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Abstract

In this work, we present a comparative analysis of correlation skew models for
pricing of CDOs. All of these models are based on the factor copula pricing framework
and can generate correlation skews. The models compared are normal inverse Gaussian
copula, stochastic correlation model and local correlation model. By using Gaussian
copula as benchmark, the fitness of these models to market data will be tested. Because
the subprime mortgage crisis causes structural changes on the credit derivatives market,
the fitness before the crisis and after the crisis is compared. Finally, the stability of
parameter values over time will be given.

Keywords. synthetic CDO, correlation smile, probability bucketing, NIG copula,

stochastic correlation, local correlation
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Chapter 1

| ntroduction

Since the first time credit default swaps (CDS) were introduced in the 1990s, there
have been rapid developments in credit derivatives markets. As the market has grown,
basket credit derivatives such as first-to-default CDS as well as synthetic CDOs
emerged. In 2004, CDS indices iBoxx and Trac-X merged into i Traxx, and standardized
tranches linked to these indices began to be actively quoted. Since then, the credit
products depending on default correlations have become even more popular. However,
in the late 2007, the subprime mortgage crisis in US hit the credit derivatives market
and triggered a global financial crisis. The inevitable credit crunch made things even
worse. Though the causes of the crisis are complicated, these events obviously raise
doubts about current approaches to credit risk modeling and pricing, especially for
CDOs.

The standard approach to pricing basket credit derivatives is one-factor Gaussian
copula. The use of copula functions to describe the dependence structure among default
times is pioneered by Li (2000). This approach allows independent specification of the
dependence structure among defaults and the single-name credit curves. It is
advantageous since the traditional reduced-form model can calibrate single-name credit
curves accurately. When coupled with the factor approach, a semi-analytical formulafor
pricing CDOs can be obtained. If the large homogenous pool (LHP) assumption
proposed by Vasicek (1987) is adopted, a closed-form solution can be achieved under
Gaussian copula setting. When standardized index tranches market emerged, it becomes
possible to calibrate the correlation parameter used in one-factor Gaussian copula model
from market quotes by assuming identical correlation among all reference entities. Since
the default processes of reference entities do not depend on any specific tranche
characteristics, the correlation parameter should be the same across tranches. However,
in redlity, different correlation parameters are needed to match market quotes of
different tranches exactly. Often, the correlation implied by the senior tranche and the
equity tranche is higher than the correlation implied by the mezzanine tranche. This

phenomenon is well known by market participants and is called correlation smile or
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correlation skew. It shows that the distribution of portfolio loss implied by Gaussian
copula is inconsistent with the market implied loss distribution and further challenges
the standard approach adopted by the industry. To address this issue, base correlation is
proposed by McGinty, Beinstein, Ahluwalia, and Watts (2004) from JPMorgan.
Nonetheless, this ad hoc method does not resolve the fundamental inconsistency
exhibited by the Gaussian copula approach and cannot price all tranches using a single
parameter set. Therefore, there continue to be works on correlation skew modeling, and

thisfield is still being actively researched.

The aim of thisthesisis to provide a comparison of some correlation skew models
that have been proved accurate and to examine their effectiveness after the subprime
mortgage crisis. Only the factor copula approach is considered since it provides a
semi-analytical framework for pricing CDOs and facilitates the comparisons among
models. The models under study are (1) normal inverse Gaussian copula (Kaemanova,
Schmid and Werner, 2007), (2) stochastic correlation model (Burtschell et al., 2005),
and (3) local correlation model (Andersen and Sidenius, 2004). By using one-factor
Gaussian copula as benchmark, we will test the fitness of each model by comparing
their absolute pricing errors and the sum of error squared across tranches. The change of
market fitness due to the subprime mortgage crisis will be closely examined. Finally,
the stability of the calibrated parameter values of each model will be investigated.

The thesis is organized as follows. Chapter 2 reviews basic knowledge about
pricing CDOs and reviews how to value CDOs under the factor copula framework.
Chapter 3 describes the standard market model and correlation skew. Chapter 4 details
the models under comparisons. Chapter 5 shows the numerical results. Chapter 6

concludes.



Chapter 2
Valuation of CDOs

2.1 CDS, CDOs, and Index Tranches

Since credit default swap is the basic building block for synthetic CDOs as well as
one of the most used instruments in the credit derivatives market, a description about
credit default swap is given first. A credit default swap (CDS) is acredit derivative used
to transfer the credit risk of a reference entity from one party to another. In a standard
CDS contract, one party (the protection buyer) purchases credit protection from the
other party (the protection seller) to cover the loss of the face value of an asset
following a credit event. A credit event is usualy either a default of the reference entity
or other specified events defined in the ISDA agreements. This protection lasts until the
maturity date specified in the contract. For this protection, the protection buyer
periodically pays CDS spread based on the notional of the contract to the protection
seller until a credit event or maturity, whichever occurs first. If a credit event occurs
before the maturity date of the contract, the protection seller pays the difference
between par and the post-default price of the assets of the reference entity based on the
notional of the contract, and receives the accrued spread up to the event time. The above
loss compensation and the accrued spread are assumed to be settled at the time the
credit event occurs. The loss payment can be made by physical settlement or cash
Settlement.

CDS contracts are often traded in unfunded format. Namely, no exchange of
notional is made at the initiation date and the maturity date. Only when a credit event
occurs are loss payments required to be made by the protection seller to the protection
buyer. Thus CDS contracts have counterparty risks. The payments involved during the
life of a CDS contract is illustrated in Figure 2.1. Notice that the periodic spread
payments to the protection seller are often called the “premium leg,” and the contingent
loss payments to the protection buyer are often called the “protection leg.” The same
terminologies are also used in the payment structure of synthetic CDOs.



CDS spread
(premium leg)

\ 4

Protection Protection
buyer seller

L oss payment
if acredit event occurs
(protection leg)

Figure 2.1: The structure of a CDS contract.

A collateralized debt obligation (CDO) is a securitization of a portfolio of
defaultable instruments such as loans, bonds, etc. CDO investors will bear the losses
resulting from the defaults of the instruments in the underlying portfolio in return for
periodic payments. The underlying portfolio is transferred from the originator to a
specia purpose vehicle (SPV) that issues securities on the portfolio in several tranches
with different seniorities. The cash flows generated from the underlying portfolio are
arranged such that the most senior tranche is paid before mezzanine tranches are paid
and with any residual cash flow to the equity tranche. When credit events occur, losses
of the portfolio are absorbed first by the equity tranche and then by the next tranche, and
so on before they reach the most senior tranche. The structure of CDOs is illustrated in
Figure 2.2. Consider the example illustrated in Figure 2.2. Each tranche is defined by an
attachment point and a detachment point. The investors of a specific tranche will bear
all losses in the portfolio in excess of the attachment point and up to the detachment
point in percentage of the total principal of the portfolio. For example, the equity
tranche in Figure 2.2 has 10% of the total principal and covers all losses from the
portfolio during the life of the CDO until they have reached 10% of the total principal.
The mezzanine tranche has 20% of the total principal and absorbs all losses in excess of
10% of the principal up to a maximum of 30% of the principal. The senior tranche has
70% of the principal and bears all losses in excess of 30% of the principal. Notice that
the interest rates paid to tranche investors are based on the balance of the principal
remaining in the tranche after losses have been paid. Take the equity tranche for
example. At the outset, the 30% interest rate is paid on the total amount invested by the
equity tranche investor. If 5% losses of the total portfolio have been experienced, the
equity tranche investors have lost 50% of their initial investment and the interest rate is

paid on only 50% of the original amount invested.
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 Proceeds Special | Proceeds|  Senior tranche
Originator purpose vehicle 0%-10% of loss
> (SF’V) 5| Interest rate = 30%
Sales of Interest .
portfolio rates Mezzanine
tranche

10%-30% of loss
Interest rate = 15%

Reference -
portfolio Equity tranche

30%-100% of loss
Interest rate = 5%

Figure 2.2: The structure of cash CDOs.

In recent years, synthetic CDOs emerge as a flexible and low-cost tool for
transferring credit risk off balance sheets. The difference between cash CDOs
mentioned above and synthetic CDOs relies on the ownership of underlying portfolios.
While in the former a portfolio of bonds or loans are securitized and the ownership is
transferred from the originator to an SPV, in the latter the exposure is obtained
synthetically through credit default swaps or other credit derivatives and the underlying
portfolio remains on the originator’s balance sheet. Thisisillustrated in Figure 2.3.

Loss Loss
4_??{”_‘9_’?_3__ Special payments)  Senior tranche
Originator purpose vehicle
> (SPV) > Mezzanine
CDS Interest tranche
Spreads rates
; Equity tranche
Reference
portiolio = it swaps

Figure 2.3: The structure of synthetic CDOs.



Synthetic CDOs may be either funded or unfunded. When issued in a funded
format, the proceeds provided by investors at the time of investment are often invested
in high-quality, liquid assets until a credit event occurs. The returns from these
investments plus the premium from the CDS counterparty provide the cash flows to pay
interests to the investors. When a credit event occurs and a payout to the CDS
counterparty is required, the required payment is made from the reserve account that
holds the liquid investments. In contrast, when issued in an unfunded format, the
investors receive periodic payments but do not place any capital in the CDO when
entering into the investment. Instead, the investors retain funding exposures and may
have to make a payment to the CDO in the event the losses of the portfolio reach the
attachment point of the tranche. In the rest of this thesis, synthetic CDOs are implicitly
assumed to be unfunded.

The indices have been developed to track CDS spreads. The iTraxx is the family of
CDS index products owned, managed, compiled and published by International Index
Company (11C). Nowadays, they form a large share of the overal credit derivative
market. The indices are constructed on a set of rules according to the liquidity of the
underlying CDS. The iTraxx are rebalanced every six months known as “rolling” the
index. The index after rebalancing is called a new series. The composition of a new
series of iTraxx is determined as follows. Index composition is initially set to be the
same as the previous series. Ineligible entities (defaulted or merged) are excluded. Any
entities with the highest CDS trading volume over the previous 6 months and not
already in the index are added until the CDS' remain in the final composition of the
index have highest liquidity. The roll dates are March 20th and September 20th each
year. These indices are tradable instruments in their own right with pre-determined
fixed rates. The iTraxx Europe is one of the most popular CDS indices representing an
equally-weighted portfolio of the most liquid 125 credit default swaps on
investment-grade European companies. The iTraxx Europe is traded at 3, 5, 7 and
10-year maturities. The iTraxx Europe is also split into traded sector indices (autos,
consumer, energy, industrial, non-financials, TMT, financial senior and financial sub)
and a HiVol index composed of companies from iTraxx Europe with the top 30 highest
CDS spreads. A Crossover index comprising the 50 most liquid sub-investment grade
European companies is also traded. The iTraxx product family is illustrated in Figure
2.4.



Benchmark Indices Sector Indices Derivatives
ITraxx Europe Autos Consumers Tranched iTraxx
Top 125 names in terms of Exposure to five
CDSvolumetraded in the standard tranches of
six months prior to the roll iTraxx Europe
Energy Industrial 0-3%
3-6%
ITraxx Europe HiVol 6-9%
. 9-12%
Top 30 highest spread Non- T™MT 12-22%
names from i Traxx Europe Financials
iTraxx Europe Financial Financial iTraxx Options
Crossover Senior Sub
Exposure to 50 European
sub-investment grade .
reference entities ITraxx Futures

Figure 2.4: TheiTraxx product family.

The iTraxx Europe index is also used to define standardized index tranches similar
to the tranches of a CDO. In Figure 2.4, the tranched iTraxx investors who are
essentially the protection seller are responsible for all losses on an underlying index
portfolio of CDS in excess of a respective tranche attachment point up to the
detachment point. Thus, an index tranche is economicaly equivalent to a synthetic
CDO tranche. In return for covering the losses, the investors receive a running spread
quarterly. Once default occurs, the notional amount upon which the running spread is
charged is reduced with losses, dollar for dollar. All tranches except the equity tranche
have a predetermined running spread; the equity tranche (0-3%) has an upfront fee.
Unlike other tranches, the equity tranche has a contractually set running spread of 500
basis points per annum and the upfront fee is negotiated in the market. Market quotes of
ITraxx Europe 5 year index and its tranches on April 7, 2008 is presented in Table 2.1.
In Table 2.1, all tranche spreads are quoted in basis points per annum except the 0-3%

tranche, which is quoted as an upfront payment in percentage of the tranche notional.



iTraxx Europe 5 Year, Series 9 on 7 April 2008 Source: Bloomberg

Tranche 0-3% 3-6% 6-9% 9-12%  12-22%  Index

Spread/Upfront fee  30% 335bp 190bp 135bp 62 bp 85 bp

Table 2.1: Market quotes of i Traxx Europe 5 year on April 7, 2008.

2.2 General Pricing Formulafor CDOs

In this section, general formulae for determining the market value and the fair
spread of a CDO tranche will be derived. These formulae are model-independent and
thus are general. The fair spread of a CDO tranche is the spread such that the
marked-to-market value of the contract is zero. Namely, the present value of the
premium payments is equal to the present value of the contingent loss payments. The
premium payments are called the “premium leg” and refer to spreads received by the
protection seller or the tranche investor. The contingent loss payments are called the
“protection leg” and refer to cash flows that cover losses affecting the specific tranche
and are paid by the protection seller. Here, only unfunded CDO is considered. However,

the same concept can be extended to fully funded CDO.

In this thesis, we assume that there exists a risk-neutral probability measure Q such
that all discounted price processes are martingales under this measure. All expectations
in the following formulae are taken with respect to this measure. In addition, the total

notional of CDO is assumed to be one unit of currency.
For convenience, the notations used in this section are listed below.
® ap: The attachment point of the CDO tranche as a percentage of total notional.
® dp: The detachment point of the CDO tranche as a percentage of total notional.

® A, : Theyear fraction between two payment dates t_, and t;.
® B(0,t): Thediscount factor at time O for cash flow occurring at t. .

® T: Thetimeto maturity of CDO as afraction of year.
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® | (t): The aggregate portfolio loss as a percentage of total notional at time t.

® L"(t): Thetranche loss as a percentage of total notional at time t.

® MTM: The market value of aCDO tranche at time 0.
® S Thefair spread of the CDO tranche.

A tranche suffers a loss only if the total portfolio loss in percentage of total
notiona exceeds the attachment point of this tranche and the maximum loss of a tranche
is the trance’'s size. The tranche loss in percentage of total notional at time t can be

expressed as follows.

L" () = max{ min{L(t) - ap,dp - ap} .0}
Then the present value of a protection leg in percentage of total notional can be

calculated by taking the expectation with respect to the risk-neutral probability measure
Q. It isexpressed asfollows:

PV (Protection Leg) = E° UOT e L (t)}

On the other hand, given the payment dates O=t, <t <...<t ,<t, =T, the

present value of premium leg in percentage of total notional depends on the remaining

tranche notiona at time t and can be written as follows:

~[ir,ds

PV (Premium Leg) = E® {Zn: SA ;e " (dp—ap-L"(t, ))}

Therefore, the marked-to-market value of a CDO tranche from protection sellers

view can be expressed below:

MTM = E° [Z SA e (dp-ap- Lt ))} -E°| e
i=1



The fair spread can be obtained by choosing a spread such that the above formula
isequal to zero. It is expressed below:

EQ[ [[e (t)]

S—
EQ{Z Ay e (dp—ap-L"(t ))}

i=1

For ease of implementation, it is furthermore assumed that the interest rate is
stochastically independent of the occurrences of credit events in the reference portfolio.
The integral appearing in the protection leg is discretized by assuming the credit events
can only occur at the payment dates. Then the marked-to-market value of a CDO

tranche and itsfair spread can be rewritten as follows:

MTM = Z SA,;B(O,t)(dp—ap—E°[ L"(t)])

; 2.1)
- 8O (B[ w)]-E°[17t.)))
3 8O EL ()] £l 1))
- = (2.2)

iAi_n B(O.t,)(dp-ap—E°[L" (1))

i=1

2.3 Review of Copula

In order to obtain the fair spread of a CDO tranche, it is essential to determine the
aggregate portfolio’s loss distribution. The factor copula approach has proved to be
powerful since it provides a semi-analytica framework for pricing CDOs. In this
section, some basic concepts about copula will be reviewed and then the details about

the factor copula approach will be given in the next section.

For ease of exposition, only bivariate copula is introduced. However, the same
concepts can be extended to the multivariate case. To start with, the notions of
groundedness and the 2-increasing property should be given first, which allow copulas

to respect the properties of the distribution function.
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Consider two non-empty subsets A and A of R and a function
G:A XA, > R. Denotewith a theleast element of A,i=12. Thefunction G is

said to be grounded if for every (v,z) of A XxA,, G(a,z)=G(v,a,)=0.

The function G is caled 2-increasing if the following condition holds for every

rectangle [v;,v,]x[z,z,] whoseverticesliein AXxA,:

G(V21 22)_G(V2’ 21)_G(V11 Zz)+G(V11 Zl) 2 O1VV1 SVZ’ 4 S 5.

Note that the left hand side measures the mass of the rectangle [v,,v,]%x[z,z,]

according to the function G . In other words, the 2-increasing property requires that the

functions assign non-negative mass to every rectangle in their domain.

A bivariate subcopula is a rea functionC: AxB —[0,1], where A and B are
non-empty subsets of | =[0,1] containing both 0 and 1 such that (1) it is grounded, (2)
2-increasing, and (3) for every (v,z) of AxB, C(v,))=v, C(1,z)=z. A bivariate
copula C isabivariate subcopulawith A= B=][0,1] . Notice that, from the definition,
copulas are joint distribution functions of standard uniform random variables. Suppose
that the distribution functions associated with random variable X and Y are F(X)
and F,(y), respectively. Through the inverse probability integral transforms, a copula

computedat F,(x) and F,(y) givesajointdistribution functionat (x,y) thus,

C(R(x), Fy()) = P{U, < F,(X),U, < Fy(Y)}
=P{F'(U)<xF,'U,) <y}
=P{X <xY <y} =F(xY)

The link between distribution functions and copulas allows us to consider a copula
a dependence function. This relationship is essentialy the spirit of Sklar's theorem,
which says that not only do copulas evaluated a F(x) and F,(y) give joint

distribution functions at (X,y) but the converse also holds true. To wit, joint

distribution functions can be represented by the marginal distributions and a unique
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subcopula, which in turn can be extended (not unique, in general) to a copula. Sklar's
theorem is stated formally below.

Let F(x) and F,(y) be two marginal distribution functions. Then for

every (X, y) e R?,

@@ If C is any subcopula whose domain contains Range(F,) x Range(F,) , then

E(Fl(x),Fz(y)) is a joint distribution function with marginal distributions
F(x) and F,(y).

(i) If F(x,y) isajoint distribution with marginal distribution F,(x), F,(y),
then there exists a unique subcopula C: Range(F,) x Range(F,) —[0,1] such

that F(x,y)=C(F,(X).,F,(y)) . If F(x), F(y) ae continuous, the
subcopula is a copula. If not, there exists a copula C such that

C(v,2) = C(v, 2), for every (v, z)e Range(F,)x Range(F,).

By splitting the joint distribution into the margina distributions and a copula,
margina behavior as represented by marginal distributions can be separated from the
association as represented by a copula. That is why copulas can be thought of as
dependence functions. The use of copulas gives great flexibility when modeling joint
default processes in the reference portfolio of a CDO. Since there has been accurate
ways to model single-name credit, it suggests that we can price CDOs by modeling
single-name credits using existing techniques and then choosing an appropriate copula

to model the dependence structure among credits.

Before closing this section, a useful corollary is stated below. This corollary allows
us to construct a copula from the margina distributions and the joint distribution
function by inversion of Sklar’s theorem. This will help explain the link between

copulas and the factor copula framework described in the next section.
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Given part (ii) of Sklar's theorem, the subcopula such that F(x,y) :E(Fl(x),Fz(y))
is C(v,2) = F(F,(v),F,%(2)). If Range(F,) = Range(F,)=[0,1], then the subcopulais

acopula.

2.4 TheFactor Copula Pricing Framework

Although the use of copula functions alows separate specifications and
calibrations of single-name credit curves and the dependence structure among credits, it
is rather low when there are a large number of credits involved in a CDO. The main
feature of the factor copula approaches is that default events are independent
conditioned on some latent state variables. This eases the computation of aggregate loss
distributions through dimensionality reduction and provides a semi-analytic solution to
the pricing of CDOs. This factor approach is nicely suited for high-dimensional
problems. For the sake of simplicity, only one-factor model is considered since it is
parssmonious with respect to the number of parameters, which will ease model
calibration. Nonetheless, this technique applies to multi-factor models as well.

Consider an underlying portfolio containing debt instruments of n companies and
suppose that the marginal risk-neutral probabilities of default can be obtained for each
company. One approach to back out the risk-neutral probabilities of default is shown in
Appendix A. To model default times jointly, we define latent random variables X,

below:
X =aM +,1-a°Z,-1<a <1,i=12,..,n

where M and {Z;}", are stochastically independent and all of them have zero mean
and unit variance. Notice that X, also has zero mean and unit variance and the

correlation between X; and X; is aa,.

To proceed, define the following notations:
® 7, : Thedefault time of the i-th company.

13



® Q(t): The cumulative risk-neutral probability that company i will default

beforetime t.

® F(X): Themarginal distribution function of X..
® F (X,X%,...,%,): Thejoint distribution function of X;’s.

Further suppose that X.'s are continuous. So there exists a unique copula to
represent the joint distribution of X,’s. Then the copula specifying the dependence

structure among X,’s can be constructed by applying the corollary stated in the

previous section. That is,
Coe (U Uyonty) = Fy (FAW), B (W), F (W)

Applying this copula to represent the joint probabilities of default times, the
following formulais obtained:

7, <t,7,<t,,..,7, <t,)

Q7
Ce (Qt). Q (L), Qu(t,)
F
F

(F QW] F Q)] B Q0 t)])
x (X %5100 %)

where x = Fi‘l[QI (t)],i=12,..,n. Under this copula model, the event that the i-th
company defaults before time t, is the same as the event that X, falls below a
threshold x . Intuitively, we may think of latent variables X.’s as the firm values of
companies and consider X 's as default thresholds of companies. When the firm value

of a company falls below the default threshold, its total assets cannot fulfill the
obligations and thus the default occurs. Viewed in this way, the occurrences of defaults
agree with the definition of default in structural-form models. This interpretation also

provides some economic insights on the factor copula approach.
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Since default events can be represented by X.’s and X.'s are stochastically
independent given the common factor M , it is straightforward to build up the portfolio
loss distribution by conditioning on the common factor. After the loss distribution by
time t conditioned on the common factor M is calculated, it can be used to compute
the expected tranche loss conditioned on M , i.e., E°[L" (t)|M]. Then the expected
tranche loss by time t can be determined by integrating the conditional expected
tranche loss numerically with respect to the common factor M . Plugging the expected

tranche loss by each payment date into formula (2.2), the fair spread of the CDO tranche

can be obtained.

Therefore, the problem reduces to how to construct the portfolio loss distribution
conditioned on the common factor M by time t. Several approaches have been
proposed to build up the portfolio loss distribution. The approach described here is the
probability bucketing method of Hull and White (2004) since it is intuitive and easy to
understand. This method works by constructing a bucketed distribution to approximate
the true portfolio loss distribution. The bucketed distribution is constructed by dividing
the true portfolio loss distribution into several buckets. The probability associated with
each bucket is assumed to be concentrated at the mean loss conditional that the lossisin
the bucket.

Suppose that al potential |osses are divided into the following ranges: [0, b,), [b,,
B), ..., [be,, o). We designate [0, b,) as the Oth bucket, [b_,, b ) as the k-th
bucket (1<k<K-1),and [b, ,, o) asthe K-th bucket. Denote p, as the probability

that the loss conditioned on the common factor M by time t will be in the k-th

bucket and let A be the mean loss by time t conditional that the loss is in the k-th

bucket (0< k < K). Then the distribution function of the bucketed distribution used to

approximate the true portfolio loss distribution can be expressed as follows:
~ K
F(x) = z P 1{X2Ak}
k=0
The p 'sand A ’sin the above formula are calculated iteratively by introducing one

debt instrument at a time. In the iterative procedure, it is assumed that the probability
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associated with bucket k is concentrated at the current value of A . After all of debt

instruments are introduced, the bucketed distribution is completed. Though the
probability bucketing method allows the recovery rates to be stochastic, it is assumed
that the recovery rates are constant but need not be identical among al credits. We
proceed to describe the details of the method below.

Initially, there is no debt instrument. Hence, p,=1, p,=0 fork>0and A, =0.
The initial values of A ’'s for k > 0 are set arbitrarily as Ak:(bK—l—;bK) for

1<k<K-1 and A =b,. Suppose that p 's and A’s are determined when the

first i—1 debt instruments are introduced, the loss given default from the i-th debt
instrument is LGD,, and the default probability conditioned on M by time t is
im

P

probability for the i-th debt instrument can be obtained under the one-factor copula

. Let H(2) be the distribution function of Z’s. Then the conditional default

modd as follows:

pM =Q(z, <t|M)=Q(X, <X |M)=Q(aM +,1-a%Z, < x |M)
:H[Xu ‘au'\/']: H{F.l(Q(t))—ajM}

J1-a? J1-a?

Define u(k) as the bucket containing (A +LGD,) for 0<k<K. Since each
bucket may be updated several times when one debt instrument is introduced, for the
sake of clarity, we denote p{”’ and A" asthevaluesof p, and A after j updates.
In particular, p® and A? are the initial values before any updates. In addition, to
update the conditional mean losses correctly, a variable B! is introduced for each

bucket k to denote the mean loss by time t after j updates that the default of the i-th debt

instrument will move the aggregate loss from other buckets to bucket k. The B{”'s are

set to zero for each time one debt instrument is introduced. Then the updating scheme

can be determined as follows. If p!” =0, then no update is made for bucketk , i.e., p,

and A remain unchanged. Since the probability that the aggregate losses fall on
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bucket k is zero, the calculation of conditional mean loss A is unnecessary. If

u(k) =k, then

(14D — ()
P = B

0 0 j
plg)AE)+BIEJ)

(j+1)
P«

A =

If u(k)>k,then

j+1 j 0 iiM
p™® = p - p@p!!

A£j+1) _ pIEO) - ptilM )AEO) + Blgj)
BT

(i+) _ RK(D) (0) {ilM
Pugy’ = Puio T P B

B =B + p” p™ (A + LGD,)

Notice that when u(k) is not equal to k, the addition of the i-th debt instrument
will move some amount of probability from bucket k to bucket u(k) because only

when no default occurs on the i-th debt instrument do the aggregate losses fall on the
k-th bucket. After al debt instruments are added, the bucketed loss distribution is
obtai ned.

In the following, we will give a numerical example to illustrate the updating
scheme. Suppose that there are three debt instruments in the portfolio. The notional of
each debt instrument is 15 units of currency. Their default probabilities conditioned on

M by timet and losses given default are listed below:

® Debtinstrument 1: p™ =0.2, LGD, =4.

® Debtinstrument 2. p™ =0.4, LGD, =4.
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® Debtinstrument 3: p? =06, LGD, =4.

Further suppose that the tranche’s attachment point is 12% and the detachment point is
22% and all potential losses are divided into the following ranges: [0, 4), [4, 8), [8, 9.9),
[9.9, o). Initidly, p's, A’'sand B 'saresetasfollows:

| Bucket O lbo Bucket 1 Ibl Bucket 2 lbz Bucket 3

v

| | ! !

0 p¥ =1 4 p® =0 8 p” =0 99 Y =0
A =0 A? =6 A” =8.95 A =99
B” =0 B =0 B{® =0 B{® =0

Consider adding the debt instrument 1 into the portfolio. When k=0, A® +LGD,=4,

u(0) =1. Bucket 0 and bucket 1 are updated as follows:

py’ = pi” — p¥ p™ =1-1x0.2=0.8

P 1- p"™)AY + B 1x(1-0.2)x0+0 _
P’ 0.8

0

AP -

p® = p@ + p@pM = 0+1x0.2=0.2

BY =B + p{” o™ (A” + LGD,) =0+1x0.2x (0+4) = 0.8

When k=1, A?+LGD,=6+4=10, u(l)=3. Bucket 1 and bucket 3 are updated as

follows:
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p? = p® — p@pi" =0.2-0x0.2=0.2

p?@- p™)A? +BY  0x(1-0.2)x6+0.8

p? 0.2 4

-
pél) — péo) + pio) ptllM =0+0x0.2=0

BY =B + p® p™ (A + LGD,) = 0+ 0x0.2x (6+4) = 0

When k=2, p{ =0, no update is made for bucket 2. When k=3, p{’ =0, no

update is made for bucket 3. The bucketed loss distribution after debt instrument 1 is
added is listed below:

Bucket O b, Bucket 1 b Bucket 2 b, Bucket 3

v

!
pi” =0.8 4 p? =0.2 g p¥ =0 99 P7=0
A” =0 A9 =4 A” =8.95 A =99
B” =0 B” =0 B” =0 B =0

Follow the same procedure to add debt instrument 2. The bucketed loss distribution
after debt instrument 2 is added is listed below:

I Bucket O lbo Bucket 1 lbl Bucket 2 lbz Bucket 3
I I

v

p? =048 , p” =044 g p”=008 4q P7=0
A” =0 A9 =4 A? =8 A” =99
B® =0 B® =0 B® =0 B?” =0

The bucketed |oss distribution after debt instrument 3 added is listed below:

19



I Bucket O |b° Bucket 1 lbl Bucket 2 lbz Bucket 3

| | | g
p¥=0192 , p®=0464 o p=0296 o4 p’=0048
A9 =0 A =4 A? =8 A? =12
B(()O) -0 Bl(O) =0 Béo) =0 B§0) =0

After all of debt instruments are added into the portfolio, the expected tranche loss
conditionedon M by timet can be calculated as follows:

E°[ L"(t)|M ] =0x0.192+0x0.464+ 2.6x 0.296+ 4.5x 0.048 = 0.9856

Before we close this chapter, an implementation issue is to be noted. According to
Hull and White (2004), the probability bucketing method is not sensitive to the bucket
widths because it keeps track of the mean loss for each bucket and thus allows wide
buckets to be used for losses not corresponding to the tranche. However, the bucket
widths cannot be arbitrarily wide for buckets whose range is below the attachment point.
Wide buckets may cause all of potential aggregate losses to fall wrongfully within the
buckets whose range is below the attachment point. Consider the previous numerical
example. If all potential losses are divided into the following ranges: [0, 5.4), [5.4, 9.9),
[9.9, =), thentheinitial bucketed loss distribution can be expressed as follows:

Bucket 0 & Bucket 1 & Bucket 2
I I I >
I I I "
0 P’ =1 54 P =0 09 P =0
A =0 A =765 A? =9.9
BéO) =0 Bl(O) =0 Béo) =0

Consider adding the debt instrument 1 into the portfolio. When k=0, A®+LGD,=4,
u(0) =0. Bucket 0 is updated as follows:

20



A = 9 =1

PPAY+BY  1x0+0

0
P’ 1

A -

When k=1, p{ =0, no update is made for bucket 1. When k=2, p{® =0, no

update is made for bucket 2. The bucketed loss distribution after debt instrument 1 is
added islisted below:

Bucket O by Bucket 1 b Bucket 2
I | | .
I I I "
0 =1 54 p” =0 99  P=0
A° =0 A® =7.65 AP =99
BéO) =0 Bl(O) =0 BéO) =0

Clearly, bucket 0 is so wide that A” + LGD; is always within bucket 0. To address

this problem, the greatest common divisor of losses given default is chosen as the
bucket width. In addition, since the tranche losses for buckets whose range is above the

detachment point are always the notional of the tranche, the exact values of A 's for

these buckets are not important with respect to the calculation of the tranche losses.
Consider using only one bucket to accommodate for the potential aggregate losses
above the detachment point and dividing the total losses below the detachment point
into buckets whose width is the greatest common divisor of losses given default. The

p.’s for buckets whose range is below the detachment point are correct since this
choice of bucket width can avoid the pitfall mentioned above. Furthermore, the p,’s
associated with each bucket are always summed to one, i.e., ZKK:O p» =1 since the

aggregate losses must fall within one of these buckets. The correctness of p,’'s for
buckets whose range is below the detachment point ensures that the p, for the bucket

whose range is above the detachment point is correct. Therefore, only one bucket is
needed to accommodate for the potential aggregate |osses above the detachment point.
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Chapter 3 Correlation Skew

3.1 Standard Market M odédl

Standard approach to pricing CDOs is the one-factor Gaussian copula model with
constant pairwise correlations, constant CDS spreads, and constant default intensities
for all companies in the reference portfolio. Under this model, the recovery rates can be
estimated from data published by rating agencies and is often assumed to be 40% (the
recovery rate of unsecured senior debts). Since most of time only the CDS index spread
can be observed in the market, this model also assumes that the CDS spreads for all
companies are the same and can be represented by their average CDS spread. Also, the
default process for each company is assumed to be driven by a Poisson process with
constant intensity. The risk-neutral default probability for each company can be
estimated from CDS spreads as described in Appendix A. The standard market model
can be expressed as follows:

X, =[pM +/1= pZ,,0< p<L,M ~N(0,).{Z}", ~N(0,1),i =1,2,....n (3.1

In the above equation, M and {Z;}", are stochastically independent, standard
normal distributions. The correlation between X; and X, is p. Since the normal
distribution is closed under convolution, X. is aso a standard normal distribution.

Therefore, the default threshold x  can be determined as follows:

x = F Q1] =@ Q] =& [QW)]i=12...n

where ®()) is the cumulative distribution function of standard normal distribution.

Since this model assumes that the CDS spread for each company equals the average
CDS spread, the cumulative probabilities of default for each time are identical among
credits. Therefore, the subscript i for Q is eliminated in the above formula. The default

probability conditionedon M by time t for each company can be written below:
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M _p {M}q{q’_lmaﬂ‘\/}'\" },i =12,..n

| e

Once the correlation p is available, the fair spreads of CDO tranches can be
calculated as described in section 2.4.

3.2 Correation Skew

As noted in section 2.4, the latent variables X,’s can be thought of as the asset

values of companies. Therefore, the correlation parameter p in (3.1) can beviewed as

the correlation between asset values of two companies. Since the asset value of a
company cannot be directly observed in the market, it is often assumed that the
correlation between their equities equals the correlation between their asset values. If

we alow the correlation parameter p to be different for each company, then the

standard market model can be rewritten as follows:
X, =AM +1-pZ,0< p <LM ~N(0,D){Z}", ~N(0,1),i =1,2,...n (3.2)

Since the correlation between X, and M is ,/p , the parameter ,/p. for each

company can be estimated by the correlation between the equity return of the company
and the return of a market index, i.e., the beta coefficient of the company’s equity.
However, as Walker (2005) points out, the default correlation under risk-neutral
measure can be very different from the default correlation under real world measure.
Hence, the use of the equity correlations in real world measure is inadequate for pricing
basket credit derivatives..

Asthe credit derivatives market grows, it becomes possible to calibrate risk-neutral

correlation p in (3.1) from observed market prices of credit products directly, which

avoids the hypothesis that the risk-neutral default correlation is the same as the real
world default correlation. Since index tranches are standardized credit products and
have been actively traded, dependence calibration from credit derivatives has been
massively used with index tranches. Because index tranches involve a large number of
reference entities while dependence measures are bivariate, default correlations have
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been assumed to be the same among al reference entities in the portfolio, i.e.,
p. =p,i=12.--,n. Thisleadsto formula (3.1).

However, when the correlation parameter isimplied through inverting the standard
market model, different correlation parameter is needed to match each tranche spreads
even if those tranches have the same underlying index portfolio. The correlation found
by matching the model generated spreads to market quoted spreads is called implied
correlation or compound correlation.

iTraxx Europe 5 Year, Series 6 on 4 January 2007 Source: Bloomberg

Tranche 0-3% 3-6% 6-9% 9-12%  12-22%  Index

Spread/Upfront fee 10% 44 bp 12 bp 4 bp 1bp 22 bp

Table 3.1: Market quotes of iTraxx Europe 5 year on January 4, 2007.

0.25

020 |
015 |
0.10 |

0.05 |

Tranche 0-3% 3-6% 6-9% 9-12% 12-22%

‘ Correlation 0.1535 0.0824 0.1846 0.1822 0.1987

Figure 3.1: Compound correlations of i Traxx Europe 5 year on January 4, 2007.

Consider the market quotes of iTraxx Europe 5 year on January 4, 2007 shown in
Table 3.1. The compound correlations of index tranches are presented in Figure 3.1.

Because the mezzanine tranche typically has a lower compound correlation than the

1 When searchi ng the compound correlations of 3-6% tranche and 6-9% tranche, there are two values
such that the marked-to-market values of these two tranches have zero values. The values are 0.0824 and
0.9646 for 3-6% tranche and 0.1846 and 0.9393 for 6-9% tranche. Because 0.9646 and 0.9393 are
unreasonably high compared to the compound correlations of other tranches, they are ruled out and only
0.0824 and 0.1846 are reported.
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equity or senior tranche, this phenomenon is called correlation smile or correlation skew.
Although the standard market model is simplistic in that the default correlations are
assumed to be the same among al reference entities, the correlation parameter p
should not depend on the attachment point and the detachment point of the tranche
priced in the model. Theoretically, one would expect an almost flat implied correlation
curve among tranches. However, the existence of correlation smile shows that there

must be some problems in the standard market model.

To investigate the meanings of correlation smile further, it is necessary to

0-3% Tranche 3-6% Tranche

1.00 0.10
0.80 | 005 \
OOO L L L L
020 |
0.00
00 02 04 06 08 10 0 02 04 06 08 1
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040 |
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006 | ol |
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Figure 3.2: The relationships between index tranches and correlation.
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understand the relationships between the market values of tranches and the correlation
parameter in formula (3.1). The relationships between the market value of each tranche
and the correlation parameter are plotted in Figure 3.2. Formula (2.1) is used to
determine the market values of tranches under the standard market model with the
market spreads or the upfront fee presented in Table 3.1 applied. The total notional is
assumed to be one unit of currency, and the recovery rate is taken as 40% for all of
reference entities in Figure 3.2. From Figure 3.2, it is observed that when the correlation
increases, the market value of the equity tranche (0-3%) will rise. It is caused by the fact
that higher correlation leads to higher probability of joint default occurrence. In other
words, high correlation implies that there will be either few defaults or many and thus
have positive effect on the market value of equity tranche. This observation holds true
generaly for the equity tranche. That's why market participants often call investing

equity tranche as long correlation.

If the one-factor Gaussian copula model uses the compound correlation of the
mezzanine tranche to price the equity tranche, the market value of the equity tranche
will be underestimated. It is because the compound correlation of the equity tranche is
higher than the compound correlation of the mezzanine tranche and the value of the
equity tranche is an increasing function of correlation. Therefore, the shape of
correlation smile means essentially that Gaussian copula model underestimates the
chance of observing a very high or very low number of defaults. Since a fat-tailed
distribution has a higher probability to observe extreme events than the normal
distribution, it means that the market implied loss distribution is fat-tail ed.

Nonetheless, the subprime mortgage crisis not only has negative impact on CDOs
market but also changes the shape of correlation smile as well. Taking the market
quotes in Table 2.1 for example, we plot the corresponding compound correlations in
Figure 3.3. From Figure 3.3, it is observed that the shape and the level of correlation
smile have changed a lot compared to Figure 3.1 after the subprime mortgage crisis.
Actualy, the 6-9% tranche has two values of compound correlations and they are
0.0466 and 0.9753; the 9-12% tranche have two values of compound correlations and
they are 0.1540 and 1.0000. However, even if we take the multiple values into account,
it cannot change the fact that the compound correlation of equity tranche and senior

tranche increase a lot, especially for the 0-3% tranche. Thus, the subprime mortgage
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crisis must cause some structural changes in the CDO markets and raise doubts about
the applicability of the current CDO pricing models.
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Tranche 0-3% 3-6% 6-9% 9-12% 12-22%
Correlation 0.4716 0.8476 0.0466 0.1540 0.2495

Figure 3.3: Compound correlations of iTraxx Europe 5 year on April 7, 2008.

3.3 Problemsof Correation Skew

Since the standard market model has been well-known and widely used, the active
trading of standardized index tranches leads to the market convention of pricing
tranches in terms of compound correlation rather than in terms of spread. Market
participants rely on compound correlation as it can facilitate a comparison of prices
across tranches. This practice was inspired by the use of Black-Scholes implied
volatilities of equity markets.

However, the compound correlation is different from the Black-Scholes implied
volatilities because the compound correlation may not exist and may even have multiple
values. Empirically, inverting pricing formula under the standard market model for
spreads of index tranches on different dates, series, and maturities shows that the
compound correlation for a mezzanine tranche does not always exist. Furthermore, the
compound correlation is often not unique for the mezzanine tranche. This can be
explained by looking at Figure 3.2. In Figure 3.2, the correlation that makes the

marked-to-market values of 3-6% tranche and 6-9% tranche zero is not unique. The
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non-uniqueness problem is caused by the fact that the market values of mezzanine
tranches are not monotonic functions of correlation. All of problems mentioned above

make the compound correlation concept less applicable.
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Chapter 4
Correlation Skew M odeling

4.1 Normal Inverse Gaussian Copula

The insufficiency of one-factor Gaussian copula model to match market quotes has
already been shown in previous section. The shape of correlation skew (before the
subprime mortgage crisis) indicates that the market alocates consistently higher
probability to high default scenarios than the one-factor Gaussian copula model and
assigns a lower probability of zero or few defaults than the one-factor Gaussian copula
model. Since Sklar’s theorem insures the existence of copula function that can represent
the joint probabilities of default times, one natural way to model correlation skew is to

specify fat-tailed distributions to the common factor M and idiosyncrétic factors Z, .

The model we consider here is normal inverse Gaussian copula model proposed by
Kaemanova, Schmid and Werner (2007). In this model, the distribution of the common
factor and idiosyncratic factors are normal inverse Gaussian distribution, a subclass of
the generalized hyperbolic distributions. The choice of NIG distribution is due to their
particular versatility and ability to cope with heavy-tailed processes. It can provide an
extensive range of shapes of the distribution if their parameters are appropriately chosen.
In the following, the definition and basic properties of NIG distribution will be

reviewed. Then the specification of NIG copula model will be given.

The normal inverse Gaussian distribution is a mixture of norma and inverse
Gaussian distributions. A non-negative random variable Y has inverse Gaussian (1G)
distribution with parameters >0 and £ >0 if its probability density function is of

the following form:

R PO e (1) B
fo(vi f)={J2mp eXp( 28y j e
0 ,¥y<0
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A random variable X follows anormal inverse Gaussian (NIG) distribution with

parameters o, B, 4 and o if

X|Y =y ~N(u+By).Y ~1G(dy.7°)

where y=ya’-p*, 0<|fl<a and 6>0. We write X ~NIG(e, 8, 4,6) and
designate the probability density function and the distribution functions as

fuc(Xa, B, u1,0) and Fy.(Xa, B, u,0), respectively.

The probability density function of NIG distribution can be written as follows:

_ oocexp{dy+ p(x—u)} 5 5
f ] ’ ’ 15 = K]_ 5 -
NIG(X o, B, u,9) . !—52+(X—ﬂ)2 (0!\/ +(X—u) )

where K,(-) isthe modified Bessel function of the third kind with order one and the

meaning of ¥ isthe same asin the previous formula.

The useful properties of NIG distribution are the scaling property and the closure
under convolution for two independently NIG-distributed random variables. These
properties are listed below:

Scaling property: If X ~ NIG(«, S, 11,0) , then ¢cX ~ N|G(%,§,Cﬂ,C5j,C>O.

Closure property: If X ~NIG(er, B, 14,6,) ,Y ~ NIG(e, B, 14,,6,) and X and Y are

mutually independent, then X +Y ~ NIG(«, B, 14, + 14,6, + J,) .

The mean and variance of NIG distribution are

E(X) :,u+5ﬁ
/4
Var(X)=50{72
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After the basic concepts of NIG distribution are reviewed, the NIG copula model
can be constructed by replacing Gaussian random variables in the one-factor Gaussian
copula model with NIG random variables. The closure property of NIG distribution
ensures that this simple replacement can be achieved. The model specification is listed

asfollows:

X, =pM +./1-pZ,,0< p<1

ﬁ}; 4 " VI-p l-p , |1~ pﬂ Vi-p ¥
h M NIG I Ai=l~N|G (] ’ ’
where (o B~ ){Z} (@a&ﬂ @ J—az

and y=\a’-f% . In the above specification, M and {Z}' are stochastically

independent. The last two parametersin NIG distribution are such that the meansof M

and Z’sare zero and the variancesof M and Z,’sare one. The correlation between

X, and X, dill remains p . It is not difficult to show that

a f 1 ﬁ7/2 1
X ~NIG , ,— b lying the scaling property and the
i (\/; N AN ) y applying g property

closure property of NIG distribution. After the distribution of X,’s are obtained, the

default threshold X can be determined below:

X = {(t) L_Lh Ly
R 2 A e

i=12,...,n

The default probability conditioned on M by time t for each company can be
written below:

.o n

e {x o p  Ep , Ep b7 Ep P,
R N N PN A

After these two important quantities are determined, the fair spreads of CDO
tranches can be obtained under the factor copula pricing framework described in section
2.4.
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4.2 Stochastic Correlation Modéd

Another way to model correlation skew is to make the correlation parameter
stochastic just like stochastic volatility models in option pricing field. One nice feature
of stochastic correlation model is that the marginal distributions of the latent variables

X;’s remain normally distributed. This eases calibration and implementation of the

models. The general structure of a stochastic correlation model can be expressed as

follows:
X, =AM +\1-5,2,0< p, LM ~N(0,){Z}", ~ N(0,1),i =1,2,...,n

where M and {z}' are standard normally distributed and {E}

n
i=

are some
1

are jointly

n
i=

random varisbles teking values in [01]. M, {z}', and {p]

independent. The independence between {;I} , M and {Zi}in:1 is particularly

i=1
important as conditioning upon ,5, the latent variables X,’s remain standard normally
distributed. Therefore, the marginal distribution of X, is also standard normal. This

can be easily proved asfollows:

PX <X =RFpM+1-pZ <X
- E[P{\/EM +\1-pZ < x|/7i}:|

= EH®(X)] = P(X)

The uniqueness of the distribution function ensures that X, 's are standard

normally distributed. Hence, the default threshold % can be easily determined below:

x =0 [QM],i=12,...,n

Also, the general formulafor the default probability conditionedon M by time t

for each company can be written as follows:
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" =Q(X, S)g|M)=Q(\/EM +\/1—7/szi S)g|M)
=E:Q(\/§M +1-pZ S)Q‘M,,Ei)}

:EQ[%HJ =12,...,n

where the expectation appeared in the above formula is taken with respect to,’Ei . In the

following, one specification of ;. proposed by Burtschell et al. (2005) is considered

since it is parsimonious and incorporates idiosyncratic risks as well as systemic risks
into the model. The consideration of systemic risks in this model involves the
incorporation of comonotonic state which corresponds to a state of 100% correlation.
The effect of comonotonicity is to increase both equity and senior tranche premiums

which accounts for the shape of correlation skew. The model can be written as follows:
X, =[1-B,)A-B)p+B]M +(1-B)[y1- p*(1-B)+B]Z,0< p<1

where p =[(1-B,)A-B)p+B]?> and B, and {B}", are independent Bernoulli
random variables with Q(B,=1)=g,and Q(B =1)=q. Under this specification of

p. , thedistribution of p.  can be expressed as follows:

0 ,Q(p,=0)=q(-q,)
p=1p" Qlp =p*)=01-9)1-q)
1 ,Q(p=D)=q,

It can be seen from above that the perfect correlation occurs whenever B, =1.
Thus, the realized value of B, determines if comonotonic state will be achieved. So,
B, represents the systemic risk exhibited in the reference portfolio. In addition, when
B, =0, therealized valuesof B ’sdetermine whether zero correlation will be achieved,
I.e., independent defaults will happen. Hence, B's represent the idiosyncratic risks

among reference entities.

33



Under this specification of EI , the default probability conditionedon M by time

t can bederived asfollows:

i =E| o XTVPM
vi-p
=0q(1-q,)®(x) + 1-a)(1-q,)P [%J + 0Ly <y

- q(1-9)Q () + A- (1 qs)d{q’ [3%’) M stlw@l[q -

where 1, the indicator function which is equal to one when the event {.} occurs and

zero otherwise. Then the fair spreads of CDO tranches can be determined under the

factor copula pricing framework described in section 2.4.

4.3 Local Correlation Model

Still another way to account for the correlation skew is to introduce the concept of
local correlation. The term “local correlation” refers to the idea underlying a model that
the correlation is a function of the common factor M . Under stochastic correlation
model, the correlation is stochastic but independent of the common factor, whereas the
local correlation is a deterministic function of the common factor and thus is also
stochastic. These terminologies parallel stochastic volatility models and local volatility
models used in option pricing.

The local correlation approach isintroduced by Andersen and Sidenius (2004) with
a random factor loading model and by Turc et a. (2005). These models attempt to
explain correlation through the intuitive relationship between default correlation and the
economic cycle. That is, default correlation tends to be higher during recession than
during a growing economy period.



In the following, the random factor loading model (RFL) is chosen as the
representative of local correlation models due to its smplicity and ease of calibration.

This model can be expressed as follows:

Xi=m+(aly g+ BLy.g)M +VZ,a>0,5>0

where m= (o~ B)p(6) , v=[1+nT - (®(6)-p(6) - f*(6p(0) +1- P>, ¢() is
the probability density function of standard normal distribution. Also, M and {Z,}'

are stochastically independent, standard normal distributions. The number m and v
arefixed and structured so that E[X,]=0 and Var[X.]=1.

The ability of the random factor loading model to produce a correlation skew

depends on the parameters « and f. If o > f, the factor loading falls as M

increases, i.e., good economic state lowers the default correlation among reference
entities while bad economic state increases the default correlation among reference

entities. In the specia case o= £, the model coincides with the one-factor Gaussian
copula, but in general the latent variable X.’s do not follow a Gaussian distribution.
The distribution function of X, is listed below and the derivation is shown in

Appendix B:

Fxl(x)zd)z[ XM _ g 2 ]HD[x—m

o _o, X—m P B
Wra e WJ‘D(W Nz

where ®@,(x,y;p) is the cumulative probability distribution function of bivariate
standard normal distribution with correlation p. Then the default threshold can be

obtained through inverting the distribution function of X, and is expressed below:

X = FQ®]i=1,2,...,n

The default probability conditioned on M by time t can be obtained as usual

under random factor loading model and is listed below:
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oM = Fil[Q(t)]_m_(aj-{MS&}+ﬁ1{M>9})M i=12..n

Then the fair spreads of CDO tranches can be determined under the factor copula
pricing framework as before.
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Chapter 5

Numerical Results

5.1 Dataand Moddl Calibration

In this chapter, the capabilities of CDO pricing models mentioned in the previous
chapter will be assessed. Since the one-factor Gaussian copula model is widely used in
pricing CDOs, its results will be given as a benchmark. The data used are iTraxx Europe
5 year daily quotes from January 4, 2007 to April 7, 2008. The marginal default
probabilities of each reference entity are assumed to be the same and are obtained by the
methodology described in Appendix A. The recovery rate is assumed to be 40% and is
applied to al of reference entities. The model parameters are calibrated for each day by
the least squares method. To be more specific, the parameters are chosen such that the

following error function has the minimum value.

( market tranche quote— model tranche fee/spread T

Sum of error squared =
sq Z market tranche quote

tranches

The Euro default-free rates are obtained from the data available on European
Centra Bank’'s website (http://www.ech.eu/stats'money/yc/html/index.en.html). The
ECB estimates zero rate curves for the European region from AAA-rated, existing zero
coupon bonds and fixed coupon bonds issued by European central governments on a
daily basis. The estimation of the curve is done by minimizing the sum of the squared
difference between the yields that can be computed from the model and the yields
actually measured. The model they used is the Svensson model, which is a parametric
model specifying a functional form for the spot rate. Other details about the estimation

of zero rate curves are available on ECB’ s website.

After the default-free rates, the recovery rates, the marginal default probabilities
are determined, the model spreads/upfront fees can be computed under the factor copula

framework described in section 2.4.
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5.2 Market Fitnhess

As mentioned in section 3.3, the credit derivatives market has structural changes
after the subprime mortgage crisis. Hence, the fitness of models may also change after
the crisis. To take the impact of the crisis into account, the data are divided into three
samples. one sample consists of data before the crisis and the other two samples consist
of data after the crisis. The first sample includes the data from January 4, 2007 to July
10, 2007 and the second sample includes the data from July 11, 2007 to February 13,
2008. The third sample includes the rest of the data. July 10, 2007 is chosen as the
division point since the index spreads and tranche spreads have big jumps after this date.
In addition, the index spread is quite unstable after July 10, 2007 and has another surge
at February 14, 2008. Therefore, two samples are split up further.

The results are summarized in Table 5.1, Table 5.2 and Table 5.3. All of numbers
shown in the three tables are average values over the sub-sample. The first rows of the
three tables show average market spreads/upfront fees. The remaining rows of the tables
show the average spreads/upfront fees for the four models. The numbers in parentheses

are average absolute pricing errors for each model and tranche. It is defined as follows:

> |market tranche quote— mode! tranche fee/spread|

sample

Absolute pricing error =

Sample Size

In Table 5.1, it can be seen that before the crisis al of three models are better than
Gaussian copula in the least squares sense. The average absolute pricing errors for the
three models are small enough compared with the bid-ask spread of market quotes (not
shown here) except the local correlation model for the 3-6% tranche. All models
including Gaussian copula have large pricing errors for the mezzanine tranches,
especialy the 3-6% tranche. The difficulty of pricing mezzanine tranche accurately in a
single parameter set comes from the fact that the mezzanine tranche is not a monotonic
function of correlation as illustrated in Figure 3.2. This observation can aso be made
for Table5.2 and Table 5.3.
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Sum of
0-3% 3-6% 6-9% 9-12% 12-22% Error
Squared

Market 9.28% 47.70bp 11.79bp  4.60bp 1.40 bp

Gaussian 10.70%  7401bp 1496bp  3.69bp 0.41 bp 0.9522
Copula (143%) (26.31bp) (3.18bp) (0.90bp)  (1.00 bp)

NIG Copula 11.69%  46.95bp 1226bp 4.87bp  127bp  0.1389
(2.41%) (4.06bp) (0.61bp) (0.60bp) (0.18bp)

Stochastic 11.56% 5286bp 1509bp 5.02bp 0.69 bp 0.4291

I\C/Icgéga‘ion (220%) (5.16bp) (330bp) (0.49bp)  (0.71bp)
Local 10.62%  65.38bp 13.81bp 4.19bp 0.83 bp 0.5570
&05833"0” (151%) (17.67bp) (2.34bp) (0.78bp)  (0.61bp)

Table 5.1: Average market spreads and average model spreads for iTraxx Europe 5 year
from January 4, 2007 to July 10, 2007.

Sum of
0-3% 3-6% 6-9% 9-12% 12-22% Error
Squared

Market 21.80% 140.43bp 68.80bp 42.17bp 23.70bp

Gaussian  34.20% 29240bp 94.8lbp 3890bp 1027bp  2.5680
Copula (12.40%) (151.97 bp) (27.82bp) (16.71bp) (14.47 bp)

NIG Copula 29.06% 13220bp 6542bp 44.10bp 26.85bp  0.2941
(7.70%) (17.90bp) (5.95bp) (4.03bp) (3.39 bp)

Stochastic 36.53% 17452bp 8941bp 5488bp 21.41bp 1.0067

comedion (14.73%) (34.09bp) (20.61bp) (1271bp) (9,00 bp)

Local 26.80% 202.26bp 72.00bp 4112bp 23.38bp  0.6769

ﬁ%&ga‘i‘)“ (6.75%) (61.82bp) (18.58bp) (8.60bp)  (5.49 bp)

Table 5.2: Average market spreads and average model spreads for iTraxx Europe 5 year
from July 11, 2007 to February 13, 2008.
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Sum of

0-3% 3-6% 6-9% 9-12% 12-22% Error

Squared
Market 3755% 464.27bp 302.73bp 210.18bp 106.82 bp

Gaussan  18.65% 56341bp 385.38bp 294.07bp 200.63bp  2.6516
Copula (29.01%) (311.27 bp) (137.17 bp) (83.89bp) (93.81 bp)

NIG Copula 45.13% 461.15bp 265.19bp 199.87bp 14350bp  0.2985
(8.26%) (39.01bp) (37.54bp) (15.41bp) (36.68 bp)

Stochastic  40.05%  481.49bp 300.81bp 220.20bp 198.31bp  0.9128
%&33"0” (2.56%) (17.21bp) (16.05bp) (19.23bp) (91.49 bp)

Local 2927% 542.00bp 328.09bp 223.88bp 152.99bp  0.7702
m&ga"‘)“ (12.84%) (151.22bp) (37.85bp) (44.81bp) (46.18 bp)

Table 5.3: Average market spreads and average model spreads for iTraxx Europe 5 year
from February 14, 2008 to April 7, 2008.

In Table 5.2 and Table 5.3, the three models still perform better than Gaussian
copula. However, the fitness of al models worsens sharply, especially after February 14,
2008. The absolute pricing errors for each model jump to severa dozen basis points
after the subprime mortgage crisis. The only exception is the stochastic correlation
model. The fitness of this model improves for every tranche except the 9-12% and
12-22% tranches. It shows that the systemic risk modeling in the stochastic correlation
model is problematic. In Table 5.1, Table 5.2 and Table 5.3, it can be also seen that the
normal inverse Gaussian copula outperforms other models in the least squares sense
whether the subprime mortgage crisis occurs or not. Since after the crisis the
idiosyncratic default risks as well as the systemic default risk is largely increased, it is
advantageous to apply fat-talled distribution for the common risk factor and
idiosyncratic risk factors in the factor copula models. On the other hand, the local
correlation model has consistently large pricing errors for the 3-6% tranche. It may be
caused by the fact that only two-point distribution is used to account for the distribution
of correlation in the local correlation model. A possible improvement is to use
multinomial distribution instead of the binomial distribution to model the distribution of

local correlation. However, this improvement complicates the distribution of latent
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variable X.’s and slows down the computation of default thresholds. So athough the

local correlation model may be meaningful in economic sense, it is not easy to
implement in general.

5.3 Stability of Parameters

Another important aspect of pricing models is the stability of a model’s parameter
values. Since the models we considered in the thesis are all static, the stability of
calibrated parameter values may be questionable. Therefore, the calibrated parameter
values of Gaussian copula, NIG copula, stochastic correlation model, and local
correlation model are plotted against time in Figure 5.1, Figure 5.2, Figure 5.3, and
Figure 5.4, respectively. Thefirst vertical linein Figure 5.1, Figure 5.2, Figure 5.3, and
Figure 5.4 indicates when the subprime mortgage crisis occurs, i.e., July 11, 2007. The
second vertical line in these figures indicates the time at which the second jump occurs
in iTraxx index spread, namely February 14, 2008. From those figures, it can be
observed that the parameters of all models are quite stable over time before the
subprime mortgage crisis. After the crisis, all parameter values become very unstable,
especialy after the second jump of iTraxx index spread. The instability of parameter
values is phenomenal for NIG copula in return for its good fit to market quotes. In
addition, it can be aso found that the systematic default risk rises dramatically as
evidenced by the increase of p in Gaussian copula, NIG copula and stochastic
correlation models. It shows that the market-perceived systemic default risk increased
after the subprime mortgage crisis. However, the worsening fitness of the models we
consider in the thesis shows the inadequacy of systematic default risk treatments in
these models. Hence, the appropriate approach to incorporate the systematic default risk
into basket credit derivatives pricing modelsis still unsolved.
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Figure 5.1: Parameter values of Gaussian copula from January 4, 2007 to April 7, 2008.
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Figure 5.2: Parameter values of NIG copulafrom January 4, 2007 to April 7, 2008.
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Stochastic Correlation Model - gs, q, rho
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Figure 5.3: Parameter values of stochastic correlation model from January 4, 2007 to
April 7, 2008.
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Figure 5.4: Parameter values of local correlation model from January 4, 2007 to April 7,
2008.
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Chapter 6

Conclusions

In this thesis, we analyze three CDO pricing models and the standard Gaussian
copula by examining their fitness to market quotes and the stability of calibrated
parameter values over time. It is found that the occurrence of the subprime mortgage
crisis not only changes the shape of correlation skew from “smile” type to “wave’ type
but also affects the accuracy of these models. These models perform quite well before
the crisis and their fitness worsens a lot after it. Nonetheless, the norma inverse
Gaussian copula still outperforms other models whether the crisis occurs or not. It
suggests that the use of fat-tailed distribution in the factor copula models is effective.
On the other hand, the local correlation model incorporates the relationship between
default correlation and business cycle into model but fails to fit the market quotes of
mezzanine tranches. It shows that although the local correlation model is meaningful in
economic sense, this technique may not be appropriate for correlation modeling. Also,
the stochastic correlation model performs well for the equity tranche and the mezzanine
tranche but its fitness to the senior tranche is unacceptable after the subprime mortgage
crisis. It indicates that the systematic default risk modeling in this model is not suitable
for the senior tranche. Finally, the parameter values of these models are rather stable
before the subprime mortgage crisis and become volatile after the crisis. It shows that
the crisis disturbs the credit derivatives market and its impact still takes effect.
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Appendix

A. Extraction of Default Probabilitiesfrom CDS Spreads

There are severa approaches to extract default probabilities of asingle credit. CDS
spreads unlike corporate bonds only reflect the credit risks of the reference entities.
Thus, CDS spreads are more suitable to be used to extract default probabilities. Since
the default probabilities inferred from CDS spreads will be used to determine the fair
spreads of CDO tranches, all of default probabilities obtained are in arisk-neutral sense.
In the following, we will derive one version of CDS pricing formula adapted from Brigo,
D. and F. Mercurio (2006).

To proceed, we need to determine the fair spread of a CDS contract first. The fair
spread of a CDS contract is the spread such that the value of the contract is zero, i.e., the

present value of the premium leg is equal to the present value of the protection leg.
For convenience, the notations used are listed below.
® 7: Thetimeat which acredit event occurs.
® R: Therecovery rate as afraction of the notional.

® A, : Theyear fraction between two payment dates t_, and t;.
® B(0,t): Thediscount factor at time O for cash flow occurring at t, .

® T : Thetimeto maturity of the CDS contract as a fraction of ayear.

® Q(t) : Therisk-neutral probability that the company will default beforetime t.
® /1 : Thedefault intensity associated with the default process.

® S: Thefair spread per annum of the CDS contract.
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Suppose that the notional of the CDS contract is one unit of currency, the recovery
rate is deterministic and the interest rates are stochastically independent of the default
events. Given the payment dates O=t, <t <---<t , <t =T, the payoff of a CDS

contract from protection seller’ s view can be expressed as follows:

n .y rsds n - rrsds - Trsds
ZizlsAiflvie J.O 1{72ti} + Zizl S(T_tifl)e J.O 1{ti—1<7<ti} N (1_ R)e '[O l{fﬁT}

Spread Accrued Spread LossPayments

For simplicity, it is assumed that the defaults can only occur at the payment dates.?
Hence, we do not need to consider the accrued spread. The present values of protection

leg and premium leg can be derived as follows:

PV (Protection Leg)

= E? [(1— R)e_L: rsdsjm}} =E° [(1— R)E(e_j; e

.

=E°[1-R)B(0. ).y, |= [ (1~ RIBO.1)AQ()

=) (- RBOL)IQL) - Q)
PV (Premium Leg)

=E° |:Zin=1 SA eij.: rsds]'{rzt.} }

BTN

_ iSAi_Li B(O.t)[1-Q(t)]

Therefore, the fair spread of the CDS contact can be obtained by equalizing

protection leg and premium leg and is expressed as follows:

2 Another usual approach to pricing CDS is to assume the default time always falls halfway between
payment dates. However, the default probabilities obtained by these two assumptions are very similar in
real applications.
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> @-RIQ() - Q. JIBO.L)
S: i=1

” (A.D)
Z A _;[1-Q(t)IB(0,t;)

Furthermore, if the reduced-form model is applied, then the default process can be
represented as a Poisson process with constant intensity A. Hence, the default time
follows an exponential distribution and the risk-neutral default probability Q(t) can be

expressed as follows:
Qt)=1-¢™* (A.2)

Substituting (A.2) into (A.l), thefair spread can be rewritten as follows:

zn: 1-R[e* —e™]B(Ot)
S: i=1

" (A.3)
> ALe"B(Ot)

i=1

To back out risk-neutral default probabilities of the reference entity, it is needed to
estimate the recovery rate and construct the discount curve from other data sources.
Then the default intensity can be obtained by using the CDS spread in the market and
inversion of formula (A.3) numerically. After the default intensity is determined,
risk-neutral probabilities of default by each time can be calculated viaformula (A.2).
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B. Derivation of Distribution Function of the Latent Variable

in Local Correlation M odel

In this section, ¢(-) denotes the probability density function of standard normal
distribution, @(-) is the cumulative distribution function of standard normal
distribution and ®,(x,y;p) is the cumulative distribution function of bivariate
standard normal distribution with correlation p. Also, 1, is the indicator function

which is equal to one when the event {.} occurs and zero otherwise. For clearness,

E, () means the expectation taken with respect to random variable X . Some useful
results are proved first to facilitate the derivation of the distribution function of X, in

random factor loading model. These results come from the appendix of Andersen, L and
J. Sidenius (2004).

LEMMA For arbitrary real constants a, b and c,

(i) _[:(I)(ax+ b)q)(x)dx:q)bl%lz}

.. [C b a
[} b dx=o ,Ci—
(ii) [ @(ax+b)gp(x)dx [m c m}
PROOF
(i)
j ®(ax+b)p(X)dx = E, [©(aX +b)] = Ey (E; [ 1scucsy |)
=E, (EZ I:l{zsaXer} |X])(-.- Z and X areindependent.)

= Ex (Es []ng)} | X])(Let S=-aX+Z ~ N(0,1+a%))

b
—Es[l{ssb}]:F{SSb}:F{m—b} @[m]
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(if)

[* o(ax+b)p()dx= [ AZ < ax+bBhp(x)dx
= I_: P{Z <ax+b| X =x}eo(x)dx (.~ Z and X are independent.)
= [ A(S<b|X =X p(x)dx (Let S=-ax+Z ~ N(0,1+a%))

_AS<bX<g=P—_<_° x<g

Vi+a?  1+a?

:q)( b oo a ]
? Vi+a? | i+a?

Now, the distribution function of X, in random factor loading model can be

derived asfollows:

Fr, (0 =Q{X <%
= Q{m+ (g + Bl )M +VZ, < X}
= [~ Q{m+ (0L + Bl M +VZ, < XM} (M )dM
:IiQ{er(al[MSg} + Bl )M +VZ, < XM} (M )dM

®

+[ QM+ (@hp + Bli.q )M +VZ, < XM }o(M)dM
2
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) :in{mmM +VZ, <X|M}p(M)dM :ji@(ﬂ](p(l\/l)d'\/l

_ J'_icb[—%M + X;mj(p(M )dM

X—m

(—f)
= (Apply Lemma.(i))

/1+ (—— 1/l+ (—f

:q)( xom

i — j
Wiad  Wra?

(2=, QM+ M +Z, < x|M}p(M)dM :jj@(ﬂj(p(l\ﬂ)d'\ﬂ

_ I:@(Mj¢(|\/|)d|\/| - Jicp(wj(p(M)dM
\' \'

-[ cl)(_ﬁM 4 X_mj(p(M)dM -[’ @(_EM + X_m](p(M)dM
e \" \/ - \ V
X—m X=m a ,B)
=0 —L— |-, (Apply Lemma (i) (ii))
Dy 1+(- ¥ )2 ./ By

X—m

WJ v (Jv o j
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