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Why clustering?



Why clustering?
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Why clustering?

1. Unsupervised learning: Label is not needed

a. Especially useful when the label is expensive
2. Discover how many categories are in your sample
Anomaly detection
4. Find useful intuitions to help supervise learning
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Clustering algorithm matters

/_W Affinity Spectral Agglomerative
KMeans Propagation MeanShift Clustering Ward Clustering DBSCAN OPTICS

Gaussian
BIRCH Mixture
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How to tell is it good or bad?
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Fig. 5. The original synthetic data sets.
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How to tell is it good or bad?

TABLE 4
Label hel pS Synthetic Datasets
Datasets Instances Clusters Source
Dataset 1 788 7 [43]
Dataset 2 1400 4 [44]
Dataset 3 8537 7 [45]
Dataset 4 8000 6 [8]
Dataset 5 8000 9 [8]
Dataset 6 8000 8 [8]
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(a) Dataset 1

(d) Dataset 4 (e) Dataset 5 (f) Dataset 6

Fig. 5. The original synthetic data sets.
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How to tell is it good or bad?

Metrics
1. Clustering Accuracy (ACC)
. 1 < 3 . 1 & =79
ACC = — 5(y;.map(c;)). o(z,y) = { : '
- - ¢ (/ (II)(( )) 0 7 74 "
2. Normalized Mutual Information (NMI)
n; #incategoryi
ZI 1 Z ’Jl()g ,[]/)
NMI = . 7j  #in cluster]j
n;log 2) (Y. nilog <L)
(Z' Y (Z“’ 706 7 n;; #incategory i & cluster ]
£F ground truth BIRTIR T, :ERFEFTERAMMIEELTEE, Hp ACC ErTLIER
EIEER B K AT,
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How to tell is it good or bad?

Running Time / Time Complexity

TABLE 7 TABLE 3
The Running Time of Each Clustering Algorithm The Time Complexity of Algorithms
on Synthetic Data Sets (s .
y 51 Keneans DBSCAN DP
i K 0
Datasets Kmeans DBSCAN DP O(n) O(n”) O(n”)
Dataset 1 0.005 0.024 0.138 Deore LOF-MST LDP-MST
Y 0( : O(n”) O(n”) O(nlogn)
Dataset 2 0.003 0.059 0.400 5 L niogn
Dataset 3 0.030 4.749 15.930
Dataset 4 0.039 4178 14.207
Dataset 5 0.054 4.198 14.443
Dataset 6 0.068 4.205 14.322
Datasets Dcore LOF-MST LDP-MST
Dataset 1 0.159 0.608 0.404
Dataset 2 0.340 1.803 0.251
Dataset 3 23203 58.385 6.628
Dataset 4 10.872 48.930 5.978
Dataset 5 9.554 48.703 6.492
Dataset 6 10.412 48.130 3.341

BERANEHELURBRFEITRELI MO, EMEREATER RESHRAN RHA



How to generate clusters?
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How to generate clusters?

1. Center-Based TABLE 6
K The ACC and NMI Scores of Clustering Algorithms
a. means on Synthetic Data Sets
b' DP Datasets Kmeans DBSCAN DP Dcore LOF-MST LDP-MST
c. DCore Dataset1 ACC  0.836 0.827 0999 099  0.848 0.997
NMI  0.840 0.895 0.996 0988  0.826 0.992
2. Den S|ty-Based Dataset2 ACC 0376 0956 0384 0616  0.850 0.995
NMI  0.346 0.878 0277 0.617  0.687 0.962
a DB SC AN Dataset3 ACC  0.603 0.794  0.711 0.827 0.850 0.998
NMI  0.729 0.860  0.770 0900  0.860 0.991
3. MST-Based Dataset4 ACC  0.654 0916  0.782 0988  0.667 0.983
) NMI  0.604 0.874  0.843 0.963 0.656 0.950
_ Dataset5 ACC 0477 0.773 0510 0932  0.730 0.989
a. LOF-MST NMI  0.632 0.829 0.642 0.870  0.718 0.968
b. LDP-MST Dataset6 ACC  0.484 0.769  0.653 0.761 0.800 0.994
- NMI  0.601 0.842  0.724 0.803 0.771 0.980
(REE )ERmXIFESTAIEEREAM/AME datasets, RIEEFFMEREA

ERERH AN AL EREREIEREHNAERE R, EPEMENE Kmeans, DBSCAN LI & E{E R
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Center-Based: Kmeans

1. Specify number of clusters K

2. Initialize centroids by first shuffling the dataset and then randomly selecting
K data points for the centroids without replacement.

3. Keep iterating until there is no change to the centroids. i.e assignment of data

points to clusters isn’t changing.
a. Recalculate means (centroids) for observations assigned to each cluster.
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Density-Based: DBSCAN

Parameters: €, minPts
Definitions

e Apoint p is a core point if at least
minPts points are within distance € of it
e Apoint q is directly reachable from p
if point q is within distance € from core
point p. Points are only said to be
directly reachable from core points. f
e Apoint q is reachable from p if there is B ‘ . I~
a path p1, ..., pn with p1 =p and pn = :
g, where each pi+1 is directly
reachable from pi
e All points not reachable from any other
point are outliers or noise points

DBSCAN E—&# A# clustering A%, ATEBITE%ILE (core points) Z4F minPts=4 E#EEepsEEZ
N, ZEEARZMBEBMREEH D EEZE (directly reachable), BE2h8I#8 & EA 24



Density-Based: DBSCAN

The DBSCAN algorithm can be abstracted into
the following steps:

1. Find the points in the € (eps)
neighborhood of every point, and identify
the core points with more than minPts
neighbors

2. Find the connected components of core
points on the neighbor graph, ignoring all
non-core points

3. Assign each non-core point to a nearby
cluster if the cluster is an € (eps) neighbor, \
otherwise assign it to noise

DBSCAN E&BEEM BT A% IO EL, EMEAZEM B/ —E cluster (thFL25% clusters 81H BE&EZB1TIR
ER), HEREEME EMETLEREEX cluster, BRIIR AR



MST-Based

1. Traditional MST-based
clustering algorithms first . M P
construct an MST according
to a distance measure o’%’

2. Continually remove

inconsistent edges to get a .\d. ’\.P V%

set of connected
(a) An MST connecting all the (b) Clusters after removal of
components (clusters) data points longest edges

3. Do step 2 until the terminal
condition is satisfied

—fi% MST-Based AERI LRI =4 S & R BhEE MST (—HRZR:R B IEEE ). #8P&% inconsistent edge & #Z Ak
cluster (FIINFEREZFAE ). MERILEH BIINDEIE kK #EALL), SRIBEMERIC LDP-MST th#EFEEEZE,
AMEAHAHMBERT, MKEMFA —EE2XREEMNERTE, B8 k=3 AIRIFEREHAL p1, p2 BEFHMEEE
IDEIEEERLE, B3| p1, p2 &— 8. EEEE2HBM—# MaT2HEMBENFER, FTLLESE inconsistent edge
MAEZHEEE



Local Density Peaks-Based
Minimum Spanning Tree

(LDP-MST)




Nature Neighbor

Definition 1 (k Nearest Neighbors). The k nearest neighbors
of point p are a set of points x in D with d(p,z) < d(p, o), i.e.,
NNi(p) = {z € Dld(p,z) < d(p,0)}.

Definition 2 (Reverse k Nearest Neighbors). The reverse k
nearest neighbors of point p are a set of points x in D that con-
sider p as its one of the k nearest neighbors, i.e., RNN(p) =
{z € D|p € NNg(x)}.

EFRBNBERAEZH, £F KR T HEMERR nature neighborfI E AR S . HE A — k=389 F
, NN(C)={C,D,E}, RNN(C)={A,B,C,D,E}, ZEst EZipfIkNNE:ZipE 2 EE A N, EttEipth KFEFE RNN(p)H, 1B;E
&, $%&#EAlgorithm 1 NaN-Searching@INN(p)EERNN(p)# B ZEpHB &,



Algorithm 1. NaN-Searching

Input: D (the data set)
Output: A\, nbd
Initializing:[r}1; Num/(0)=size(D);
for each data point i in D do
nb(:)=0; NNy(i) = ¢; RNNy (i) = ¢;
end
while true do
for each data point pin D do
Find the rth neighbor q of p;
nb(q)=nb(q)+1;
NNr(p)z NNr—l(p) U {q}l
RNN,(q)= RNN,_1(q) U {p};
end
Num(r)=length(find(nb==0));
if Num(r) == Num(r — 1) then
Break;
end
r=r+1;
end
A=
Return A\, nb;

r#&neighbor searching range, Br=181aET 5, B R & EH FE B EEAE,



Algorithm 1. NaN-Searching

Input: D (the data set)
Output: A\, nbd
Initializing: r=1; Num(0)=size(D);
for each data point i in D do
nb(i)=0; NNy (i) = ¢; RNNy(i) = ¢; A
end 2
while true do B c
for each data point pin D do
Find the rth neighbor q of p;
nb(q)=nb(g)+1;
NNr(p)z NNr—l(p) U {q}l
RNN,(q)= RNN,_1(q) U {p};
end
Num(r)=length(find(nb==0));
if Num(r) == Num(r — 1) then

Break;
end
r=r+1;
end =1 A B C
A =T
Return A\, nb; nb 0 0 0

nb(q)}5E searching range&riF, BhqfE Al HIBLET A r nearest neighborf RE4, #1151494 0,



Algorithm 1. NaN-Searching

Input: D (the data set)
Output: A\, nbd
Initializing: r=1; Num(0)=size(D);
for each data point ¢ in D do
nb(:)=0; NNy(i) = ¢; RNNy (i) = ¢;
end
while true do
for each data point pin D do
Find the rth neighbor q of p;
nb(q)=nb(q)+1;
NN, (p)= NN,_1(p) U {g}
RNN,(q)= RNN,_1(q) U {p};
end
Num(r)=length(find(nb==0));
if Num(r) == Num(r — 1) then
Break;
end
r=r+1;
end
A=
Return A\, nb;

r=2

nb




Algorithm 1. NaN-Searching

Input: D (the data set)
Output: A\, nbd
Initializing: r=1; Num(0)=size(D);
for each data point i in D do
nb(:)=0; NNy(i) = ¢; RNNy (i) = ¢;
end
while true do
for each data point pin D do
Find the rth neighbor q of p;
nb(q)=nb(g)+1;
NN, (p)= NN;_1(p) U (g}
RNN,(q)= RNN;-1(q) U {p};
end
Num(r)=length(find(nb==0));
if Num(r) == Num(r — 1) then

Break;
end
r=r+1;
end =3 A
A=
Return| )\, nb nb 3

e —EEEMELGES, HI—HsKSEM nbrh A08E2KHE F—#HEF,




Algorithm 1. NaN-Searching

Input: D (the data set)
Output: A\, nbd
Initializing: r=1; Num/(0)=size(D);
for each data point i in D do
nb(:)=0; NNy(i) = ¢; RNNy (i) = ¢; A
end ',
while true do \ﬂ‘,
for each data point pin D do ﬁ
Find the rth neighbor q of p;
nb(q)=nb(g)+1;
NNr(p)z NNr—l(p) U {q}l
RNN,(q)= RNN,_1(q) U {p};
end
Num(r)=length(find(nb==0));
if Num(r) == Num(r — 1) then

Break;
end
r=r+1;
end Definition 3 (Natural characteristic value \). In the forma-
A=T; tion of natural neighbor, when the number of points without
Return A, nb reverse neighbors does not change, the neighbor searching range

r is natural characteristic value ).

E R E LB 8 rth 8588 /£ nature characteristic value,




Main Idea of LDP-MST
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Local Density Peaks 4 R
IR
Local density IR W‘m‘&,&m
nb(p)

'O(p) B ZqENNk(p) d(p7 Q) %ﬁ’ﬁ

Where k=max(nb).

r=3 A B C D E

nb 3 4 3 0 0

EERRFETEREZSMEEM local density, H kA Algorithm 1#EF8InbRE , LLZ BTRIEIF &5, KEA4,



Local Density Peaks

A

(a)
Definition 4 (Representative). If the local density of point q

is maximum among p and the k nearest neighbors of p, then q is
the representative of p, denoted as Rep(p) = q.

Definition 5 (Local Density Peak, LDP). A point p is a local
density peak if Rep(p) = p.
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Local Density Peaks
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Definition 6 (Representative Transfer Rule, RTR). If ()

Rep(p) = qand Rep(q) = r, then Rep(p) = r.

Definition 7 (Members of Local Density Peak, MLDP).

For a local density peak p, its members are points whose repre-
sentatives are p. Formally, it is defined as:

220

»

9,\;

120
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MLDP(p) = {q € D|Rep(q) = p}.
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Algorithm 2. LDP-Searching

Input: k, p

Output: LDP, MLDP
Initializing: visited(p)=0, r=0;
for each point p € D do

Rep(p) = argmax(po(q))
gENNy(p)

end
for each point p € D do
if visited(p)==0 then

Parent = p;
r=r+1;
while Rep(Parent) # Parent do
visited(Parent) =
Parent = Rep(Parent);
end
end K=0;
for each point g € D do for each point p do
if visited(q) == r then if Rep(p) == p then
Rep(q) = Parent; K=K+1;
end LDP(K) =p;
end end
end end

for each local density peak p do
MLDP(p) = {q € D|Rep(q) = p};

end

Return|LDP, MLDP;

S LDPHIMLDPHERSERZ. £F—F 5k,
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Construct MST LR SRR

Euclidean distance? : w%»\\% P

Geodesic distance?
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Construct MST 1Ny

(b)

Definition 8 (Neighbors of Local Density Peaks, NLDP).

For a local density peak p, its neighbors are the union of \ near-

est neighbors of all members of p, where X is the natural charac-

teristic value. It is defined as:

NLDP(p) = U  NNy(qg).
geMLDP(p)
L1y A i4 .; .
160 ‘ . . e L2

120 I 1 ! I I
100 150 200 250 300 350
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Construct MST L TR
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(b)

Definition 9 (Shared Neighbors between Two Local
Density Peaks, SLDP). Shared neighbors of two local den-

sity peaks p and q are the intersection of their neighbors. It is
defined as:

SLDP(p,q) = NLDP(p) N NLDP(q).
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Construct MST 4

Definition 10 (Shared Neighbors-Based Distance
between Local Density Peaks, SD). For local density
peaks p and q, their shared neighbors-based distance is com-
puted as:

SD(p,q) =

d(p,9) : T.DP
|SLDP(p,q)|xZO€SLDP(p’q) p(0) ’ Zf|S (p7 Q)| # 0 (5)

mazxd X (1+d(p,q)), otherwise

where d(p, q) is the distance between local density peaks p and
q, p(o) is the local density of point o and maxd is the maxi-
mum value of distance between all pairs of local density peaks.

SD#E#EM1E LDPRA & shared neighbors ¥t EBF R E K.

ST
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Construct MST

TABLE 1
The euclidean Distance between Local Density Peaks
L1 L2 L3 L4
L1 0 49 130 131
12 49 0 102 97
L3 130 102 0 16
L4 131 97 16 0
TABLE 2
The SD between Local Density Peaks
L1 L2 L3 L4
L1 0 17 17196 17296
L2 17 0 13495 12893
L3 17196 13495 0 2
L4 17296 12893 2 0
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Construct MST 1T R
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Construct MST
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500

(c)
Repeatedly cut the longest edge (SD).

Make sure the sizes of clusters are large than a loosely estimated minimum
number of points|(MinSize).

(d)

Minsize 3 Z 176 55 45 26 B AH #18E BY outliers E fi— 1B B 4§ /Y cluster,



MinSize

g
155 F .
' ¢ . ...{j o . :
Dataset 3. LDP-MST without setting MinSize.

+data setE F ;& Foutlierst R R VB outlier, B 2EERTEMinSizef i A2 E45R . 778, Ll Dataset 344, &%
FEMinSize B E#E R b —A#H outlierfA B cluster (BEEFIIE), A BERIEMR{E cluster;2 B E D B,



MinSize

(d) 0.016 (e) 0.018 () 0.020

= AefE MinSize X iR outlierB tL i 3t B /Mt /)N clusterfI LE Bl (BEABAKER) , MinSizeB9{E7#/MEE N B il A B
clusteringB9$& R .



Algorithm 3. LDP-MST

Input: D(the data set), NC(number of clusters), k(the number
of nearest neighbors)

Output: CL (cluster label of each point)

(A, nb, NN)=NaN-Searching (D);

Compute the density p(p) for each point p according to Equa-

tion (1);
(LDP, MLDP)=LDP-Searching (k, p);
for each pair of local density peaks p and q do while K < NC do
Compute SD(p, q) according to Equation (5); S§1=10;52=0;
end while S1 < MinSize or S2 < MinSize do
MinSize=0.018*size(D); v=t+ 1
Edges=ConstructMST(LDP, SD); Obtain the subtrees ST'1 and ST'2 connected by
K=1:i=0: ’ ’ EdgeSorted]i|;

5l = Zpesﬂ size(MLDP(p));
S2 =3 csrasize(MLDP(p));
end
Obtain local density peaks p and g connected by
SortedEdgeli|;
Cut the edge (p, q);
K=K+1,
end
Obtain the cluster label CL(p) of each local density p
according to the subtrees;
for each point p do
CL(p) = CL(Rep(p));
end
Return CL;

Sorted Edges=Sort(Edges, descend);

B & cluster labelf I Bf2 A%, E itk LDP-MST5ERK,



Time Complexity O(nlogn)

Search local density peaks.
NaN-searching O(n*2) -> O(nlogn) by KD-tree
Calculating densities and searching LDPs O(n)

Compute the shared neighbors-based distance between LDPs.
O(n+n_{ldp}"2)  (n_{ldp} << n)

Employ the MST-based clustering algorithm to cluster the LDPs.
O(n_{ldp}"2)

n_{ldp}#Alocal density peaksfIE £,



Experiments



Clustering on Synthetic Datasets
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(d) Dcore (e) LOF-MST (f) LDP-MST

Figure 1: The clustering results on Dataset 1.

ERFE—HMHNEEEEMN D ERR, SEMFEFEIME clustering RIREANAEE, Hh center-based AL ¥5E%E
ERREERZMER, ATLUEEER] Kmeans #ARERSEE, RERKRBAFLERFTNMAE (FIE)



(d) Dcore (e) LOF-MST (f) LDP-MST

Figure 2: The clustering results on Dataset 2.
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(d) Dcore (e) LOF-MST (f) LDP-MST

Figure 3: The clustering results on Dataset 3.
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(d) Dcore (e) LOF-MST (f) LDP-MST

Figure 4: The clustering results on Dataset 4.
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(b) DBSCAN
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Figure 5: The clustering results on Dataset 5.
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(d) Dcore (e) LOF-MST (f) LDP-MST

Figure 6: The clustering results on Dataset 6.
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Results

In terms of accuracy, the LDP-MST algorithm is very competitive

TABLE 6
The ACC and NMI Scores of Clustering Algorithms
on Synthetic Data Sets

Datasets Kmeans DBSCAN DP Dcore LOF-MST LDP-MST

Dataset1 ACC 0.836 0.827 0.999 0.996 0.848 0.997
NMI  0.840 0.895 0.996 0.988 0.826 0.992
Dataset2 ACC 0.376 0.956 0.384 0.616 0.850 0.995
NMI  0.346 0.878 0.277 0.617 0.687 0.962
Dataset3 ACC  0.603 0.794 0.711 0.827 0.850 0.998
NMI  0.729 0.860 0.770  0.900 0.860 0.991
Dataset4 ACC  0.654 0.916 0.782 0.988 0.667 0.983
NMI  0.604 0.874 0.843 0.963 0.656 0.950
Dataset5 ACC 0477 0.773 0.510 0.932 0.730 0.989
NMI  0.632 0.829 0.642 0.870 0.718 0.968
Dataset6 ACC  0.484 0.769 0.653 0.761 0.800 0.994

NMI  0.601 0.842 0724 0803  0.771 0.980
e BHERMNELER, ACC I NMI IR EBESBLTF, EXTZMHTE ACC RKIIE_FMTTIE, ATUE
EE|HE LDP-MST 725 = #MFE NN RERB MBI X



Results

Under the premise of good classification performance, the actual execution speed
of LDP-MST is quite fast

TABLE 7
The Running Time of Each Clustering Algorithm
on Synthetic Data Sets (s)

Datasets Kmeans DBSCAN DP
Dataset 1 0.005 0.024 0.138
Dataset 2 0.003 0.059 0.400
Dataset 3 0.030 4.749 15.930
Dataset 4 0.039 4.178 14.207
Dataset 5 0.054 4.198 14.443
Dataset 6 0.068 4.205 14.322
Datasets Dcore LOF-MST LDP-MST
Dataset 1 0.159 0.608 0.404
Dataset 2 0.340 1.803 0.251
Dataset 3 33223 58.385 6.628
Dataset 4 10.872 48.930 5.978
Dataset 5 9.554 48.703 6.492
Dataset 6 10.412 48.130 3.341

\\

BRI R EHE LA ARNGER, BEMSF=HEMBREA, #¥ LDP-MST FRMMBFHLES (9
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Clustering on Real Data Sets



Real Data Sets

TABLE 8
Real Datasets from UCI

Datasets Instances Dimensions Clusters
iris 150 4 5
wine 178 13 3
control 600 60 6
segment 2310 19 7
pendigits 10992 16 10
letter 20000 16 26

R KD-treeffR#l, #f R K72 10#)data sets#fEFAPCAM T &4 . PCAEARIFER TIEHREERRBZVAEE
A, t5EZE Olivetti Face Database ISR 72 #4T T 558, (BEHRMETEMRIEH distance AEERE S MR E
X ERRAEEM, TLFEITEHEMERE,



TABLE 10

Re sSu ItS The Clustering Results on Real Data Sets
Datasets Kmeans DBSCAN DP Dcore LOF-MST LDP-MST
iris ACC 0.887 0.667 0.907 0.533 0.647 0.973

NMI 0.742 0.761 0.806 0.622  0.572 0.901

wine ACC 0.944 0.691 0.882 0.871  0.691 0.983
NMI 0.816 0527 071 0.78 0591 0.928

control ACC 0.582 0.285 0.557 0.568  0.570 0.678
NMI 0.709 0.094 0.746 0.728  0.667 0.700

segment ACC 0.481 0.530 0.520 0.410 0.384 0.570
NMI 0.461 0.591 0511 0.515  0.388 0.590

pendigits ACC 0.689 0404 0.655 0.507  0.289 0.780
NMI 0.682 0.573 0.737 0.630  0.389 0.817

letter ACC 0.364 0.530 0.520 0.410 0.114 0.546
NMI 0.548 0.591 0511 0.515 0.188 0.699

TABLE 12
The comparison of ACC and NMI on Olivetti Face Database

Kmeans DBSCAN DP Dcore LOE-MST LDP-MST

ACC 0.640 0.760  0.780 0.500 0.440 0.980
NMI 0.710 0.820 0.850 0.670 0.660 0.970

L Hfth24F2 A%, LDP-MSTHJaccuracyE AR FBICIREE,



Results

TABLE 11

The Running Time of Each Algorithm on Real Data Sets
Datasets Kmeans DBSCAN DP
iris 0.001 0.003 0.009
wine 0.001 0.006 0.011
control 0.002 0.012 0.070
segment 0.020 0.439 1.157
pendigits 0.082 17.234 29.886
letter 0.246 66.693 123.181
Datasets Dcore LOE-MST LDP-MST
iris 0.035 0.052 0.017
wine 0.039 0.059 0.012
control 0.236 0.354 0.089
segment 1.126 5.486 0.584
pendigits 25.427 107.309 8.729
letter 94.069 392.957 39.303




Evaluation on Running Time



The Impact of the Number of Instances

Two-dimensional data sets.

Instances are randomly generated by two different Gaussian distribution.
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The Impact of the Number of Dimensions

5000 instances.

Instances are randomly generated by two different Gaussian distribution.
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Why clustering?

How to generate clusters?

a. Center-Based

b. Density-Based

c. MST-Based

Local Density Peaks-Based Minimum Spanning Tree (LDP-MST)
Experiments

a. Synthetic Datasets

b. Real Datasets

c. Evaluation on Running Time
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