z) = 1,_;, we recover

N, ()

—)ﬂ'j as n — oQ.
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Lecture 13 (xiv)

See §1.5 for some applications of Theorem 1.23.

Eg Repair chain

Machine has 3 parts: 1, 2, 3. Working as long as > 2 parts

working. Otherwise, parts are replaced, then machine
working next day.

S =1{0,1,2,3,12,13,23}

0 None broken
1,2, 3 Part i broken
12, 13, 23 Parts i,j broken
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Lecture 13 (xv)

o | 1L 2 1 13 13
p = o .o .ol -0

= { .Qlf ov .of
- 3 59 .ol -0t
3 .4+ ol .ol
(2 |
(3

3 |
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Lecture 13 (xvi)
Q: Operate system for 5 years (= 1, 800 days). About how
many parts 1,2,3 will we use?

A: Can show
1
" 8910(3000’ 500 , 1200, 4000, 22, 60 , 128 ) 49
0 1 2 3 12 13 923

®Iby solving 7 = 7P
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Lecture 13 (xvii)
Therefore, over 1800 days, will use about

~ 16.5

1 =1
800(m5 +m3) = 1800 % oo

parts of type 1.

+ Here we are using Thm 1.23 where

f=1 1 xe{12,13}
e = tee{l2,13} T Vg 2 ¢ {12,13}
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Lecture 14

Last week we proved the main MC theorem for finite state
space MC'’s:

Theorem. (X,,) an IRR, APER MC on state space |S| < oo.
Then

1. ThereisaSDmm=7mP &) m; =1

2. lim,,_, . pis = 7 (fg)r all 7, j.

o0

1

31}

3. m; = lim,,_,

= inverse mean return time to j

LR prop. of steps in state j =
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Lecture 14 (ii)

To prove this, we proved several general results:

Theorem 1.19 Suppose (X,) is Irr, aperiodic and has a SD

7 = wP. Then lim =, forall4,j

n
M—00 i%j

Theorem 1.20 Suppose (X,,) is Irr and Rec. Then it has a
stationary measure p > 0: ZZ pip;; = by for all i

188/637



Lecture 14 (iii)

Theorem 1.21 (X,,) Irr & Rec. Then
N.GG) _ 1

lim = =

e T.
n—oo T EJTJ

Theorem 1.22 If (X,,) IRR & has SD 7 (i.e. m = 7P & 3. m; = 1) then

1
m: =
BT

Theorem 1.23 Suppose (X,,) is IRRhas SD 7, & > _|f(z)| 7, < oo.
Then

LS~ f,) = Y S,

n m=1
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Lecture 14 (iv)

Notice that some of the previous results can hold even when
|S| = oo.

[D] §1.11: Infinite State Spaces

In this lecture we’ll discuss the a generalized main MC
theorem that can hold even when |S| = oco.

« The main issue is recurrence when |S| = oo. It is not
enough just to be Rec:
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Lecture 14 (v)
Def Suppose j is Rec: P](TJ < oo) = 1. Then we call j

» Positive Recurrent (Pos Rec) if E;T; < oo
* Null Recurrent (Null Rec) if E;T; = oco.
« Pos Rec: will return & mean wait time is finite.

« Null Rec: will return, but mean wait time is infinite.

191/637



Lecture 14 (vi)
« Boltzmann (1887) defined a state that is aperiodic & Pos
Rec to be ergodic.

Def We call a MC ergodic if all states are ergodic.
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Lecture 14 (vii)

Facts:

1. Pos/Null Rec is a class property. Therefore, so is
ergodicity.

2. If a communication class is finite & Rec, then it is Pos Rec.
Therefore for finite state space MC’s Rec = Pos Rec.
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Lecture 14 (viii)
Generalized Main MC Theorem.

(X,,) an irreducible, ergodic MC. Then

1. ThereisaSDmnr=7P &> mm, =1
2. lim,,_,  pis = m; forall ¢, j.
3. m; =lim,,_, N (3) = LR prop. of steps in state j = >

J Tj

= inverse mean return time to j
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Lecture 14 (ix)

« We need Pos Rec so that we can normalize the stationary
measure in theorem 1.20 above to get a stationary
distribution: 7 = 7P and ) m, = 1.
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Lecture 14 (x)
EG SRW Reflected at 0.

b b
6050808
q q

What is SD 7? Does it exist?

(50]

g =1—p,8={0,1,..},|S| = 0
196/637



Lecture 14 (xi)

This is a B&D MC (recall this means p;; = 0 unless j €
{i,7 £ 1}). So to find SD, we try to solve DB equations.

Recall normalizing method:

1. Find x;p,;; = x,p;; (usually start by setting some z;, = 1)

2. Then put m; = zxim_.
%

This works provided Zj T; < o0.
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Lecture 14 (xii)

ToPo1 = T1P10 = P = T1q
¥y

=z, ==

g

D
T1P12 = ToP21 = E "D = Toq

p 2
=>£E2 — (_)
q
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Lecture 14 (xiii) |
. . 00 P J
In order to normalize, we need Zj z; = Zj: 0 (q) < 00

przéthengzl

B

I
r—N—

-8
kR
AN
N N[~

Soforp<%

[51]> 0
199/637



Lecture 14 (xiv)
(X,,) is clearly irreducible. « For p < 3, (X,,) IRR & has SD.

By Theorem 1.22 above,

1 i1
E.T:—:(2> P -

I u p) 1—2p

=~ Forp < % all states are Pos Rec.
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Lecture 14 (xv)
What happens for p > %?

In this case, RW is getting pull away from the reflecting

boundary. It seems that RW can drift off to oo and not
have an equilibrium, at least when p > % p = % seems less

clear.
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Lecture 15

Generalized Main MC Theorem (X,,) an irreducible,
ergodic MC. Then

1. ThereisaSD7m:m=7P &Y m =1
2. lim,,_,  pis = m; forall ¢, j.

N (j _ .
n—o0 n(J) = LR prop. of steps in state j

= ﬁ = inverse mean return time to j
iti
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Lecture 15 (ii)
Eg: SRW Reflected at 0

p p
JCOJO0%O
q q

What is SD 7? Does it exist?
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Lecture 15 (iii)
This is a B&D MC (recall this means p;; = 0 unless j €
{i, £1}). So to find SD, we try to solve DB equations.

Recall normalizing method:

1. Find x;p,;; = x,p;; (usually start by setting some z;, = 1)

2. Then put m; = zxim_.
%

This works provided 3. z; < co.
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Lecture 15 (iv)

. J
In order to normalize, we need Zj x; = Z;io (g) o

Ifp> §then 2 > 1

o0 >
<

b=
Tz P
q

SOfOrp<%

=06 =6
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Lecture 15 (v)
(X,,) is clearly irreducible.

»Forp < 1, (X,,) is Irr & has SD.
By theorem 1.22 above,

1 i1
E.T.:_:(g> p<oo

I ; p) 1—2p

~ Forp < % all states are Pos Rec.

206/637



Lecture 15 (vi)
What happens for p > %?

« In this case, RW is getting pulled away from the reflecting

boundary. It seems that RW can drift off to oo and not
have an equilibrium, at least when p > % p = % seems less

clear.
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Lecture 15 (vii)
Recall from HW 1

1

Y P Q
¢ =z
o D .

N
—1

()

As N — oo, provided% <1l(p>3)

(-1

P, (hit N before 0) = 2 ———
q
P
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Lecture 15 (viii)
«. For SRW reflected at 0:

PP(T) < 00) = (g) <1
p

=~ Forp > %, all states are Trans.

What about the borderline case p = %
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Lecture 15 (ix)

Symmetric (p = %) SRW on Z is Rec. Therefore SD is
symmetric SRW reflected at 0. (Why? Start at 0. Either X; =
0,or X; = 1.If X; = 1, since SRW on Z is Rec., we will visit
0 again w.p. 1.)

However, it is Null Rec, and so doesn’t have a SD.
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Lecture 15 (x)
By FSA can show:

(

T o =7

ta I 1 '0
N

L7

|
\
o
T =min{n: X, € {0, N}}
= time at end of game.

E,T =z(N —x)
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Lecture 15 (xi)
- Taking N — oo: for sym. SRW reflected at 0, ;T = oo.

BTy =1+ 1(1+ ET,)

= BT, = o0

=~ 01is Null Rec

~ All states are Null Rec ((X,) Irr.)
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Lecture 15 (xii)
Branching Processes (BP)

Start with 1 particle X, = 1.

Suppose that each particle in any generation gives birth to
an IID number of particles before it dies, according to some
distribution® with mean p.

[53]«

offspring distribution” often denoted by €.
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Lecture 15 (xiii)
Let X,, = # particles in nth generation.
(X,,) isa MC.

& Xn ’ (Xn—l = m) = Zg'?
i=1

where £ IID, E§ = p.

Q: Will MC ever visit (the absorbing state) 0 — i.e. will the
population die out eventually?
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Lecture 15 (xiv)
We will ignore the trivial case P(§ = 1) = 1. In this case
each particle gives birth to 1 particle, 4 = 1, and the

population survives.

-3

=D p~=R D o
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Lecture 15 (xv)

In all other cases, survival only depends on whether 1 > 1
or p < 1.

Theorem (X,,) a BP with offspring distribution &, u = E¢.
Suppose P(§ = 1) # 1. Then

p = P(extinct) = P(X,, = 0 eventually)
1 pn<1
Tl op>1

Moreover, p = P(extinct) is smallest positive solution to

r=>3 P¢= k)x*.
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Lecture 15 (xvi)

+ The borderline case ;1 = 1 is the most surprising.
« Also very useful that this result also gives us a formula for
P(survive) =1 — p.
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Lecture 15 (xvii)
Recall

= E(Xn) = /‘LE(Xn—l)
Since X, = 1, this implies

E(X,)=u" forallmn>0
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Lecture 15 (xviii)

Hence
E(X,)"5°{1 p=1
oo pu>1
By Markov’s Inequality,®*

P(X,>0)<EX,) —0ifu<1
~ P(extinct) — 1 for p <1

BIP(X >a) < BEX) for a > 0.

a
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Lecture 16
Start with 1 particle X, = 1.

Suppose that each particle in any generation gives birth to
an IID number of particles before it dies, according to some
distribution®! with mean p.

[55]%

offspring distribution” often denoted by €.
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Lecture 16 (ii)
Let X,, = # particles in nth generation. (X,,) is a MC.

where £ iid, E€ = p.

Q: Will MC ever visit (the absorbing state) 0 — i.e. will
the population die out eventually?
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Lecture 16 (iii)
We will ignore the trivial case P(§ = 1) = 1. In this case
each particle gives birth to 1 particle, 4 = 1, and the

population survives.

-3

=D p~=R D o
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Lecture 16 (iv)

In all other cases, survival only depends on whether 1 > 1
or p < 1.

Theorem (X,,) a BP with offspring distribution &, u = E¢.
Suppose P(§ = 1) # 1. Then

p = P(extinct) = P(X,, = 0 eventually)
1 pn<1
Tl op>1

Moreover, p = P(extinct) is smallest positive solution to

r=>3 P¢= k)x*.
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Lecture 16 (v)

+ The borderline case ;1 = 1 is the most surprising.
« Also very useful that this result also gives us a formula for
P(survive) =1 — p.
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Lecture 16 (vi)
Recall

= E(Xn) = /‘LE(Xn—l)
Since X, = 1, this implies

E(X,)=u" forallmn>0
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Lecture 16 (vii)

Hence
0 p<l1
n—o0
EX,) — <1 pu=1
oo pu>1
By Markov’s Inequality,

P(X,>0)<EX,) —0ifu<1
~ P(extinct) — 1 for p <1
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Lecture 16 (viii)
For 1 > 1, we need to be more careful:

Recall, p = P(extinct). By FSA,
p=>Y PE=kp"
k=0

Why?

crron bV of 17 Prles.
Q/ onp "FAMILY TRcEs”
MEE INDEP, P
'\V Ehen e owt EVENWHY
wp. L
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Lecture 16 (ix)
p(t) =) PE=k)t*

k=0
is called the generating function of the RV &.

From the previous slide,

p=p(p)

Le. p is a root of ¢. Recall that the theorem claims that p is
the smallest pos. root.
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Lecture 16 (x)

Also note that # = 1 is always a root:
p(0) =Y P(6 = k)o*
k=0
Set 6 = 1:

p(1) =3 Ple=k) =1

k=0
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Lecture 16 (xi)
Lemma. p is smallest pos. solution of p(6) = 6, 6 € [0, 1].

Proof.
P(X,=0) = iP(& = k)P(X,_; = 0)"
N ——— — k=0 N —  ——

Die out by time n (561

59 All family trees of all k children of 1st particle must die out

(independently) by time n — 1.
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Lecture 16 (xii)
Let p, = P(X,, = 0)
By previous slide p,, = ¢(p,,_1)-

Note py < p; < py < ...
This is because X,,_; = 0 = X,, = 0 for any n.
(ADB= P(A) > P(B))

All p,, < 1. So by calculus (Monotone Convergence
Theorem) the sequence converges:

lim p, = p, <= sup pn)
n—oo n

231/637



Lecture 16 (xiii)

[57]

Pn = go(pnfl[E)S])

= Poc = P(Poo)
So p., is a solution to 8 = ().

To finish proof of lemma, we show p__ = smallest sol. in

[0, 1].

51— poo
B poo
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Lecture 16 (xiv)
Let p = smallest pos. sol. to ¢(#) = 6 in [0, 1].

We show p = p,.

Note: ¢(0) = Z;io P(¢ = k)6 is increasing in 6, since all
P =k)>0.

po = P(X,=0)=0<p,since X, = 1.

Since ¢ increasing, ©(py) < @(p)
= p1 < psince p(py) = py, and (p) = p.
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Lecture 16 (xv)
Repeating argument, all p,, < p.

Taken — 00, po < p O

Using lemma, we can now study cases p# > 1 and p = 1:
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Lecture 16 (xvi)
pu>1If P(§ =0) = 0, then clearly p = 0. Also, ¢(0) =
ZZil P(¢ = k)" (sum starts at k = 1), so (0) = 0.

If P(¢ =0) > 0, then

PE=k)-k=np.
If 4 > 1, slope of ¢ at @ = 1 is larger than 1 = slope of diagonal
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Lecture 16 (xvii)

p’(()‘-’(

@to)>0

&< 9fCA§} !

Blue: generating function ¢
Black: diagonal y = 6
¢(0) = P(£=0)
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Lecture 16 (xviii)

i = 1 Recall, we exclude trivial case where P({ = 1) = 1. Then
pw=1land p =0.

Suppose =1 & P(§ = 1) < 1. We show ¢ has no root 6 < 1.

Note
' (0) =Y _ P(£=k)ko*!
k=1
<> PlE=hk=p=1
k=1
ifg < 1.
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Lecture 16 (xix)
~If 6 < 1then

=) >1-(1-0)=0.
«p(8) > O for < 1.
~ 6§ =1onlyrootin[0,1] O
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Lecture 16 (xx)
Eg Binary Branching:

N/ sz 2k

lP(g-;'L) cA [P(ﬂ 1:6) = (—«

0(0)= 3" P€= K" =1~ a+af”
k=0
0(0) =0 =0=(0—1)(ad— (1 —a)).

Rootsareﬁzl&@zlea<1fora>%When,u>1.
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Lecture 16 (xxi)

We turn now to: [D] §1.9 & 1.10 on Exit Distributions &
Times. (Basically just FSA).

« We have already seen some of this in homework &
workshops.
« Basis for this is FSA (First Step Analysis)

Eg: Gambler’s ruin, P, (Jackpot) & P,(Ruin) is the exit
distrib. from {1,2, ..., N — 1} started at .
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Lecture 17
Short Lecture Today:

« We'll finish chapter 1
« Will spend the rest of week on ch. 2: Poisson processes.
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Lecture 17 (ii)
§1.9 & 1.10 on Exit Distributions & Times

« We have already seen some of this in homework &
workshops.
« Basis for this is FSA (First Step Analysis)

Eg: Gambler’s Ruin, P, (Jackpot) & P,(Ruin) is the exit
distribution from

{1,2,..,N—1}

started at z.
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Lecture 17 (iii)
Def: For A C S, let

Vy =min{n >0: X, € A}

be 1st time MC hits set A.
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Lecture 17 (iv)

Eg: Gambler’s Ruin
¢ &5 P

Iy N

p—

=4
h(i) = F(Vy <Vp) = F(Jackpot)
h(N) = Py(Jackpot) =1
h(0) = By(Jackpot) =0
Fori € {1,2,.... N — 1},
h(i) = Zj piih(j§) = qh(i — 1) + ph(i + 1) is what we got
by FSA on HW#1.
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Lecture 17 (v)

Theorem Let (X,,) be a MC on S. Suppose A, B C S
such that C = S\ (A U B) is finite.

Suppose

a€ A
beB

1

0
l:Z piih(j) ie€C

J

Then, h(i) = P(V, < V) if P(min{V,, V3} < o) > 0 foralli € C.
Proof: Essentially FSA, but more technical, see [D].

IFSA
[01Exit distribution
[61Exit in finite time from C'
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Lecture 17 (vi)

« For Gambler’s Ruin, take
A={N}
B = {0}

If we can solve

h(i) = qh(i — 1) + ph(i + 1)

The theorem tells us h(i) = P,(Jackpot)

246/637



Lecture 17 (vii)

Look at Ex 1.42 [D] “Matching Pennies” on your own.
Wikipedia: “Genetic Drift”

Ex 1.43 “Wright-Fisher model with no mutation”

S =1{0,1,..,N}

- (N ()

i
= P|( Bi al|l N, —= ) =7
( 1nom1a( ’N) j)

X,, = # of “type A” genes. (Haploid model: A or B)
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Lecture 17 (viii)

0 and N are absorbing states.

Binomial(N,0) =0
Binomial(N,1) = N

Notice for h(i) = %,

h(i) = Zpijh(j)

Indeed,




Lecture 17 (ix)
= by Lemma, taking A = {N}, B = {0},

F(Vy <Vp)
= P, (Fixation to 'type A' genes)

]

N
= initial prop. of type A genes.[62]

[21This is where our guess initially came from.
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Lecture 17 (x)
Reducible Chains

Exit distributions are important for determining long run
behavior of reducible MC'’s.

See ex 1.46 [D] for a nice example.
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Lecture 17 (xi)

Idea Find closed communicating classes. Assuming, for
example,

S| < oo, the MC will eventually arrive in one such
class, and stay there forever. So if i € S and j € C, a closed

class, we can find lim,,_, ., p7’.
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Lecture 17 (xii)

By finding

1. P (Hit C before any other closed class)
2. SD 7 for P restricted to C.

Then lim,, ,, pj; = 7;P(hit C 1st)
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Lecture 17 (xiii)

A

)
,Q—¢/////;f§>x<::;§§ P-3 Qa
& & 0 a

< R4
=0 N

- !
MC eventually endsup in A = {1,5} or B = {4,6,7}.
1
=—-(2,1
L s 5 4)
Tg ==
B 9 )
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Lecture 17 (xiv)
To find P,(V, < Vp), it is easier to study:

e 5

Q-4
' I P b
h(A)=1, h(B)=0
h(2) = 0.1+ 0.2h(2) + 0.3h(3)

h(3) = 0.2 4 0.5h(3)

By theorem, solution to this is exit distribution.
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Lecture 17 (xv)

Therefore, for example,

im pp, = oy 1.2
Jim p3y = B(Va <Vp)(ma™), = 45 3
h(2)
Jim p37 = (1= F(Vy <Vp))(mp),

2 4
:(1*5)'1—7

[BIEquil. dist. for class A
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Lecture 18

Last lecture, we discussed exit distributions (§1.9).

Today, we’ll quickly discuss exit times (§1.10).
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Lecture 18 (ii)
Def For A C S, let

Vy =min{n >0: X, € A}

be the first time the MC hits set A.
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Lecture 18 (iii)
Eg Gambler’s Ruin
9(i) = E;(min{Vy, Vy })
= Expected number of bets until game over,
starting with ¢
9(0)=g(N)=0forie{1,2,...,N—1}
9(i) = 1% 4+ qg(i — 1) + pg(i + 1)

(6411 step, then start from s — 1 or ¢ + 1.
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Lecture 18 (iv)
Theorem. (X,,) MC on S. Suppose A C S such that C = S\
A is finite. Suppose

g(a) =0 acA
gi)=1+ Zpijg(j) ieC

Then g(i) = E;(V,) if P(V, < c0) > 0foralli € C.
« For gambler’s ruin, take A = {0, N'}.
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Lecture 18 (v)
Eg Waiting time for TT! while flipping a fair coin

S=1{0,1,2}

MC in state i if last ¢ flips are T. The first time we see TT is
the first time we visit 2, started at 0: E,(V;).

16512 tails in a row
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Lecture 18 (vi)
To find g, = E,(V}), we solve

g2 =10
go=1+3 (Qo+91

g1—1+290+2f

& then apply the theorem.

vogs '
m aTTEeR
it T RPRENS

oweE W1 Y.
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Lecture 18 (vii)
9o =1+ 5(90 +91)
g1 =1+ 39

go=2+g,
=
{291:2+90

9026
=
{91:4

= Bg(Vy) =90 =6
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Poisson Processes



Lecture 18 (PP)
New chapter, §2 in [D]
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Lecture 18 (PP) (ii)

« In Stat 134 (or equivalent course) you have already seen
Poisson Processes.

« In Stat 150, we’ll study this fundamental process more
rigorously.
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Lecture 18 (PP) (iii)
+ The (1-dimensional) Poisson Process is a point process on

the line [0, co) with IID exponential “inter-arrival times”
between points.

e ——
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Lecture 18 (PP) (iv)

The Poisson Process is important because:

« Many real-world situations can be modeled using them:
» Cars arriving at a toll booth
» Galaxies in some region of the universe (3-D!*! Poisson
Process)

[66] R3
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Lecture 18 (PP) (v)

« But also, many calculations work out nicely for the
Poisson Process because exponential RVs have the “lack of
memory~ property.

+ The exponential RV is, in fact, the only continuous RV
with this property.
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Lecture 18 (PP) (vi)

« In §3, we'll study “Renewal Processes” — which have IID
inter-arrival times, which need not be exponential.

« These processes are more complicated, so it is crucial we
understand the Poisson Process well first.
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Lecture 18 (PP) (vii)
§2.1 — Exponential RVs

« This section is Stat 134 review. Please read on your own
to refresh your memory.

« We'll just quickly summarize here:
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Lecture 18 (PP) (viii)

Recall: “Survival function” of a RV X is
P(X>z)=1—F(2)%
Def X ~ Exp()\), Exponential RV with rate \ if

P(X>z)=e? z>0.

“ICDF
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Lecture 18 (PP) (ix)

To get PDF,
f@) = F'(z) = L (1— )
dzx
= e
Can show:
1
EX==-
A
1
Var X = —
ar 32
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Lecture 18 (PP) (x)
Other useful properties:

1. Lack of Memory (LoM):
PX>t+s| X>t)=P(X >s)

Proof: LHS = = ¢ = RHS

=~ Conditional on X > t, RV starts afresh at time ¢, as though
it were a brand new Exp(\).
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Lecture 18 (PP) (xi)
2. Sum of n IID Exp(A) RVs is called a Gamma(n, \).

T,=> T, T, ID Exp()).
=1
B ()\t)n—l
f[68]Tn (t) = de Atm, t>0

« Proof: Induction (see [D]).
« Note: If n = 1, f(t) = Ae ™, so Gamma(1, \) = Exp()).

“IPDF
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Lecture 18 (PP) (xii)

3. Minimum of independent exponential RVs is exponential.
Its rate is the sum of rates:

Theorem. X; ~ Exp(},;), and all X, independent. Then
i) M = min{X,, ..., X, } 4 Exp(ZLl )‘i)
Moreover, let I = index of smallest X;, M = X;. Then,
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Lecture 18 (PP) (xiii)
i) P(I = i) = Z"Ai -

j=1"7

iii) I, M 169] are independent.

Part (iii) is perhaps the most surprising.

)= X,
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Lecture 18 (PP) (xiv)
Proof:

i)

P(M >t) = P(all X, > t)

P(X,; >t) (indep.)

- I

s
Il
_

®

n
= e_t Zi:l Ai
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Lecture 18 (PP) (xv)
ii) Can be proved easily by induction — see [D].

ii)

Frae(ist) = Xe it H[m] e Nt
JF#i

23 (ZA> (5,00

PDF of a rate)_ A\; Exp. RV.
= P(L=0)"™ f (1)

[ All other RVs must be bigger than ¢, i.e., survival function.
"By part ii).
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Lecture 18 (PP) (xvi)
§2.2 — Defining the Poisson Process

Recall: X ~ Poisson(u) if

k
PX=k=e* k=012,..

k!’
Can show:
EX =pu
Var X = p
See [D].
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Lecture 18 (PP) (xvii)

Also easy to show:

Theorem. If X; ~ Poisson(),;) and all X, indep. Then

i X, ~ Poisson (i )\i> .
i=1 i=1

Proof: Stat 134. See [D], by induction. [
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Lecture 19

The Poisson Process

Def (N, : 0 < 1 < 00) is a rate \ Poisson Process —
PP(\) —if
2. N, — N, 4 Poisson(t\), for any t,s > 0

3. Indep. increments:

73
Ntl _Nt07Nt3 _Nt27...,Nt _Nt [ ]

n n—1

indep. forany t, < t; < ... <t,.

A continuously

[®lsequence of disjoint intervals
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Lecture 19 (ii)

N, — N, = # points in (to,t,]
(2.) 4 Poisson(A(t; — to)[74])
(3.) *Indep.* of N,, — N, = # points in (¢, ]
4 Poisson(A(t, — tl)[75])

My -Vew =2 Ny -Mor =1

‘ .’—,/:g —t -——=
N v -
A to + - t3

(1.) N, = 0 because no points yet at time 0.

[74] length of (t07 tl]
[75] length of (tly tQ]
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Lecture 19 (iii)

In particular, all

N, = % points in (0, ¢]
= # points by time ¢

4 Poisson(At).

This is why it is called a Poisson Process.

= Ny — Ny
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Lecture 19 (iv)

Constructing a rate A Poisson Process:
T1sTo, .. 1ID Exp(})

Let T, =>."

iy Ti 4 Gamma(n, \).

If we think of 7; = lifetime of ¢th lightbulb, then T, is the
time at which we have gone through n lightbulbs in total.

>

T3
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Lecture 19 (v)
Let N, = max{n : T, <t} =# of * to left of ¢

% o>
2 o—
f *«—
Ty Te Ts 9 -
$
.b T To 13
Ve = >
Siwnves 'Ts"'t‘—["

Poisson is discrete in values but continuous in time.
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Lecture 19 (vi)
We will show that (IV,), _  is a PP(A).

Clearly Ny = max{n >0:7, <0} =0.
So we need to check (2.) & (3.) in definition above.
First step:

Lemma. N, ~ Poisson(At)
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Lecture 19 (vii)
Proof. {N, =n}={T, <t<T,.}.

Le., to have exactly n points by time ¢, we need n'® point to arrive by
time ¢t & (n + 1)™ point to arrive at some later time > ¢.

¢
« P(N, =n)l™ = / fr. ()™ P(r,,, >t —s)ds
0

1 whens
ik, 3 Fo méE
H‘,« To resrl 6¢ €.

Lgh |

0 ¢ +

tnr T, indep, why?

UIPDF for arrival time of n' point, T,, = 3" | 7;
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Lecture 19 (viii)

T, ~ Gamma(n, ), fr (s)= e s

— efAt A" i s"1lds = efkt ()\t)n
(n—1"J, n!

= P(Poisson(At) = n).
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Lecture 19 (ix)
We now check parts (2.) & (3.) in definition of PP(\).

The key is LoM" & Lemma.
Proof of (2): N,,, — N, ~ Poisson(\t).

——

¢

By LoM the lightbulbs burning at time s starts afresh.

Nack of memory
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Lecture 19 (x)

So if we ignore * to left of s, & start counting * starting at
time s, we have another IID sequence of Exp(\) inter-arrival
times.

So by Lemma, the # of * between s & s + t is Poisson(\t).
Note the # of such * is Ns+t[80} — N, 81,

8014 of % to left of t + s
B# of * to left of s
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Lecture 19 (xi)

Moreover, observe that

(Nt—i-s - NS)tZO

& (N,)

are independent.*

This is because the length of time until a * after s is indep. of
whatever happened before time s (again by LoM).

(82This follows by 1. LoM, 2. 7; are IID.
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Lecture 19 (xii)
Finally, we check (3.)

Proof of indep. increments:

This follows by induction. The previous slide shows
(Nt+tn71 - Nt”’l)tzo & (NT)TStn_l indep.

- In particular,

Ntn B Ntn—l ) Ntnfz B Ntnfs’ T Ntl o Nto
depends on depends on
_ N,
(Ntﬁnfl Ntnfl)tzo ( T‘)’"S‘tn—l

are indep.
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Lecture 19 (xiii)
We'll skip §2.2.2 on “more realistic models” for now. PP(\)
pts arrive at rate ), independent of time ¢.

The non-homogeneous®® Poisson Process on p.105 is
interesting. We may put something on HW #3 about this -
take a look yourself.

[83

I\, depends on ¢
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Lecture 19 (xiv)
§2.3 - Compound Poisson Processes.

It is often useful to add one more layer of randomness.

Eg (Ny),. , is a PP()) modelling occurrences of earthquakes

over time on Hayward fault.

Moreover, suppose each earthquake
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Lecture 19 (xv)
Has an IID magnitude Y, which is also indep. of (NN,).

Then

Ny

5= YK

=1

is the total magnitude felt along fault by time t.

B41Compound Poisson Process.
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Lecture 19 (xvi)
Note: For a regular PP(\), all Y, = 1.

« More examples of compound Poisson Processes in §2.2.
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Lecture 19 (xvii)

Theorem. (N,) a PP()). (Y;) an IID sequence indep. of
(V,)-

Let

Ny

St = ZYz
i=1

denote the Compound Poisson Process.
Then
ES, = At EY
VarS, = A\t E(Y?).
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Lecture 19 (xviii)

In a similar way, we can calculate 2nd moment:
- Z P(N, =n)[n VarY + (n EY)2[85]]

= VarY E(N,) + (EY)? E(N?)
= Mt(VarY + (EY)?)
=X E(Y?) O

B1VarX = E(XQ) _ (EX)2
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Lecture 19 (xix)
Proof

I
)-<
108
S
]

IS, | (N, =) = X7, ¥,
71 N, ~P01sson()\t)
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Lecture 19 (xx)

Eg Customers arrive at a store according to a rate A = 81
Poisson Process.

Suppose each customer spends an IID amount of money with
mean $8 and SD $6. Find the mean revenue after 1 day, i.e. at
time ¢ = 1. Also find its SD.
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Lecture 19 (xxi)

1
R= ZY EY =8, VarY =36, N, ~ Poisson(81)

By theorem, ER = 815 889 — g648
& VarR = 81 E(Y?)
= 81(VarY + (EY)?)
— 81(36 + 64) = 8,100

D(R) = /8100 = $90

BN = A1 =81
WIEY
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Lecture 20

Last week we defined & constructed the 1-dimensional, rate
A Poisson Process:

Definition (NV,,t > 0) is a PP()\) if

1. Ny=0

2. Poisson increments:
(N,,, — N,)® ~ Poisson(At""), for any s, ¢

3. Indep. increments:
Ny, — Ny sy Ny — N, indep forany ¢, <ty <...<
t, . <t,

BOl% ptsin (¢, ¢ + $]
PUlength of = (s, + 3]
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Lecture 20 (ii)

Construction:
“Point process” on [0, 00)
with IID Exp()\) inter-arrival times between points.

-I:; -l:lh -z:j’ .l:;F
e

5_ g Tt T b T"l’

N, =4 of *in [0, t]
=max{n: T, <t}
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Lecture 20 (iii)
Exponential RVs are very special: only continuous RV with
Lack of Memory (LoM) property:

Pir>t+s|7>s)=P(t>t)
“Given it survives to s, it starts afresh at time s.”

« This is key to many interesting/important properties of
PP(\) - the subject of §2.4 in [D].
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Lecture 20 (iv)

We also studied Compound Poisson Processes, where each
point is given an IID value Y;. Then

Ny

St = ZYZ
i=1

7

Note: Standard PP () is the case where Y, = 1 (as then S, =
S 1=N,).
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Lecture 20 (v)

(§2.4 in [D]) Thinning of Poisson Processes!*”

Theorem. Let (IV,,t > 0) be a PP(\). Suppose Y is a RV on
{1,2,...,m}, with P(Y = j) = p,. Then the compound
processes

Nt
_ 193]
N;(t) = Ly
=1

are independent rate Ap; Poisson Processes.

P2taking a PP, and spliting it up into indep. sub. PPs
314 of type j pts arrving by time ¢
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Lecture 20 (vi)
Proof. For any s,t & kq, ..., k,,, 'Y

P(Ny(t+ ) = Ni(s) = Ky, ooy Npp (B + 8) = Nppp (5) = ki)

ky otk
:< 1t m>p’fl...pfnm.P Nyyo— N, =k +...+k,

. AL
Poisson(At)
(et T ke (ARt
B S A P ———
k
m A t J m
= He*)\p]t( Z]){]') = H P(Poisson(Ap;) = k;)
i1 5 =1
indep.

[94

Ik, # of type i pts. arriving in (s, + s]
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Lecture 20 (vii)
This proves independence of the IN;(t) processes & shows
that they each satisfy condition (2.) in the definition of PP.

Conditions (1.) & (3.) are immediately inherited from (V,).
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Lecture 20 (viii)

Example 2.8: “Poissonization”
« Some problems become easier if # of objects is Poisson
rather than a fixed (non-random) number.

Eg: # of spectators at a game is Poisson (A = 2263). What is
the prob. that for all 365 days of year, at least one person in
crowd has this B-day?
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Lecture 20 (ix)

Ans Supposing uniformly random B-days (not so realistic):

N; = # born on day j of 365

are I[ID Poisson()\j = % = 6.2)

P(au Nj > 0) — (1 _ 676.2)365[95]

~ 47.6%

5] P(Poisson(\) = 0) = e~
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Lecture 20 (x)

§2.2.2 [D]: Non-homogeneous Poisson Processes
We skipped this last week:

This is a point process on [0, co) with Poisson increments —
but rate of arrival of points changes with time.

« More realistic in many applications.
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Lecture 20 (xi)

Def (NV,,t > 0) is a Poisson Process with rate ()\7,[96], r > 0)
if

1. Ny =0

2. N,— N, ~ Poisson(f: )\Tdr>

3. Indep. increments®”

If A,. = X then regular PP (), since

t t
/)\dr:)\/ dr = At — )%

S S

Pelrate at which points arrive at time
Pcondition (1.) and (3.) are the same as for regular (hom.) PP
P8llength of (s, t]
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Lecture 20 (xii)

Note: Inter-arrival times no longer independent or
exponential.

See p.106 in [D].

Thinning property can be generalized to non-hom.

Case:
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Lecture 20 (xiii)

Theorem. Suppose we have a Poisson Process with rate A,
however keep a point arriving at time r only with prob. p(r)
(and otherwise delete point). Then the resulting process is a
non-hom. Poisson Process with rate (Ap(r), r > 0).
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Lecture 20 (xiv)
Example 2.9 (M/G/oco queuel™)

Calls arrive at a call center with so many agents according to
a PP()\). The duration of any given call follows some
distribution with CDF G with G(0) = 0 & mean .

G(y) = P(call time < y)

™lfor future reference.
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Lecture 20 (xv)

By the previous theorem, for any ¢, the # of ongoing calls at
time ¢ is Poisson with mean

t t
/ AL — Gt — )1 gg — A/ [1— Gt —s)|ds
0 0
Taking t — oo, this converges to

A / [1— G(s)]ds =" Ay
0

[1%l5rob. call placed at time s is still ongoing
101“Tail rule:” E[X] = fooo P(X > z)dz, for non-negative RV X
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Lecture 20 (xvi)

= In the long run/equilibrium, the # of calls in system will be
Poisson with mean Ap.
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Lecture 21

Theorem Suppose we have a Poisson Process with rate A,
however we keep a point arriving at time 7 only with
probability p(7) (and otherwise delete the point). Then the
resulting process is a non-homogeneous Poisson Process

with rate
(Ap(r),7 > 0).
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Lecture 21 (ii)
Example 2.9 (M/G/oo queue)

Calls arrive at a call center with infinitely many agents
according to a PP(\). The duration of any given call follows
some distribution with CDF G with G(0) = 0 & mean p.

G(y) = P(call time < y)
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Lecture 21 (iii)

By the previous theorem, for any ¢, the number of ongoing
calls at time ¢ is Poisson with mean

/ AL Gt — )00 gg _ / 1 Gt — s)]ds

_(o4] / 11— Glu)ldu

192 5rob. call takes at most ¢ — s time
[93lnrob. call placed at time s is ongoing
04change of variables u =t — s, du = —ds
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Lecture 21 (iv)

Taking t — oo, this converges to
A / [1— G(s)]ds =" Ay
0

= In the long run/equilibrium, the number of calls in the
system will be Poisson with mean Ap.

1051 Tail rule: B[ X] = fooo P(X > z)dx
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Lecture 21 (v)

Example Customers arrive at a store at a rate of 10/hour.
60% men, 40% women. Men stay for an Exp(2) duration,
women for a Uniform(O, %) duration. What is the
probability that in equilibrium (i.e. after the store has been
open for a long time) there are 4 men and 2 women in the
store?
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Lecture 21 (vi)

By thinning, men and women arrive according to
independent Poisson Processes with rates 6 and 4 per hour.
Since p,, = % & p,, = i, by the previous result, in
equilibrium the # men and # women are independent
Poissons with means 3 = 6 - % &l1l=4- i.
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Lecture 21 (vii)

3¢ 12
7 — —
2 P(M = 4" W =207y — ¢ TR

19, Poi(3)
191 Poi(1)
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Lecture 21 (viii)
Superposition of Poisson Processes

Instead of thinning, we can also add independent PPs to get
another PP. Rates are added!

Theorem N, ..., N,  independent PP(},;). Then N, =

> N;(t) is a Poisson Process, rate 3 ;.
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Lecture 21 (ix)

Example “Poisson Race”

2 independent Poisson Processes: one red rate A, one blue
rate ;. What is the probability we see 6 reds before 4 blues?

W
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Lecture 21 (x)

« Equivalently, we need at least 6 reds in the first 9 arrivals.
« Red + Blueisa PP(\ + pu).

« Each arrival is Red w.p. ﬁ and Blue w.p. ﬁ
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Lecture 21 (xi)
« P(6 reds before 4 blues)

108]2( )<A+u)k<kiu)9_k

s P (Bin (9, ﬁ) >6)
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Lecture 21 (xii)

Last Section on Poisson Processes: Conditioning

Theorem Let (IV,) be a PP(\). Let s < t and n > 0. The
conditional distribution of N, | N, = n is Binomial(n, £).
That is,

pov === () 5) (-5)
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Lecture 21 (xiii)
This follows by the following remarkable fact:

Theorem Let (IV,) be a PP(\). Then conditional on N, = n,
the arrival times T}, = Zf: | Ti» 1 < k < n, are distributed as
the order statistics of n IID Uniform(0, t) random variables.
Uy, Uy, -y U, 1ID Uniform(0, t)

U1y, U(g)s - Uy OFder statistics

* u(p): smallest u; = Ty (1st arrival time)
* Uy 2nd smallest u;, = T}

* U, largest u; = T), (last arrival time)
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Lecture 21 (xiv)
Eg Supposing N, = 4, i.e. 4 points by time ¢:

Uz W us Ue
|k —
/) &
. y M u
Ues 9 Wy Uy

Uy, .., Uy 1ID Uniform on [0, ¢]
u(y) = smallest, u o) = 2nd smallest, ...
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Lecture 21 (xv)
First, note that the 2nd theorem implies the 1st:

Conditional on N, = n, n IID Uniform(0, ¢) points are
placed on [0, t]. Each has probability  of landing in [0, s]. So,

pov == = ())(5) (1)
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Lecture 21 (xvi)
Proof of 2nd Theorem

First note that the joint PDF of (u(l) s U(g)s e u(n)) is

n!
o0t <<t <t
tryonty) =< 1 ! n
Ity n) {0 otherwise

This is a Stat 134 fact. Easy to see since tin is the joint PDF of
(uq,Ugy, ..., u,,) and there are n! ways to order them.
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Lecture 21 (xvii)

So to prove the theorem, we show that % is also the joint
PDF of the arrival times (13, ..., T,,) cond1t10na1 on N, = n.
To see this: P(N, =n) = e~ xt ) = P(Poi(At) = n)

To have T} =t,,...,T,, = t,, the joint density of the inter-
arrival times is:

- 2 ok {
”(i—T—:f o Pn 4,’)

— P(Exp(\) = 1) P(Exp(\) = f, — 1))

334/637



Lecture 21 (xviii)
— )\6_>‘t1 )\G_A(tZ_tl) oo )\e_A(tn_tn—l) e_A(t_tn)

= A\"e " (telescoping)
= the conditional joint density of (73, ..., T,,) is

Ae At n!

()" n
eAt(ng tn
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Lecture 21 (xix)
The conditioning property is very useful for calculations. See

examples and exercises in [D] & [PK]. We’ll do one example
from [PK]:

336/637



Lecture 21 (xx)

Eg Customers arrive at a party according to a PP(\). The
entrance fee depends on the time of arrival. At time ¢, the
cover charge is e P, B > 0. Le. cover charge decays
exponentially with rate .

Find the mean revenue by time ¢.
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Lecture 21 (xxi)

Nt
Rt — Z e_ﬁTk
k=1

ER)"E"YE [Z e #T | N, =n|P(N, = n)
=0 [k=1
= Z nE[e P*]P(N, = n), u ~ Uniform(0,t)
n=0

= E[e v i nP(N, =n) = E[e "] E[N,]

= (M) (% /t e—ﬂSds) =

(1—e8)

™| >
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Renewal Processes



Lecture 22

A renewal process is a generalization of the Poisson point

processes.

Recall that the inter-arrival times between points in a PP())
are IID Exp(A).
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Lecture 22 (ii)

The Exp distribution is nice because it has the lack-of-
memory property. This makes many exact calculations
possible for the PP.

However, often Exp inter-arrival times are not present in
real-world situations. We will see applications to queues.
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Lecture 22 (iii)

Def: (IV,) is a renewal process (RP) if the inter-arrivals

between points are IID.[*”]

1%lnot necessarily Exp.
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Lecture 22 (iv)

« Times at which points arrive are called “renewal times”
This is because the process starts afresh at such times with
another IID seq of inter-arrival times.

« By LoM, this in fact holds at any time in a PP (not only at
arrival times).
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Lecture 22 (v)

Since no other distribution (other than Exp) has LoM, it is
often difficult to do exact calculations about events at finite
times of an RP.

But we can still study its LR behavior/equilibrium precisely,
due to IID inter-arrival times.
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Lecture 22 (vi)

The key to studying the LR behavior of an RP is the Law of
Large Numbers (LLN).

Notation:

*« Ty, Ty, ... ID with common CDF F(z) = P(1 < z).
« T, =" 7 =n'™ arrival time.

« N, =max{n: T, <t} = # of arrivals by time t.
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Lecture 22 (vii)

Eg

(X,,)aMC, X, = . Let T, = time of n'® return to z.
By SMPU, N, = max{n : T, <t} is a RP (times
between visits are IID).

[Wlstrongg Markov Property
(11114 of returns to z by time ¢
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Lecture 22 (viii)
The first important result:

Theorem. Let (/V,) be a RP with mean inter-arrival time p =

ET. (Assame-P(7 > 0) > O;-o/wprocess-is-degenerater)

Then
N, 1
P(lim = —> =1
t—oo t 7
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Lecture 22 (ix)
Notice that, in particular, this proves that for a MC

AL
1m =

Le. LR prop. of time spent in j is equivalent to inverse mean
return time.

(1214 of visits to 7 by time n
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Lecture 22 (x)
This theorem follows by the strong LLN (SLLN):

If X;, X, ... (D with p = EX and S, = 3°" X, then

S
P(—" — ,u) =1
n n—oo
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Lecture 22 (xi)
Proof of theorem using SLLN:

Let7;, = X,. Then S,, =T,,.
So by SLLN, % — pasn — oo (w.p.1).

Next, observe Ty <t < Tl ;. (we discussed this during PP
lectures.)

=€ < Ty

11,?“)\&‘ MH.,
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Lecture 22 (xii)

Ast — oo, N, = o0.

N’+1 T
So SN &
t SLLN ++1 grIN
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Lecture 22 (xiii)
=~ letting t — oo

. t
p< lim — <p

t—o0 t

N,
= lim — = —
t—soo t W
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Lecture 22 (xiv)

Most applications involve instead the following extension
(cf. Compound PPs).

Def: (IV,) a RP with inter-arrival times (sometimes also
called “holding times”) 7, 75, .... Let 71, 75, ... be an IID seq
of “rewards” indep. of holding times.
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Lecture 22 (xv)
Then

is called a Renewal-Reward Process.

« Each time a point arrives, a reward (possibly negative) is
collected. R, = total reward by time ¢.
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Lecture 22 (xvi)
Theorem

ILe.

Reward  E(Reward/Cycle)

LR Time  E(Time/Cycle)
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Lecture 22 (xvii)

Proof
% by prev. thm.
— Nt
B N Ly
13 t Ny &=
N —
Er by SLLN
R E
+ lim =t = ——
t—oco ¢ ETr
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Lecture 22 (xviii)
Eg Long run car costs.

Lifetime of car is random with PDF h. Suppose we buy a new
car when it breaks down or after 7" years, whichever comes
first. Suppose new car costs $A4 and if a car breaks down this
costs $ B (towing costs, etc). What is our LR cost per time?
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Lecture 22 (xix)

Er — /T th(t)dt + T /OO h(t)dt

T
————

P(car lasts >T)

T
Er=A+1B / h(t)dt
0

N — e’
P(car breaks before time T')

(Additional $B if car breaks down, $ A spent for new car
either way.)
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Lecture 22 (xx)

~ LR cost per unit time is

- A+ B [ h(t)dt
[T th(t)dt + T [° h(t)dt

Eg:If A =10, B = 3 (in thousands of $), 7 ~
Uniform(0, 10) years,
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Lecture 22 (xxi)

lim

t—o0

R, 10 +.3T
t T — .057?
Optimal T' (by calculus) is

14+ 1.6
p -1tV

) 003 ~ 8.83 years
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Lecture 23
Recall:

A Renewal Process (N, ¢ > 0) has IID inter-arrival times
Ty, To, ... With p = ET.
Main theorem:
N, 1
— = —ast— o0
t 1%

(On average, wait u for next point, so % points per unit
time.)
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Lecture 23 (ii)

Renewal-reward process

IID seq. of “rewards” r, 7, ... indep. of 7, 7, .... Reward r,
is received at time T, = > 7;.
Nt
R, = Z T;
i—1

= total reward by time ¢

Main theorem

R, Er
R— _> —_—
t 1%
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Lecture 23 (iii)
[D] § 3.2: Applications of Renewal Processes to queueing
theory

1st example: GI/G/1 queue

GI = General input
G = General service times
1 = One server.
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Lecture 23 (iv)

T, To, ... inter-arrival times with some CDF F'(z) = P(1 <
z)and ET = 1.

By previous theorem,
N,
Tt —Aast— o0

where N, = # arrivals by time ¢.
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Lecture 23 (v)

Next, suppose service times s, So, ... are [ID with CDF
G(z)=P(S<z)and ES = %

-~ customers arrive at rate A
and customers are served at rate

Our first result is very intuitive: Namely, if A < p then
server can handle the customers well:
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Lecture 23 (vi)

Theorem. If A < p then the long run proportion of time the
server is busy is < ﬁ <L

Proof. T, = "

T,
By SLLN, -2 — +.

7, = arrival time of n'" customer

. . n . . .
Similarly, let S,, = Zi: | $i = total time in service after n
customers served.

Eameatt
¥ (\""'\| |
{ I o O Sz

/)
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Lecture 23 (vii)
By SLLN =: Zn -2 L Also, at time 7], server has been busy <
S,, time.

S, A
&T—n—>u.

Skipping some details (see p. 131). We’ll see this another way
later on ...
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Lecture 23 (viii)
Cost equations (any queue)

Let X, = # customers in system at time s (being served or
waiting in queue).
Then LR average # customers in system is

1 [t
L=1m- | X.dds
tJo

t—o0
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Lecture 23 (ix)

LR average amount of time a customer spends in system:
1 n
W=1m - >» W,

where W, , = amount of time spent in system by mth
customer.
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Lecture 23 (x)

Finally, LR average rate at which customers arrive:

y = lig Na®) _ g

t—o0 t
where N, (t) = # customers by time ¢.
Little’s formula

L=\W

a

01§ GI/G/1 queue
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Lecture 24

[D] § 3.2: Applications of Renewal Processes to queueing
theory

1st example: GI/G/1 queue

GI = General input
G = General service times
1 = One server
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Lecture 24 (ii)

Customers arrive at rate A\ (ET = %)
Customers served at rate u (Es = i)

Theorem. If A < pu then the long run proportion of time the
server is busy is < ﬁ < 1.
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Lecture 24 (iii)
Cost Equations (any queue)
Let X, = # customers in system at time s (being served or
waiting in queue).
Then LR average # customers in system is
t

lim % X.ds

t—
<t Jy

L
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Lecture 24 (iv)

LR average amount of time a customer spends in system:
1 n
W=1m - >» W,

Where W, = amount of time spent in system by mth
customer.
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Lecture 24 (v)

Finally, LR average rate at which customers arrive:

N, () \[114]

=]_ _— =

t—o0 t

Where N, = # customers by time ¢.

Little’s Formulal'"’]

L=\W

a

[14if GI/G/1 Queue
[5Tholds for any queue
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Lecture 24 (vi)

Proof. Suppose customers pay $1/min while in system.
Then in LR, system earns $L/min.

Seen another way, each customer on average spends $W.
Therefore, since customers arrive at a rate )\a, system earns

$W A,/ min.
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Lecture 24 (vii)

An application:
Let Wy, = average time spent in queue (waiting to be served).

Note Wy, = w — ES
N N
ave. time in system  ave. time being served
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Lecture 24 (viii)

Let Lg = LR average queue length (not counting customer
being served).

If instead, only pay $1 when in queue, then

LQ == )‘aWQ

The length of queue is 0 if no customers, and otherwise 1
less than # customers in system.
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Lecture 24 (ix)
where 7, = LR prob. of no customers altogether.

Altogether,
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Lecture 24 (x)
Lo=AWy & L=AW
=1+, (W —W)
=1-), ES
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Lecture 24 (xi)
~ if GI/G/1 Queue, 1y = 1 — >\[116

~1—my, = LR prop. busy = %

This shows result of previous theorem (LR prop. busy < %)
is sharp.

mely =)\ ES = 1 A ES = A
a ) w a
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Lecture 24 (xii)

Important special case of a GI/G/1 queue is

M/G/1 where we assume customers arrive according to a
PP()). M = Markovian).

h

X,, = # customers in queue when n™ customer starts being

served.
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Lecture 24 (xiii)
Thus MC can be constructed as follows:

Prob. exactly k customers arrive during any given service

B RINIL
0 = /0 4G(t)

time is:

k!

[117] e

M71Prob. k more customers arrive during this service time,
P(Poi(At) = k)
181G = CDF of service time, g = PDF, dG(t) = g(t)dt
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Lecture 24 (xiv)
Let &;,&,, ... be IID RVs.

¢ = # customers arriving during n'® service time.

IfX,=¢,=0"then X, ; =0.
Otherwise: X, ; = X, +§, —1

N
n'® person has done being served

(191X = 0, there is no people in the queue when the n'® people
starts to be served
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Lecture 24 (xv)

1%‘5:;‘3»*3
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Lecture 24 (xvi)
Therefore,

ag+aqy ag az ay ...

ag Gy Gy Qg ...

P: 0 aO (1/1 a/z “ee
0 0 aqg a; ...

By =ay+ay
By = ay

Py =a
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Lecture 24 (xvii)
Theorem. In M/G/1 Queue,

h

X,, = # in queue when n'™ customer starts service

A< p:(X,)PosRec& EOTOHZO] _ ﬁ[lﬂ]
A= : (X,,) Null Rec

A > p(X,,) Trans

[2]gtarting with 0 people in the queue, the expected length of time

we have to wait to clear out the queue

[121]71.O —1— %

387/637



Lecture 24 (xviii)

Proof Consider the customers that arrive during n'® service
time the “children” of this customer. Then we can compare
(X,,) with a BP with offspring distribution

P =k) =a,
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Lecture 24 (xix)

E¢ = Zkak
- Zk/w e—”ﬂda(t)

_,—4

P(Poi(At)=k)
_ / MAG(D)
0
=)ES
A
L

15 kP(Poi(At) = k) = E(Poi(At)) = At
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Lecture 24 (xx)
= Trans, Pos Rec, Null Rec follow by BP!'*) theory.

Only remains to show
E Ty = 5 in Pos Rec case.

Note BP transitions in discrete

UZlhranching process
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Lecture 24 (xxi)

steps, whereas (X,,) transitions in varying continuous steps
T, To, -.. Of the underlying PP()).

This did not matter for determining Trans, Pos Rec, Null Rec.
But for ETj, we need to look at time Tj,
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Lecture 24 (xxii)
which is different in (X,,) than in BP.

Recall that for GI/G/1 we showed mj = 1 — % = LA f

customers arrive rate \.

That is case here for PP()\).

1
.'.ET:—:—
0+0 T y}_)\
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Lecture 24 (xxiii)
More to say about M/G/1 queue. We will skip this. See
p-134-136 if interested.
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Lecture 25
[D] §3-3 — Age & Residual Life.

N,) a RP with inter-arrival times IID 7, 75, ...
t 1: T2

In a RP we have to deal with inter-arrival times that do not
have lack of memory.
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Lecture 25 (ii)
N, = # points by time ¢

Recall each time a point arrives is a renewal time:

(Ntat > 0) i (NTn—i—t - NTn’t > O)

[For PP()) this is true at any point s, not only arrival times
s=1T ]

n
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Lecture 25 (iii)

As %4
H,./\A—" --
= — =
& < ol
v, Wyt !

A =t—Ty,
= Age of lightbulb in use at time ¢
Zy = TNt—i-l —t
= Residual lifetime of lightbulb in use at time ¢
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Lecture 25 (iv)

Discrete case

Assume inter-arrival times 7, 7y, ... IID only taking values
in {1,2,3,...}.

= Enough to study one of (A,) or (Z}).
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Lecture 25 (v)
We choose (Z},).

NOte:Zk:i>0:Zk+1:i_1

If Z;, = 0 this is a renewal time.

(Z) is a MC:
124 .
Poj = j+1[ Fj>o0
P =1 1>0
pi,j - 0 O/W

[240PMF of inter-arrival times
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Lecture 25 (vi)
We can find the SD of this MC using the “cycle trick”. (We
discussed this in §1 — see Theorem 1.24 3rd ed [D]).

Starting from 0, one visits any ¢ > 0 at most once before
returning and this happens < first jump from 0 is to some
Jj=t.

~ p; = P(T > i) is a stationary measure.
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Lecture 25 (vii)

Note 3. P(T > i) ="" E(r).

——
Hi
P(1>1)

[Assuming E(71) < oo].
So by MC theory

11tai] formula for expectation
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Lecture 25 (viii)
Theorem (Assuming (Z,) is IRR & APER) we have

~  P(r>1)
. (126] _ .\ __
nhm Pz, 7 =1i)= B

This gives the limiting distribution of the (Z,,) in terms of
distribution of inter-arrival times 7.

1261 Also for A,,
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Lecture 25 (ix)

Continuous Case

Done in detail in [D]. We'll just touch on it briefly.

In discrete case, we showed 7, = % is limiting

distribution for (Z,,) [& also (Ay)].
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Lecture 25 (x)

Similarly, in the continuous case, one can show that

g(z) = —P(;(i)x)

is limiting distribution for (Z,,s > 0) & (4,,s > 0).

Using this
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Lecture 25 (xi)

Inspection Paradox

1271Recall: E(7) = fooo P(t > 2)dz. Similarly, E(7%) =
fooo kzF"1P(1 > 2)dz
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Lecture 25 (xii)
- For large t,
Lt[128] = A+ Z,
1 E(r%)

Bl ~2 Ty

(since E(12) — (E(1))? = Var(r) > 02

12811 ifetime of bulb in use at time ¢
020[f Var(7) = 0, then all 7; = c. This case isn’t interesting.
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Lecture 25 (xiii)
This is an (apparent) paradox, since each lightbulb has
mean E(7).

However, lightbulbs with longer lifetimes are more likely to
be the ones in use when we happen to make an inspection.
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Continuous Time Markov
Chains



Lecture 26

Recall that discrete time MC’s (X,,) have “Markov Property”:
P(Xn+m :] ’ Xn = i? Xn—l = in—l? ) XO = ZO)

= P(Xpop =3 | X, =)

forallm,m & j,%,%,,_1,...,59 € S.

Le. given present, past & future are independent. Only need
to know present to determine probability of future behavior.

408/637



Lecture 26 (ii)

In §4, we extend this to processes (X,,t > 0) evolving
continuously in time. We still assume, however, that the state
space (possible values of X,) is discrete.

We extend the MP as follows:
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Lecture 26 (iii)
Def
(X;,t > 0) is a continuious time MC on 2 C Z if

P<Xt+s =J | Xs = Z'aXsn = in7 -"7X50 = ZO)
:P(Xt-i-s:j | Xs:Z)

Forall0 <s, <s; <...<s&0<t&J,%,%,,%, 1,---, %9 €
Q.
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Lecture 26 (iv)

In fact, we have already seen some examples of such
processes, e.g. the Poisson Process.
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Lecture 26 (v)
E.g. (V) aPP()\) & (Y;,) a discrete time MC with TR probs
7;;- Let Xy = Yy . The (X,) is a continuous time MC.

(For instance, if r; ;.1 = 1 & 7;; = 0 o/w, we see (V) itself is
a continuous time process.)
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Lecture 26 (vi)

Proof

pp(y) () -
: &
‘_—*_—*-‘;: H 47?;! =

o

If X, = 1, then by LOM & MP of (Y,,), the next transition will
occur after an Exp(\) amount of time to some j w.p. 7;;,
independently of anything at times s < ¢.
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Lecture 26 (vii)

For discrete time MC everything we wanted to know came
from the “1-step transition probabilities” p,; = P(X,,,; =
91X = 4).

In continuous time, there is no first step, but we still have
pt(%]) = P(Xt :] ‘ XO — i)[BO].

I3 currently at state ¢, prob. of being at state j after time ¢
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Lecture 26 (viii)

E.g. in previous example:

oo
. . LoTP (A"
pt(zﬂj) 0: Z e )\t—' (rn)ij
n=0 . n:
P(n *'sin (0,t]) n-step pr.
P(Y,=j | Yp=1)
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Lecture 26 (ix)

And we still have the Chapman-Kolmogorov Equations:
Zps (7’7 k)pt(ka .7)
k

= ps+t(i7j)

Proof
Again by MP + LoTP, at time s € [0, ¢ + s|, the MC has to be
a some k.
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Lecture 26 (x)

Although there is no 1% step, it is intuitive that in this
continuous context we should instead take a limit ¢ — 0 to
distill all relevant info about the transition probabilities of a
continuous MC.
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Lecture 26 (xi)

More specifically, the derivative at t = 0 gives us the “jump
rates”.

4;; = lim ACEH (i # J)

This is the rate at which (X,) jumps from 4 to j.
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Lecture 26 (xii)

E.g. in the previous examples:
P(>1 *'sin (0,t])
= P(=1*in (0,2]) +o(t)"™"

e At

i e pe8g) [132]
A

(since e — 1last — 0)

31Some function going — 0 as ¢ — 0
32we will do this in more detail in §4.2
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Lecture 26 (xiii)
This makes sense:

*‘s appear in PP()) at rate A & ¢ — j happens w.p. r;;.
Therefore, in (X,), transitions ¢ — j occur at rate Ar;

E.g. in PP(}) itself, we just have g; ;. ; = A.

j.
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Lecture 26 (xiv)
Other simple (but important) examples:

E.g. M/M/s queue s servers
Arrivals are IID Exp(\)
Service times IID Exp(u)

9ii+1 = A

d;;—1 = min{i, s}
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Lecture 27

Last class, we began discussing continuous time MC'’s.

For these processes, there is no “Ist step” after any given
time. But we still have transition probabilities

pt(zaj) = P(Xs+t :j | Xs = Z)
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Lecture 27 (ii)

Recall that for discrete time MC’s the 1-step probabilities p, ;
in P held all info we needed to study it.

There is no 1st step in continuous time, so instead we take
t — 0 to distill info needed to study a continuous time MC:
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Lecture 27 (iii)
More specifically, the derivative at t = 0 gives us the “jump
rate”

4;; = lim ACEH (i # J)

This is the rate at which (X,) jumps from i to j.
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Lecture 27 (iv)

Example:
E.g. Poisson Process (IV,) with rate A. Here:

Because new points appear in time at rate \.
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Lecture 27 (v)

E.g. M/M/s queue s servers
Arrivals are IID Exp(\).
Service times IID Exp(u).

X, = # customers in system (in queue or being served) at
time ¢.

4ii+v1 = A 133
;-1 = min{i, S}[ ] H

1331 At most s can be served at once
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Lecture 27 (vi)

E.g. Branching Process

A population where particles die at rate y & give birth at
rate \. (Yule process if u = 0.)

9ii+1 = Ai
q; ;-1 = My
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Lecture 27 (vii)

Often it is simple/natural to write down jump rates for a
given MC, as in previous examples.

But how to actually construct the MC, given the g;;?
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Lecture 27 (viii)
Suppose we know:

¢;; =rate it —j
Then put:

A= Z q;; = rate leave i
J#i

Li N >0
J 0 X =0

(2
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Lecture 27 (ix)
If \; = 0 then MC never leaves if it hits ¢. Le. state 7 is
absorbing.

To construct MC (X, ), we proceed as follows:

Case 1 If ever MC reaches an absorbing state (\; = 0) then
MC stays forever, & so construction is done.
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Lecture 27 (x)

Otherwise:

Case 2 If MC most recently jumped to some ¢ with A\, > 0,
then select an Exp();) RV. After this amount of time, jump

ij
A S

k2

to some other state j with prob. r;; =
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Lecture 27 (xi)
Another way of thinking of this is:

(1) Start with a discrete MC (Y,,) with transition probabilities
lr‘ij .

<

Y= fo & & D3 Ly
I R B | —S
| —\ ] |
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Lecture 27 (xii)
Then stretch/pull the unit intervals according to independent

exponentials.

y: :o El :'L \3 l"f
B —
0 '\ 1 3 ¢

Y= [ to YL & )!_ s )
|
)

UWL"“

R
vv()«,,,) txc{(k.,) Sy (Xi3) Ewp(Xia)
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Lecture 27 (xiii)
(Y,,) is sometimes called the “skeleton” of (X,).

[D] p.151 explains how you can simulate this on a computer:
1. GetIID T}, T}, ... Exp(1).

2. Start at ¢, at time 0. Jump to j w.p. r;  after time t; =
T ’

)\io'
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Lecture 27 (xiv)

After k jumps in state 7,
After time T}, = 3% ¢

i=1 "1
After another time ¢, ; = % amount of time, jump to j
kK

W.p. T, -

& so on until an absorbing state is reached (if ever).
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Lecture 27 (xv)
Why is this the right construction?

Good question - but beyond scope of Stat 150.

Briefly: it can be shown that the definition of the Poisson
Process given before:
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Lecture 27 (xvi)

2. All N,,, — N, ~ Poisson(At)
3. Indep. Incr.

is equivalent to:

1. N,=0
. PNy —N,=1| N, =i)=An+o(h) as h—0
3. P(Ngyp—N,=0|N,=i)=1—Xh+o(h) as h =0
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Lecture 27 (xvii)
Le. Ny =0 & g; ;.1 = A defines the Poisson Process.

Now, recall that the Poisson process is constructed using IID
Exp()\) inter-arrival times.
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Lecture 27 (xviii)
=~ It is natural to expect that the above construction will give
a process (X, ) with

P(Xyp=J| X, =1i)=qh+o(h)(i#j) ash—0
P(Xyp=1|X,=i)=1—XNh+o(h) ash—0

()‘i = Zj qij)
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Lecture 28

Recall from last class, we discussed how to construct
continuous time MC’s.

P 5 = P(Xs+t =j| Xs= Z)
i Py .
q;; = 7151_1;% P i F

= jump rate 1 — j

A = Z q;; = jump rate out of ¢
J#i
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Lecture 28 (ii)

It turns out (we will not prove this in Stat 150) the way to do
this is as follows:

If currently in state i, hold MC in i for an Exp(},) amount of
time, and then jump to some j w.p.r;; = ‘iﬂ

— Unless \; = 0, then MC stays in ¢ forever (absorbing
state).
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Lecture 28 (iii)

To see why this is the correct construction, it may be helpful
to consider the following simple example:
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Lecture 28 (iv)

Birds visit a feeder according to independent Poisson
processes:

(NZ)
Robins rate A
(N)
Blackbirds rate Ag
(X)) = (NthNtB)

1st coord at rate A 2nd coord at rate Ap
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Lecture 28 (v)
Times between birds are iid Exp(Ap + Ap). And

A
P(Robin) = —2&
(Robin) = s
P(Blackbird) = Ap
Mg+ g

So hold (X,) for Exp(Ap + )\B) time & then increase 1st or

2nd co-ord w.p. )‘f/\ and

pyses
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Lecture 28 (vi)

[D] §4.2 — Transition Probabilities

For discrete MC’s we could find n-step p;; by multiplying P
n times: p;; = (P”)ij.
This was proved by CK-eqns.

For continuous MC, how to find p; ;) probabilities from g;;?
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Lecture 28 (vii)

For continuous MC, how to find p; ;) probabilities from g;;?
Recall jump rates

1 Phiy)
0, = fim

play the role of p,; in the discrete case.

Once again, the answer is to use the CK-eqns, but more
complicated:
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Lecture 28 (viii)
By CK-eqns:

pt+h(i> J) — Pi(i,j5)

= [th(i,k)pt(k,j)] — Pi(4,9)
k

+ (Phiig) — 1)Pui)

= [Z Dh(i,k)Pt(k,j)

kit

Now divide by h, then take h — O:
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Lecture 28 (ix)
pt+h(ia J) — Pi(i,j)

— Pi(ij)

ash — 0

_ Phi,k) Phiy) — 1
=2 R Pikg) | T\ T )P

ki

Ph(i,k)
As h — 0, == becomes q;j.

. i)~ L
As h — 0, what is P ;l) ?
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Lecture 28 (x)

h(i,3) — =1- :E::]9h (3,9)

J#i
 Phii) — 1 Ph(i,j)
gty
J#i
As h — 0, the sum on the right becomes \; = Z#i ;-
Hence, altogether,

9 = Z QikPi(k,5) — NiPu(ij)
ki
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Lecture 28 (xi)

If we define matrix () with entries

Q,; = q;; ifi#y

Then previous equations can be written as:
Kolmogorov’s Backward Equation:

B =QF,
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Lecture 28 (xii)

h(i,3) — 1_th (4,5)

J#i
~ Ph(ig) — 1 . Ph(i,j)
P Dh S
J#i
ash — 0

Hence, altogether,

§) = Z 9ikDt(k,5) — )‘ipt(i,j)
ki
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Lecture 28 (xiii)

If we define matrix () with entries

Q,; = q;; ifi#y

Then previous equations can be written as:
Kolmogorov’s Backward Equation:

B =QF,
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Lecture 28 (xiv)
By the same argument, but

Pen (i J) — Pygig) = [Zpt(i,k)ph(k,j)] — Pi(i,5)
%

instead of

Pern(b,9) = Paig) = lzphu,kﬂ’t(m] — Pi(i,j)
k
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Lecture 28 (xv)

Kolmogorov’s Forward Equation:
F/ =FQ

Note: By Kolmogorov Forward & Backward (K-eqns)
QF = FQ
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Lecture 28 (xvi)
This is remarkable, since AB #* BA in general for matrices
A, B.

The reason why F,QQ = QF, is that these matrices are made
up of powers of @Q):
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Lecture 28 (xvii)
Recally =ay =y =€ =)

oo (az)®

k=0 k!
Here we have P/ = QPF,. These are matrices, but still natural
to expect

B =@ i Q)"

!
— Kl
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Lecture 28 (xviii)
Indeed,
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Lecture 28 (xix)
The rest of §4.2 is devoted to examples of MC’s where K-
eqns can be solved to find F,; ;) explicitly.

We’ll do some of these.
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Lecture 28 (xx)

Eg Poisson Process.
We know
Di(i5) = P(Poi(At) = j —1i)

e ()T

G-

By BKE we should have:

Piti,g) = APe(i j+1) — APy(i,j)
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Lecture 28 (xxi)
This is easy to check!

SV

Pi(ig) = € (j—i)!
N o) e V)
Py = A TG o M o)

= Apt(i,j—i—l) - )\Pt(i,j)
v
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Lecture 29
(1) To construct (X,):

The inductive procedure works as follows: If last jump was
to i, then hold the MC at i for an Exp();) time then jump to
Jj w.p. q” [Assuming A\; > 0, o/w if A\; = 0 the MC stays at %

forever ie. iis absorbing].
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Lecture 29 (ii)
(2) We can use the jump rates q;; to find Dii5):
K-BE P/ = QP,K-FE P/ = PQ
—\; if i=j
where (Q)ij = {q“—l if i#j’
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Lecture 29 (iii)
Eg 2-state MC.

Jump 1 — 2rate A2 — 1rate p
Q12 = A Qg = W

@= (_MA —Au)

To find p,; ;) we solve

B =QF
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Lecture 29 (iv)

Le.
pz/t(ll) pllt(12) _ (—)\ A ) Di(11) Pr(12)
P2(21) Py(22) K =) \ Pt21) Pt(22)

= Di11) = _)‘(pt(ll) —Pt(zn)
P£(21) = M(Pt(ll) _Pt(21))

(pt(ll) _pt(21)), =—(A+p) <Pt(11) _pt(21))
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Lecture 29 (v)

= Py11) — Pi(21) = et
(Using IL.C.s py(11) = 1 & py(21) = 0)
Plugging back into above:
pt(n = e~ (AHult

¢
= Pya1) —Po(11) = _A/ e M ds
0

A

— 7 (et _
A+ ,u(e 1)
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Lecture 29 (vi)

_ —(A+p)t _
:>pt(11)—/\+'u€( 2 —)\+M+1
_ —(A+p)t M
= e _|_
A A+

Similarly,

Pyo1) = —y €
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Lecture 29 (vii)

Note that both
t—o00 ¢(11) A 4—IL
li = —
Jim pen = 3

LR behavior of continuous time mc’s will be our next topic —
after slides.
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Lecture 29 (viii)
Eg Branching Processes

First we consider the special case of no death: Yule Process
Qi1 = Pt

Here particles split into two at rate 3. Particles live forever,
so population will continue to grow exponentially.

Y, = # particles at time ¢.
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Lecture 29 (ix)
Theorem. For Yule Process (Y;):

J—1

Py =€ P(1—e Py (2>1)

= P(Geo(e™P") = j)

— 1 i —i
P(ij) = (J 1)(6_&) (1—e )

17—
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Lecture 29 (x)
Note that by py ;) = e Pt(1— e Pt)

j—1
P(e Y, > z) = P(Y, > zeP?)
= (1- e*Bt)“’Bt
— e * as t — 00
. e Py, 4 Exp(l) as t — oo
So starting with 1 particle, the pup. grows exponentially,

Y, ~ Exp(1)e™.
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Lecture 29 (xi)
We won’t prove the theorem in detail, but note by K-FE:

only 51,5 #0

p;&(l,j) = Zpt(l,k)qkj _pt(1,j)>‘j
k+#j

= pt(l,j—l)ﬁ(j —1) _Pt(l,j)ﬁj

You can check that this is satisfied by py ;) =
e Pt (1— 6*5’5)]71.
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Lecture 29 (xii)

Once py(q j) is proved, it is easy to get py(; j.

By independence, we can study the “family trees” of the
initial ¢ particles separately:

Pi(i,g) = Z pro‘ﬁc:lpt(l,nk)

ny+...4+n;=5,n,>1
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Lecture 29 (xiii)

For any such ny,...,n;

n,—1

prody_1Py1,n,) = prodj_je (1 —e )
= () ey
There are (z:i) such nq, ..., n,.

ve.v12..j

Choosing 7 — 1 of these j — 1 v's determines nq,...,n, > 1 &

>n;=j.
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Lecture 29 (xiv)

T—= 1\, _gen _geNi—i
“ Pe(ig) = ( 1)(6 ) (et

17—

See also p159 of Durrett for proof of p,(; ;) =
e Pt (1— e_ﬁt)J_l using LoM property of exponentials.
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Lecture 29 (xv)
General case BP with birth & death (called a B&D chain)

9ii+1 = A
Qi i1 = Mt

Think: particles split into two at rate A, however die at rate
73
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Lecture 29 (xvi)
This case is much more complicated.

Theorem. Z, = # particles in general BP, birth rate A, death
rate p. Suppose A > . Then Z, has “generalized geometric
distribution”.

po=0o, p,=1—a)1—p)p" " (n>1)
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Lecture 29 (xvii)

Where
/J/e(k_//‘)t — /“L
¢ NeOmt
€ —H
AeA—mt
P= 'u,e(A—lﬁ)t — U

See Durrett (p 159-162) if interested.
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Lecture 30

[D] §4.3 — Limiting behavior of continuous time MC’s.

Good News: Much of the theory for discrete time MC’s
carries over. Also due to Exp holding times, we do not need
to worry about periodicity issues.
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Lecture 30 (ii)

In continuous time, we extend the notion of irreducibility as
follows:

Def: (Y};) is irr if for any i, j there are ky = i, kq, ..., k,, = j
withall g, , > 0.In other words it is possible to get
from i to j in a finite # of jumps.
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Lecture 30 (iii)
This implies F;; ; > 0 for some ¢ > 0. (See p162 in Durrett
for proof.)

Stationary distributions of continuous time MC’s

In discrete time, 7 is SD if 7 = 7 P. Recall that this implies
m = wP" for all n.
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Lecture 30 (iv)
Le. if MC is in SD, then stays in SD forever.

any n > 1.

In continuous time there is no first step. So we extend the
notion of SD as follows:
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Lecture 30 (v)

Def: misa SD if for allt > 0 m = 7 F,, where (Pt> =
By g)-
However, this is difficult to check since it involves all ¢.

Fortunately,

482/637



Lecture 30 (vi)

Theorem.

™ SD&enm=70Q
where

(g)nz{_)‘i if i=j;q; if i#j;}

)

(This is another instance of the ¢;; playing role of p;; i

continuous time.)

n
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Lecture 30 (vii)

“Proof?”

Think of 7, as proportion of sand at ¢ in equilibrium.

TQ =0& E T lkj = TN
— Py ' '
—_— Rate at which sand leaves j

Rate at which sand arrives at j

Equilibrium if Rate in = Rate out.
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Lecture 30 (viii)
Proof. See p163.

It can be shown, as for discrete time MC’s:
Theorem. If (X,) is irr & has SD m, then

lim By 5 =,
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Lecture 30 (ix)

An important special case where easier to find 7 than 0 =
Q) is

Detailed balance: If 7,¢;; = m;q;; Vi # jThen0=7Q.
= m SD
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Lecture 30 (x)

Thinking of sand again, DB implies flow of sand between
any two states is balanced.

;45 ;44
—— N——
Rate of sand moved i—j Rate of sand moved j—1i
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Lecture 30 (xi)

Not all MC’s have DB, but many important ones do, e.g.
B&D chain

4ii+1 = Ai
q; ;-1 = My

Jump Rates: A process on {0, ..., N} with jumps only to
adjacent states. The rate of jumping ¢ — ¢+ 1is A\, and 1 —
v — 1is p,.

#(Gumps i > i+ 1) = #(umps i+1—14)+—1

For all times ¢.
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Lecture 30 (xii)
Using DB can show for B&D on {0, 1, ..., N},

)\i—l )\i—Q"')\O

Fribbi—q---Hq

i

[ Can find 7 using > 7, = 1.]
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Lecture 30 (xiii)
Proof that DB = SD:

Suppose m;q;; = 7;q;; Vi F J.
Then Z i Tidij = 7 Zi#j Qi = T\,

7o i

=@ =0=7m SD.

O
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Lecture 30 (xiv)
There are many worked examples in §4.2 for you to look at
where you can find SD by either (1) 7Q) = 0 or (2) DB.
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Lecture 30 (xv)
Recall:

E.g. 2-State MC.
qi2 = A
421 = MK

=31 2)

A
(my,m5)Q = (0,0) = m = (ﬁa m)

Recall: We found F,; ) & Fo 1) — ast — oo.

)\+
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Lecture 30 (xvi)
E.g. M/M/oo queue.

4iiv1 = A

q;i—1 = W

%

%!

Normalizing:
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Lecture 30 (xvii)
E.g. LA weather chain.

1 = Sunny 2 = Smoggy 3 = Rainy

+ Sunny for Exp(%) amount of day then smoggy.
+ Smoggy for Exp(%) days until rain.
« Rain for Exp(1) days then sun.
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Lecture 30 (xviii)

1 1
Q=10 -3 3
1 0 —1

1
7TQ=O:>7r:§(3,4,1)

=~ LR prop. of day that are sunny is %.
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Lecture 30 (xix)
Alternatively, consider the discrete skeleton chain

1
P= . 8D =3(1,1,1)

= o O
S O =
O = O

When in state 1, 2, 3 held on average 3, 4, 1 days. So LR prop.
of days in 1, 2, 3 should be <§;ZH’) = .
3
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Lecture 31
[D] §4.4 — Exit distributions & exit times

We can extend the results of §1.9-1.10 to the continuous
setting.

The key is to consider the discrete skeleton MC with
transition probs.
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Lecture 31 (ii)

Notation

V. = Time of 1st visit to a
=min{t > 0: X, = a}
T, = Time of 1st return to a

=min{t>0: X, =a & X, #a for some s <t}
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Lecture 31 (iii)

Exit distributions:
h(z) = Pz'(VA<VB)
= P(Hit A before B | X, = 1)

Note V, < Vg in X, < V, < Vj in discrete skeleton. So by
FSA

h(i) =Y h(j)r;; inotin AUB.
i
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Lecture 31 (iv)

h(i) =Y h(j)r;; inotin AUB.

J#i
Multiplying both sides by A, we find
Z Q;;h(j) =0. inotin AUB
J

i=j
qij
i#]

where Q);; =
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Lecture 31 (v)

Eg Branching process

9ii+1 = A

q; i1 = i
State space =

{0,1,2,...}

0 is absorbing. Suppose X, = 1.
If p > X extinction (i.e. hit 0) occurs w.p. 1.

For A\ < u, p = P(extinction) =?
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Lecture 31 (vi)

Initial particle
branches — These 2 family

trees evolve
independently.

Both eventually
die out w.p. p.

Initial particle
dies before giving

. branching —0 N
p= R
A+ p A+ p
Solving:
p= £
A
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Lecture 31 (vii)

Exit times:
9(i) = E;Vy
= E(time of 1st visit to A | X, = 1)

If i € A, then g(i) = 0, since in A at time 0. Otherwise, mean
time held in ¢ is }\i before 1st jump. So by FSA
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Lecture 31 (viii)

. 1 o .
g9(i) = X + E 7;;9(j). 4 notin A
g

Again, multiplying by \;, we find
ZQZJQ(]) =—1 4 notin A
J
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Lecture 31 (ix)
[D] §4.5 - Markovian queues.

Eg M/M/1 Queue.

_)

Customer inter-arrivals IID Exp(\)

N
Service times IID Exp(u)
N
Only 1 server.
Qii+1 = A
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Lecture 31 (x)
q;;—1 = K

Simple B&D MC.
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Lecture 31 (xi)
By detailed balance:

)\ n
n=1 H 1 _ﬁ

(Recall in §3, we found 7y, =1 — %.)

507/637



Lecture 31 (xii)
By Little’s formula (L = AW),
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Lecture 31 (xiii)
Eg M/M/1 queue with a waiting room

Same as above, but system has capacity N. If N people in
system (1 being served, N-1 in queue) then if a new customer
arrives they cannot enter system, so they leave never to
return.
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Lecture 31 (xiv)

Theorem. Suppose (X,) satisfies DB with SD . Let (X/*) be
the same MC, but not allowed to leave A. Le.

q;;
)

q;-‘} =gj€eA

0
\ o/w
Then
A U

ZjeA Ty
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Lecture 31 (xv)
It turns out, for this MC

_0-26)

n _<A)N+1 :

m

This follows by previous example + the following useful
observation:
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Lecture 31 (xvi)
Proof.

(X;) DB = ;95 = Ti44;

Same holds for 74:

If 4 or j notin A then 0 = 0.

o/w

A _ _A
T 45 = T35 45
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Lecture 31 (xvii)
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Lecture 31 (xviii)

Theorem. Suppose (X,) satisfies DB with SD . Let (X/*) be
the same MC, but not allowed to leave A. Le.

q;;
)

q;-‘} =gj€eA

0
\ o/w
Then
A U

ZjeA Ty
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Lecture 31 (xix)
Proof.

(X;) DB = Tiq;5 = T;45;

Same holds for 74:

If i or j notin A then 0 = 0.

o/w

A _ _A
T3 4i5 = T35 445
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Lecture 31 (xx)

516/637



Lecture 31 (xxi)
Eg Barber cuts hair rate 3 Customers arrive rate 2. Only 2
waiting chairs. N = 3 in previous example, so

1
= —(27,18,12,8).
™ 65( Y Y 7)

1x18+2%x12+3 %8
65

L = LR ave. \# people =

in system

_ 66
65
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Lecture 31 (xxii)
It turns out, for this MC

_0-26)

n _<A)N+1 :

m

This follows by previous example + the following useful
observation:
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Lecture 31 (xxiii)
Eg Barber cuts hair rate 3 = p Customers arrive rate 2 = A
Only 2 waiting chairs. NV = 3 in previous example, so

= 1(27 18,12,8)
™= —= .
65 ) ) )

1-184+2-1243-8
65

L = LR ave. \# people =

in system

_ 66
65
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Lecture 31 (xxiv)
Little’s formula :

L=\W
where A\, = LR ave. rate customer join system.
114
Here A, = 2(1 —m3) = 4¢
~ W = LR ave time customers

spend at barber shop
L 66

— ™ — 111 ~ .b8 hours.

520/637



Lecture 31 (xxv)
Eg M/M/s multiple servers.

For instance: Bank with s tellers.
4;i+1 = A
4;;—1 = pmin{z, s}.

If A < su there is a SD 7. Use DB, but a little messy, see
p131.
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Lecture 32

Martingales capture the notion of a fair game:

Suppose a series of outcomes X|;, X1, ... are bet on. Let
M, = $ won after n bets.

(M,,) is a martingale (MG) with respect to (X)) if
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Lecture 32 (ii)
1. All E(|M,,|) < oo (usually not an issue.)

2. M, can be determined by X, ..., Xj, M|, (i.e. $ won after
n bets depends on initial fortune M, & first n bets only.)

3' E(Mn+1_Mn ’ Xn:xn,...,XOZxo,Mozmo):O
forany z,,, ..., zg, mg.

(i.e. neither gambler nor the house has an advantage)
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Lecture 32 (iii)

Often in our examples we will have (X)) a MC & M,, =
f(X,,,n), i.e. some (deterministic) function of X,, and n.
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Lecture 32 (iv)

Martingales are extremely useful tools in probability.

For example, we can use them to get much easier proofs
about exit distributions / exit times.

eg: Gambler’s Ruin: Instead of solving tricky recurrence
relations (HW#1), MG’s provide a slick proof.
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Lecture 32 (v)

To study MG’s we’ll need to use info about conditional
expectation from Stat 134.

Please review your Stat 134 notes and/or read §5.1 Soj
p201-204.
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Lecture 32 (vi)

Shorthand notation to make life easier.

For a vector v = (z,,, ..., £y, M), Let A, = {X,, =
- Xo = mg, My = my}.

Property (3) in definition of MG says E(M,,,; —
M, | A,) =0forallw.
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Lecture 32 (vii)
Eg SRW. X; IID. y = EX.

MG wrt X,
E(Mn+1 - Mn ‘ Av) = E<Xn+1 —H | Av)

:E(Xn—i—l)_l'bzo
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Lecture 32 (viii)
Eg X, IID, EX =0, 0% = Var X.

M, = S% — no?
MG wrt X,
My =M, = (S, +X,,,)" — 52— 0?
=28, X1+ X0y —0°
~E[M,.,—M, | A,

= 2SnE<‘Xn+1) + E(Xn-H) 02

=0 =sigma 2
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Lecture 32 (ix)

v
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Lecture 32 (x)

Eg Stock evolving in time:
X, 1D, EX = 1.
Mn = Xan—l""Xl MO

" fluctuations in value ™ initial value
where M,, is the value at time n.

E(M +1 _Mn ’ Av) = E[Mn(Xn—l-l - 1) ‘ Av]

n

— M,E(X,,,—1)=0

n
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Lecture 32 (xi)
Eg Exponential MG.

Y, IID, ¢(0) = Ee®Y < cc.

5 =513y

=1

Then M,, = isa MG wrt (Y,,).

GS
wo
Proof: Use last example with X, =

5
S
O
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Lecture 32 (xii)
Eg Gambler’s Ruin.

Y,ID,P(X =1)=p, P(X =—1)=1—p.

Suppose p # 3. Then

isaMG,whereq=1-p&S, =S, + 3" X;.

Proof. Select 6 such that e? = %. Then go(@?g: D % +q-

£ = 1. So by previous example efn = (%) “isamg. 0O
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Lecture 33
Recall: (M,,) a mg wrt (X,,) if

E(M, 1 —M, | A,) =0
where A, is defined by X,, = z,,, ..., X; = xo, My = m,,.
Eg Exponential mg.
Y;

:1ID, () = Ee?Y < oco.
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Lecture 33 (ii)
eSn .
. Then Mn = W 1s a mg.
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Lecture 33 (iii)

Eg Gambler’s ruin.

:IDP(X=—-1)=p, P(X=—-1)=1—p.

Sn
()
p

isamg, whereq=1-p&S, =5, + " X;.

Suppose p # 3. Then

Proof. Select 6 such that e/ = %. Then p(0) =p - % +4q-

£ = 1. So by previous example eSn = (%) " is a mg.
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Lecture 33 (iv)

In many applications, the game / process is not fair.
Super-mg if
E(M,, — M, | A,) <0
= House has advantage
Sub-mg if
E(Myy — M, | A,) >0

= Gambler has advantage.
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Lecture 33 (v)
Theorem. (X,,) a MC, (P),; = p;;. Suppose

J
Then M, = f(X,,,n) super mg.

Note: M, super mg < —M,, sub mg. So similar result holds
for sub mgs but with “<” instead of “>”.
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Lecture 33 (vi)

In many applications, the game / process is not fair.
Super-mg if
E(M,, — M, | A,) <0
= House has advantage
Sub-mg if
E(Myy — M, | A,) >0

= Gambler has advantage.
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Lecture 33 (vii)
Proof.

E[f(Xn-i-lan + 1) | An]

— FSA

= ZPXn,yf(y)n—i_ 1)

< f(Xy,m)
E[Mn+1 - Mn ‘ An] < 0.

So (M,,) a super mg.
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Lecture 33 (viii)
[D] §5.3 — Stopping times & gambling strategies.

In this section, we’ll prove the most famous result about
mg’s “You cannot beat an unfolable game”

(Theorem 5.9 [D]) — Bad news for gamblers
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Lecture 33 (ix)

First observation: If game is unfavorable (a super mg) then
fortune will tend to | in time.

Theorem. (M,,) a supermg. Then
EM, < EM,

for any n > m.
= (M,,) amg. Then all EM,, = EM,.

Proof. Try on your own. or p 207. &
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Lecture 33 (x)

To lead up to our main result, we first consider the following
betting strategy (popular in 18th century France) where
martingales got their name.
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Lecture 33 (xi)

Series of iid coin flips. Bet on H. If win double your wager.
Otherwise lose your wager. After every loss, double your
wager, so that when you eventually win, you recover your
losses + win a profit equal to size of original bet.

Eg
X X X V
1 2 4 8 —==15
spent

Problem: You might need a lot of $$$ to continue along
while you wait for a win.
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Lecture 33 (xii)

Eg Buy lottery tickets. Every time you lose, buy twice as
many next time. Would anyone want to do this?

At the stopping time T' = 1% win we are sure to get rich —
but the process is still unfavorable (a super mg)

E(M, ., | A,) < M, for all (deterministic) times n. Can
show directly (see [D]) — also special case of:
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Lecture 33 (xiii)
Theorem. (M,,) a super mg wrt (X,,). H,

“predictable” (depends only on info available before time 7:

X, 1,3 Xg, My) & bounded 0 < H,, < C,,. Then:

n

n
W, = W, + E H,, (M,, —M,,
—— —— m=1 ——

th after n bets initial wealth our bet on value of M,,—M,,

is a super mg.
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Lecture 34

Finally, we’ll prove the most famous result in MG theory:

“You can’t beat an unfavorable game.”
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Lecture 34 (ii)

Theorem Let (M,,) be a super-martingale with respect to
(X,,)- Let H,, be “predictable” (depends only on info
available before time n: X,,_,, ..., Xy, M) & bounded, 0 <
H, <C,.

Then:

Wn = VVO + Z Hm(Mm - Mm—l)
m=1

where
« W, is the wealth after n bets
« W, is the initial wealth
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Lecture 34 (iii)
« H,, is our bet on the value of M, — M,

is a super-martingale.
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Lecture 34 (iv)
i.e. No way to bet on an unfavorable game to make it
favorable if you:

Cannot know the future (H,, is predictable) Have a
bounded amount of money to wager: 0 < H, < C,
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Lecture 34 (v)

To see that the previous “doubling strategy” is a super-mg,
let M, = 27:1 X, be the wealth of a gambler that places $1
on all bets.

The wealth of a gambler that follows a doubling strategy
selects H,, = 2H,,_, if in the last step, other gamblers...
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Lecture 34 (vi)
Proof.

I¢§v+1 __ mez = liﬁrkl(jv[nrkl - ]v[n)
So,
l?[pm§v+1 — L‘Cz | /1n]
::lg[f{n+1(ﬂ4ﬁ+l'_'ﬂlﬁ) ‘fqn]
=H, EM, ., —M, | A4,] $H (n+1)$ is constant on $A_n$

<Cu1-0 since $(M_n)$ is a super-mg
=0
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Lecture 34 (vii)

Theorem Let (x M, *) be a super-martingale wrt (X,)).
Let * H,, * be “predictable” (depends only on info available
before time n: X,,_4, ..., Xy, M) & bounded, 0 < * H * <
C,,. (Constant depending on n).

Then: * W, % =« Wy x+ 32"« H, (M, — M, ;) *
where

« W, is the wealth after n bets

« W, is the initial wealth

« H_, is our bet on the value of M, — M,,_,

is a super-martingale.
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Lecture 34 (viii)
Proof.

Wn+1 - Wn = Hn+1 (Mn+1 — M, )

n

So
Elunderline[W, ., — W, ] | * A, %]
— E[Hn—l-l (Mn+1 o Mn) ‘ An]
=H, EM, ., —M, | A4,] $H (n+1)$ is constant on $A_n$

<Cu1-0 since $(M_n)$ is a super-mg
=0
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Lecture 34 (ix)

This theorem has a very important consequence.

Def: T is a stopping time wrt (X, ) if whether {T' = n} has
occurred can be determined from the info by time n:
n, X, ..., Xo, M.

We’ll see many applications of the following theorem in §5.4.

555/637



Lecture 34 (x)

Theorem Let (M,,) be a super-martingale wrt (X, ). Let T be
a stopping time (ST).

Then the stopped process is a super-martingale wrt (X,,).

In particular, E[M,, ] < E[M,].

If (M,,) is a martingale, E[M,, ,p] = E[M,].

n
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Lecture 34 (xi)
Proof.

Follows from the previous theorem by taking H,, = 1 up to
time 7', and H,, = 0 after the stopping time 7". Then,

LL;,:: ]V[nAZ“

is still a super-mg.
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Lecture 34 (xii)

Warning

As we saw for the doubling strategy, the same is not
necessarily true for M.

i.e. It is possible for M,, to be a martingale and 7" a stopping
time, but EMy # EM,.

This is a very common mistake!
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Lecture 34 (xiii)
“Bad mg” where EM #+ EM,

Eg: X; IID = +—1 with probability 1.
i=1
Suppose Sy = 1. Vj; = time of 1st visit to 0. T' = V}; is a ST.

Since (S,,) is recurrent, P, (7' < 00) = 1.~ Sp =0 =
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Lecture 34 (xiv)

The main problem is that S,, can take very large values
before finally visiting 0. In fact,
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Lecture 34 (xv)

On the other hand, if M,, cannot get too large before 7', then

Optional Stopping Theorem (OST)
(M,,) a martingale

T a stopping time

P(T < o0) =1, and for some k < oo,

EM, = EM,

Mp,,.| <k, then

(There are other versions of the OST.)
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Lecture 34 (xvi)
Proof.

Since T"is a ST, EM,,, = EM,.
EMypy, = E(Mplye,) + E(M,17.,)
Asn — oo, E(M,,1p.,,) < kP(T >n) — 0.
& E(Mplr.,) — EMy.
=~ Taking n — oo, we find

EM; = EM,

562/637



Lecture 35
Final chapter on MGs

[D] § 5.4 — Applications of MGs

We apply previous results about MGs to get quicker
solutions to questions about

« Exit distributions

« Exit times

« Extinction probabilities.
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Lecture 35 (ii)

eg Gambler’s ruin, p =

|=

3

is a MG.
T =min{n >0:S5, =a or b}.
aSSn/\T Sb

is bounded. Saw REC so P () = 1. - By OST,

r=FE,Sp=aFyg,—q T 0F s, =
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Lecture 35 (iii)
Tr = an(STza) + b(l - BE(ST:a)>

b—=x
b—a

= P:D(ST:a) =

Whena=0,b= N,

T
Pav (Jackpot) — N

So much easier than by recurrence relations!
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Lecture 35 (iv)

eg Asymmetric case, p # 3.

is a MG.

is bounded, and since SRW transient F, ;) = 1.
=
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Lecture 35 (v)

by OST,
a\” g\ 7\’
(9) = (%) Pasrmar* (2) Pasms
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Lecture 35 (vi)

N———
o
|
VY
B |I"BIKR
— [N——
Q 8

= PaJ(ST:a) =
Fora=0,b= N,

Rv(Jackpot) = W

Recall!

568/637



Lecture 35 (vii)
eg B&D MC. Birth & Death

In order to find a MG, recall:
(Xn)

MC with pij’s. If

pry =k f(X1)

then f(X,,) is a MG.
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Lecture 35 (viii)
We need to find f so that

f@)=qf(G—1)+p fli+1)+(1—q —p;)f(3)

= (¢; +p)f(i) = q;f(i—1) +p, fi + 1)

— fi+1)— f(i) = %(f(z‘) — f(i—1))

Z_’f

|;E|

570/637



Lecture 35 (ix)

f(X5)
is a MG.
Then, using OST,
_ [f(=) — f(a)
) = ) fla)
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Lecture 35 (x)

Similarly, MGs useful for calculating mean exit times.

=

eg Gambler’s ruin, p = 5

time game over.

By translation, we can assume
a<0
b>0

We'll show EyT = —ab.
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Lecture 35 (xi)
This implies if a < b € Z then E,T = (x — a)(b— z).

M, =5%—n
is a MG. However,
M,p =820 —(nAT)

is not bounded. So can not
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Lecture 35 (xii)

apply OST. But, we always have EM,, . = EM, = 0. We’ll
use this (just have to work a bit harder).

0= Eo(SFr, — (T An))
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Lecture 35 (xiii)
5;2

n

is bounded & P(T < 00) = 1,50 Ey(S21p.,) — 0asn —
00. Also Ey(T' An) — Ey(T) as n — oo. - Taking n — oo,

E,T = a®Fy(Sy = a) +b2Ry(Sp =)

575/637



Lecture 35 (xiv)

Wald's Equation
E;n = 5;0 + :E:: )(;
1
So €ER
, not random.
T

a ST,

ET <
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Lecture 35 (xv)
Then,

E(Sp —Sy) = nET

Note: This doesn’t just follow by LOE, because T" & (X;) not
indep.

577/637



Lecture 35 (xvi)
Informal proof:

M, =S, —nu
is a MG OST:
EM; = FEM,
= Sy =ESy — pET
= E(Sp—S,) = uET

However M, not bounded, so OST does not apply.
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Lecture 35 (xvii)
But this can be made rigorous by using

EMy\, = EM,
Always holds instead, as we did in previous example.

See p 215 for details.
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Lecture 35 (xviii)
Applying this to Gambler’s Ruin, p # 1.

Suppose p < % Vi = Time of 1st visit to 0. Recall M,

——~—
S, — (p—q)nisa MG.
= Ew(SVOAn—(p—q)(nAVo))

> (¢ — p)Eynayy)
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Lecture 35 (xix)
Taking n — oo,

By Wald’s Equation
(= E(Sp —8y) = pET)

Be(sy-o) = P 0B
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Lecture 35 (xx)

q—Dp
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Lecture 36

Extinction probabilities using M.G.'s

Def: X, iid Z-valued, y = EX >0, P(X > —-1) =1, &
P(X =-1)>0.Then S, = Sy + > | X, is called a left-

continuous walk.

Can make large jumps to —. But can ever jump 1 to .
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Lecture 36 (ii)

Theorem.

R axr
B (vp<o) = €770

where a < 0 solves ¢(a) = 1 with ¢(8) = EeX.

Proof. First note that « is well-defined: ¢(0) = 1 and
¢’ () = E(Xe?X),s0 ¢'(0) = EX > 0.
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Lecture 36 (iii)
Also for 6 < 0,

0(0) > e 'P(X =—1) =
as @ — —oo

This choice of a makes M, = e®*%» a M.G.
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Lecture 36 (iv)
E(M,. | A,)
= E(e**» M, | A,)
= M, EeXnn
since Fe®Xn+1 = 1.

M, is not bounded, so again OST does not directly apply.
We must use EM,

min

(n,v;) = £M and then take n — oo.
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Lecture 36 (v)
(But ignoring this, and using OST anyway,

e = E, My = E, My,
= By(vy<oc0)-

we do get the right answer.)

To make this rigorous,
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Lecture 36 (vi)

60[CD — E eaSmin(Vo,n)
X

= Fotisn) + By

eaSn 1V0>n>

Take n — oo: Em( — 0 since by SLLN S, ~ nu &

eaSn1V0>n)
a < 0soe*S» — 0. Hence,

e*® = By (v<co)
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Lecture 36 (vii)

This result can be used to obtain a “slick” proof of the
branching process theorem — using connection with left-cts
walk & BP (Think: Test 1, #2).

See [D] p. 217 for details.
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Lecture 36 (viii)
[PK] §2-5 — Martingale Maximal Inequality.

If (M,,) a MG, then all EM,, = EM,. So by Markov’s
Inequality,

EM,
P(M, >\ < /\0.
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Lecture 36 (ix)

However a much more powerful inequality holds:

MG maximal inequality

P( max M, > )\) EM,
0<n<m )\
And so,
P(maxM > )\) < EMy
n>0 A
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Lecture 36 (x)

Eg A gambler bets on a series of fair games (coin tosses, for
example), always betting proportion « € (0, 1) of their
current fortune.

X =

n

fortune after n bets.

X

n+l =

(1+a)X,, w.p.
(1—a)X,, w.p.

N~ N[
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Lecture 36 (xi)

Q Find an upper bound for prob. that they ever at some point
double their money, that holds for an a.

That is,

P(ever X, >2X,) <?
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Lecture 36 (xii)
E(Xn—l—l ’ An)

1
= S+ )X, + (1 - a)X,]
by MG max ineq.
P(ever double)

- P(maxXn > 2X0) <

N | =
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Lecture 36 (xiii)
Proof of max ineq.

m

EX,, = Z E<Xm1XO,...,Xn,1<>\,Xn2>\)

n=0

+E<Xm1X0,...,Xm<>\)

. m
(sincel1=3"" 1x  x . <xx,>xt1lx,,..x,<))

m
> Z E(XleO,...,Xn_1<)\,Xn2)‘)

n=0
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Lecture 36 (xiv)

EXm > Z E(Xle ..... Xn,1</\,Xn2)\)
n=0
= Z E(anxo ..... Xn,1<>\,an,\)
n=0

~~~~~~~
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Lecture 36 (xv)

>AY P(Xp,.. X, <A X, > ))
n=0

=)\P< max XmZ)\> [ |

0<n<m
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Lecture 37

New Topic: Brownian Motion
§8 [PK]
« A random, continuous path in time & space.

« Here in R?
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Lecture 37 (ii)
Background

« Roman Philosopher Lucretius 60 BC observed Brownian
motion, looking at dust particles dance in the light:

Observe what happens when sunbeams are admitted into a
building and shed light on its shadowy places. You will see
a multitude of tiny particles mingling in a multitude of
ways... their dancing is an actual indication of underlying
movements of matter that are hidden from our sight... It
originates with the atoms which move of themselves [i.e.,
spontaneously]. Then those small compound bodies that
are least removed from the impetus of the atoms are set in
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Lecture 37 (iii)
motion by the impact of their invisible blows and in turn
cannon against slightly larger bodies. So the movement
mounts up from the atoms and gradually emerges to the
level of our senses so that those bodies are in motion that
we see in sunbeams, moved by blows that remain invisible.
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Lecture 37 (iv)

« Botanist Robert Brown 1827 observed Brownian motion
through a microscope, tracking the trajectory of a pollen
grain in a container of water.

« Einstein 1905 began a more mathematical study of
Brownian motion. Explained that this rough/random path
is caused by continual bombardment in many directions by
water molecules upon the grain of pollen.
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Lecture 37 (v)

« Einstein’s work gave good evidence for the existence of
atoms. — 1908: Perrin explores this further & wins
Nobel Prize (1926)

+ The mathematical study then began to flourish, beginning
with e.g. Wiener, Lévy.
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Lecture 37 (vi)

+ Brownian motion remains an area of active research. It is
also an important building block used to construct more
complicated processes in use today.

+ Has many applications, perhaps most notably,
mathematical finance.
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Lecture 37 (vii)
Plan

« We'll cover some of §8 in [PK].

« See also “Brownian Motion” by Peter Morters & Yuval
Peres if you want to see proofs and many more facts about
Brownian Motion (418 page book!)
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Lecture 37 (viii)
Brownian motion has many interesting/beautiful properties.
In particular, it is a fractal:

Lévy | Paley, Wiener & Zygmund |
Continuous, but nowhere differentiable.
“It is a path, but very rough”

(Proofs in Morters-Peres, beyond Stat 150 level.)
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Lecture 37 (ix)

« If you zoom into anywhere along a polynomial, it looks
like a straight line (the tangent line).
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Lecture 37 (x)

« On the other hand, Brownian motion is “self-
similar” (fractal). No matter how close you zoom in, it
looks the similar to when you started!

1
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Lecture 38

Einstein:
Let (B,,t > 0) be position of particle evolving in time.

Let py . be PDF, the density with which particle moves
from z to y in time ¢.

He argued, by physics, that

delp 0_2 del?p
delt 2 del 22

for some “diffusion coefficient” o2.
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Lecture 38 (ii)
This implies (see [PK] Exercise 8.1.3) that

1 (y—=)2

e 2to2

Pi(zy) = v 2mto ’

a normal density.

- Ifo? = 1, pt(m,y) = go(y - .T),

and we call (B,,t > 0) standard Brownian motion.
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Lecture 38 (iii)

Mathematical definition of Brownian motion:

Definition

(B,,t > 0) is BM with diffusion coeff. o2 started from z if
« a) All increments normal: B, ,, — B, ~ Normal(0, 0%t)
+ b) Indep. increments

« ¢) By =z &t — B, is a continuous function.
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Lecture 38 (iv)

Unless otherwise stated, we’ll always assume (B,,t > 0) is
standard, o2 = 1.
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Lecture 38 (v)

Brownian Motion & Random Walk (Donsker’s Invariance
Principle)

« Brownian motion is the “scaling limit” of random walk.

Let X, X,, ... beiid. EX =0, Var X = 1.

E;ﬂl = :éi: }(;

: SRW.
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Lecture 38 (vi)
Let B,, be the linear interpolation of .S, , scaled by \/iﬁ
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Lecture 38 (vii)

Theorem (Donsker)

longrightarrow.b(n — 00)(B,,0 <t < 1)
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Lecture 38 (viii)
This is a very substantial improvement upon the CLT:
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Lecture 38 (ix)
That is,
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Lecture 38 (x)

Some results about BM can be anticipated due to connection
with SRW.
Eg X;iid P(X =+-1)=2.a<0<b.

b

By(hit a before b) = 0
a

Therefore:

. by/n b
Fy(B, hits a before b)_nh—>n<>10a\/_+b\/_ S
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Lecture 38 (xi)
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Lecture 38 (xii)
§8.2: Maximum of BM & The Reflection Principle.

« Many useful properties follow just from continuity of BM
+ symmetry of Normal PDF.
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Lecture 39
§8.2: Maximum of BM & the Reflection Principle.

« Many useful properties follow just from continuity of BM
+ symmetry of Normal PDF.

620/637



Lecture 39 (ii)

Theorem (Reflection Principle)

For any x > 0:

P(max B, > ac) =2P(B, > x)

0<s<t
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Lecture 39 (iii)
~ P(B, > x)

is only  the probability that P(max,,; B, > z).
(|
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Lecture 39 (iv)

The RP has many important consequences.

Eg Zeros of Brownian motion

2 s
P(B, =0,some t<u<t+s) :—arctan\/;
T
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Lecture 39 (v)
Proof.

hitting time of x.
By RP:
P(T,<t)= P(max B, > a:)
0<u<t

=2P(B, > )

2 /°° _gjd
= (A t
V2mt J, Y
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Lecture 39 (vi)

L (=)

= — e 2 u U = —

T™J = \/E
Vvt

3

T2 2

t) = e 2t
fTw( ) V2r

NOW, let Ht(z,x) = ‘F)Z(TmEt)'
Clearly Hy ,) = Hy(; o) (Symm. of Normal)
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Lecture 39 (vii)

P(B, =0,some t<u<t+s)

> 1 2
=2 H ——e 2tdx
/0 s(z,0) /_271’t

by sym.

626/637



Lecture 39 (viii)

Calc. Change of variables p. 409

Trig: Exercise 8.2.2.

2 t 2 S
= — arccos = —arctan 4/ —
™ t+s s t
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Lecture 39 (ix)
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Lecture 39 (x)

It can be shown (more advanced classes in prob. or see
Morters-Peres) that the set

Z ={t:B, =0}
is
+ Infinite by RP
« Uncountable
« No isolated points

+ Measure zero
Fractal (Hausdorff) dimension 1/2.
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Lecture 39 (xi)

Other useful extensions discussed in §8.3-8.4.

Reflected BM: | B, | Absorbed: B, = z, stopped at 0.

4 Bt t<T,
ET10 if > T,

« With drift y: X, = ut + 0B,

Incr. Normal(us, o).
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Lecture 39 (xii)

« Brownian Bridge:
(B°,0 < t < 1) is BM conditioned on {B, = B; = 0}.
A slick way of obtaining this is:

BY = B, — tB,
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Lecture 39 (xiii)
Application (used in e.g. Non-parametric Stats) X;, X,, ...
D

Empirical CDF

1 N
FN(t) = N Zfz‘(t)agi = l{Xigt}

Use this to estimate (unknown) CDF F'(t) = P(X < t).
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Lecture 39 (xiv)
Eg if X, IID Uniform(0,1)

By = P(X <t)=t

Yo >0 (& — )
N(t) — ‘V/jif

= VN (Ey) —t)

— B
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Lecture 39 (xv)
So error is a Brownian bridge, scaled by v/N.
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Lecture 39 (xvi)

It is an important, but somewhat tricky, matter to show that
Brownian motion exists — i.e. it is possible to construct a
process (B,,t > 0) satisfying conditions 1-3 above.
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Lecture 39 (xvii)
Paul Lévy’s Construction

Dyadic Rationals

Are dense in [0, 1].
Select IID Z, ~ Normal(0, 1), one for each ¢t € D,,.
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Lecture 39 (xviii)
Fig. 1.2. The first three steps in the construction of Brownian
motion

See Morters-Peres p 9-12.
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