On Sorting, Heaps,
and Minimum Spanning Trees
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|. Abstract & Introduction (related works)

Incremental Quicksort (IQS) : incrementally gives the next smallest element
of the set.

Quickheap (QH) : (Based on IQS) QH is a simple and efficient priority queue for
main and secondary memory.

Use IQS to implement Kruskal’s MST.
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|. Abstract & Introduction (related works) (2/4 pages)

Incremental Sorting problem :

Given a set A of m numbers, output the elements of A from smallest to largest.

Process can be stopped after k elements have been output.




|. Abstract & Introduction (related works) (3/4 pages)

Priority Queues
insert, findMin( findMax ), extractMin( extractMax )
increaseKey, decreaseKey

delete...
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Abstract & Introduction (related works) (4/4 pages)

|QS is 4 times faster than the classic alternative to solve the online
problem.

QHs is up to 4 times faster than binary heaps. (fastest priority queue
implementations in practice)
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2. Incremental Quick Sorting

IQS (Set A, Index idx, Stack S)
// Precondition: idzx < S.top()
If idx = S.top() Then S.pop(), Return Alidz]
pidr <+ random|idz, S.top()—1]
pidx’ «— partition(A, A[pidz], idz, S.top()—1)
// Invariant: A[0] < ... < Alidz — 1] < Alidzx, pide’ — 1] < Alpidx’]
/] < Alpidz’ + 1, S.top()—1] < A[S.top(),m — 1]
S.push(pidx’)
Return IQS(A, idz, S)

QuickSelect




2. Incremental Quick Sorting
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2. Incremental Quick Sorting
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2. Incremental Quick Sorting (4/4 pages)

Lemma 2.1 : (After i minima have been obtained in A[O, i—1])

(1) The pivot indices in S are decreasing bottom to top.

(2) Each pivot position p I=m in S, A[p] is not smaller than any element
In Afi, p — 1] and not larger than any element in A[p + 1, m — 1].
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Incremental Quick Sort
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IQS (Set A, Index idx, Stack S)
// Precondition: idz < S.top()
If idz = S.top() Then S.pop(), Return Alidz]

pide +— random|idz, S.top()—1]

pidx’ «— partition(A, Alpidz], idz, S.top()—1)

// Invariant: A[0] < ... < Alide — 1] < Alidz, pidz’ — 1] < Alpid2’]
/] < Alpide’ +1,S.top()—1] < A[S.top(), m — 1]

S.push(pidz’)

Return IQS(A4, idzx, 5)




Given a set A of m numbers IQS finds the k smallest elements,
for any unknown value k < m, in_ expected time.




In IQS, the final pivot position p after the partitioning of A[O, m — 1]
distributes uniformly in [0, m —"1]. -

Let 7 (m, k) be the expected number of key comparisons needed to
obtain the k smallest elements of A[O, m — 1]. After the m — 1
comparisons used in the partitioning, there are three cases depending on

P.
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Quickheaps




Heap structure in the
sense that objects in the
array are sewi-ordered.
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' Data Structure for Qulckheas

Assume we know
beforehand the valve of
capacity

¢ (Circular)Array A- to store the elements.
2 Stack S- to store the position of pivots.

¢ Integer 1dx- to indicate the first cell of the quickheap.

¢ Integer capacity- to indicate the size of heap.




Creation of Quickheaps

¢ With no elements - ® From an array B

: §={0},idx=0 - * copy Bto A
: S={IAl}, idx=0




- Finding the Minimum
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IQS(A idx,S)

return Alidx]




Extracting the Minimum
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idx++; S.pop()

return Alidx-1]




Inserting Elements




' Deleting Arbitrary Elements
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@67 86 92 58 63 74 81‘8—{16 8, 4, 1}

¢ Non-pivot - -8 P
: Find S[pidx] = pos ' * drop the pivot
* swap(A[S[pidx]-1].A[pos]) * Join two chunks

« swap(A[S[pidx]-11,A[S[pidx]])  * delete as non-pivot

*  Until reach the fictitious p1vot.




Decreasing a Key

Given a position pos of some element in the quickheap and a value 0 =0,
we change the priority of the element A[pos] to heap|[pos] — 0. |
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@67 86 92 58 63 74 81‘8—{16 S A

newValue = A[pos] — 0

Find § [pzdx] = DOS

if ISl == pidx +1 then A[pos] = newValue

else if newValue = A[S|pidx+1]] then A[pos] = newValue

else swap(A[S[pidx+1]+1], A[pos]) and do as insertion.




Increasing a Key

Given a position pos of some element in the quickheap, and a value 0 =0,

this operation changes the value of the element A[pos]-to A[pos] + 0.
| I




4 Analysis of Quickheaps
5 Quickheaps in External Memory

Prensent by R99922121 Li-de Yang
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® 4 Analysis of Quickheaps
® Prove that quickheap operations cost

d time, where
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® 4.1 The Quickheap’s Exponential-Decrease
Property

idx Slj] ‘.\-é‘[j_l]

il

® array segments:
heap[1dx, S[pidx] — 1], thus segments
overlap.

® array chunks:
heap[S[p1dx]+1, S[pidx—1]—1] or
heap[1dx,S.top()—1].



® pivot of a segment:
Rightmost pivot within such segment.
Thus, the pivot of the last segment 1s S[1],
whereas the first segment 1s the only one not
having a p1vot.

® median of a n-element set:

n+1—th 1drg(,bt dcm(,nt ﬁ i“ 9 o o S

the average of the 5-th and ( 1)—th ldrgcst ones




® Definition 4.1
Quickheap’s exponential-decrease property:
for all the segments P(p1vot 1s large) < 0.5

® Pii, 1<1<n,3>0,n>0

the probablhty that the 1- th element of the
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® [Lemma4.1
For each segment, the property Pijn < Pi-1n
for 1> 2 1s preserved after inserting a new
element x at a position uniformly chosen in

|1, n].




® [ .ecmma4.2
For each segment, the property Pijn < Pi-1n
for 1> 2 1s preserved after deleting an

element at a position chosen uniformly
from [1,n+ 1].




® pivoting:
partition the first segment with a pivot and
pushes 1t into stack S.
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® cxtractMin:

® cxecute pivoting as many times as we
need to push 1dx 1n stack S

e takeMin
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® [.emma 4.3
For each segment, the property Pijn < Pi-1,n
for 1> 2 1s preserved after taking the
minimum element of the quickheap.
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® Theorem 4.1
Quickheap’s exponential-decrease property:
Given a segment heap[1dx, S[pidx]—1], the
y that its pivot 1s large 1s smaller
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® [.emma4.4
The expected value of the height H of stack S 1s
O(log m).

T(1) =1

® [.emma4.5
The expected value of the sum of the sizes of array
segments 1s ®(m).




e 4.2 The Potential Debt Method

® The potential function represents a total
cost that has not yet been paid.

® ci: actual cost of the 1-th operation
® D;: data structure that results from

applying the 1-th operatlon to Di-1
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o 4.3 Expected-case Amortized Analysis of Quickheaps

H
®(gh) =2 - Z (S]i] — idx) = ©(m) expected, by Lemma 4.5
i=0

P(ghn )];‘I’(qho) is 0(1)




e Expected (individual) cost

® (Operation 1nsert
=Jedt (Gl Pl Pod (et Gluee Pad (ke i)))
= 0(1)
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e Expected (individual) cost

® Operation extractMin
ST
= O(log m)

® Operation findMin = O(1)

® (Operation increaseKey
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® Theorem 4.2
Quickheap’s complexity:
The expected amortized cost of any
sequence of m operations insert, delete,
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® 5 Quickheaps in External Memory

e 5.1 Adapting Quickheap Operations to External
Memory

® (Quickheaps exhibit high locality of reference:
® Stack S 1s small and accessed sequentially.

® Each pivot in S points to a position in the
array heap.
Array heap 1s only modified at those
positions, and the positions themselves
increase at most by one at each insertion.

e [1QS sequentially accesses the elements of
the first chunk.



® 5.2 Analysis of External Memory Quickheaps

® Theorem 5.1
External quickheap’s complexity:
M = Q(B log m).
The expected amortized 1/O cost of any
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On Sorting, Heaps, and Minimum Spanning Trees
Gonzalo Navarro, Rodrigo Paredes
Miao-En Chien | R00944028




QS implements
Kruskal’s MST
algorithm




m'= 1/2nlonn+0(n) —— O(m+nlog”2n)
edges Kruskal variant

on random grapns




Use QH to find the node u* with

minimum connecting cost to the

Update the value of each u®’s neighbor
in QH

Augment the QH structure with a
dictionary managing the position of




inser — O(1) O(n)
N

extract — O(logn) O(n log n)

decrease — ? m fe




inser — O(1) O(n)
N

extract — O(logn) O(n log n)

decrease — O(logn) m O(mlogn)




Assuming that each call to decreaseKey
has cost O(logn), this accounts for a total
O(n log n log m/n) expected time.




O(m + nlog n log m/n)

Expected amortized time for their Prim variant on graphs
with random weights.
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The empirical behavior of QHs




Compare 1QS with other alternatives




. Classical Quickselect + Quicksort solution: QS
Use random permutations of non-repeated numbers uniformly distributed.

. Partial Quicksort algorithm: PQQS

Select the k first elements, and the selection is in one shot for PQS and QQSS.

. Incremental Quicksort: |QS

Verify that |QS is in practice a competitive algorithm for the Partial Sorting
problem of finding the smallest elements in ascending order.

. Classical heaps: HEXx
Implemented using the bottom-up deletion algorithm.

. Sequence heaps: SH

Select the k first elements, and the selection is incremental for |QS, HEX,
and SH.




CPU time + Key
comparisons




1QS, PQS, QSS, HEx and SH CPU time m = 10e8 1QS, PQS and QSS CPU time m = 10e8

QS —x¢—
PQS ---—---
HEx --
SH --

CPU time [sec]
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(b) Detail of CPU time for IQS, PQS, QSS and HEx.
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(a) CPU time for the five algorithms.




extractMin [ in

Ok + m/ogr;;)

1QS, PQS, QSS and HEx key comparisons m = 10e8 QS CPU time

m=100e6 ——
,m= 70e6 —*—
m= 40e6 —¥—
m= 10e6 ——

CPU time [sec]
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(c) Detail of key comparisons for the four algorithms. (d) IQS CPU time as a function of £ and m.




't Is preferable to pay a lower
insertion and a higher extraction

cost ( just like 1QS) than to
perform most of the work in the




Welighted least square fittings

CPU time Error Key comparisons
25.8m + 16.9klog, k| | 6.77% | 2.14m + 1.23klog, k | 5.54%
IQS | 25.8m + 17.4klog, b46.82% | 2.14m + 1.23klog, k

238m—|—1/‘?k 1og,A 6.81% | 2 14m+1‘>9A log, A4.... '




1. Quickheaps: QHs

Compare the empirical performance of quickheaps.

2. Binary heaps: BH
The canonical implementation of PQ)s, efficient and easy to
program.
The most efficient PQ implementations in practice.

3. Paring heaps: P
Implement efficiently key update operations, and also the
most efficient PQ implementations.

Includes operations insert, extractMin, and decreaseKey.




insert—»O(n) extractMin—O(n l0g n)

Quickheaps CPU time, inserting elements Quickheaps CPU time, extracting minima

— S— oo L, 7SS S——. QH del —+—
BH del -

—— PH del —%-

BH ins ------

PHins %

CPU time [nanosec]

O
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o
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=
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16 32

16 32
number of elements [x 10e6]

number of elements [x 10e6]

(a) Inserting elements. (b) Extracting minima.




IncreaseKey

decreaseKey O(m log n) BH < QH < PH

Quickheaps CPU time, increasing or decreasing the key (d) Least square fittings for priority queue operations.

[ Fimg [ o

35log, m 9.86%
BH,.; 105 log, m
PHe 201 log, m
QH.x “18T0g, m

18log, m 9.45%

16 32 18 log, m 8.88%

number of elements [x 10e6] 6-750»0

(c) Increasing and decreasing the key. 5.39%
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Quickheaps perform well under arbitrarily long sequences of
insertions and minimum extractions

Quickheaps CPU time, ins"m del*m Quickheaps CPU time, (ins (del ins)*2)*m (del (ins del)*2)"m

80

60

40 8o B ") L

20 B8 60

CPU time [nancsec], divided by m log m
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4096 _ 2M4  2M6 2818 27020 2h22 2724 2726 4096 2M4

number of elements

(e) ins™ del™. (f) (ins — (del — 'z'.72..s)2)m (del — (ins — del)*)™.
cache-
friendly

2M6 2M8 2820 2822 2A24 2A26
number of elements




Evaluating External Memory Quickheaps

o EnzEfrexternal memoryEQHEIRLAE
o 5% T Brengelfisetup
e FIR-heaps Array-HeapskttE




I/0 cost

Results

Quickheap’s number of I/Os varying available RAM, insAm del*m

262144 | ]
65536 | | .
o
- =
4
16384 | | g
Q.
. o
4096 | K _ 5
g “®~  QH4MB RAM —+—
NG QH 16MB RAM - ] 2
' QH 64MB RAM % |
256 QH 256MB RAM & |
R-Heap 16MB RAM --#--
Array Heap 16MB RAM -- & --

64 1
200 2N2) 2822 2093 2024 205 2728 2'2r 2798

number of elements [x 10e6]

(a) I/O complexity ins™ del™.
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40 + LEDA-SMdel - P d

STXXL ing - 4
35 = S'rXXL del ......... B X’ ‘\‘ o
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25 |

20

15 |

10 |

om—a—n P~ S l

Quickheap’s bytes per operation, insAm del*m

2/A20 2/21 2/22 2/23 2M24 2/25 2/26 2A27 2/A28 2729
number of elements

(b) Bytes per operation ins™ del™.
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Evaluating the MST Construction
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Evaluating the MST Construction

Kruskall (basic Kruskal’s MST)
Kruskal2 (with demand sorting)
Kruskal3 (1QS-based)

Prim| (basic Prim’s MST algorithm)
Prim2 (implemented with PH)
Prim3 (implementation using QHs)

iMax (iMax algorithm)




CPU time [sec]

Results

MST CPU time, n = 20,000

16 . . ; , , . '
7
BT : B <
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mo- e .
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! , g
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S e DKruskalz ..... PCoeeen
il Kruskal3d —%— |
e g Prim1 --&--
EEIN2 ‘o ||
, iMax --©O--

0.5 1 2 4 8 16 32 64 100
graph edge density [%]

(a) MST construction CPU times.
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CPU time [sec]

Results

MST CPU time, density = 8%

0.6 E :':' "_-' X "_.
05 | . ©
04 | i/ S g -3
{/ Kol G}
03 | /. 3" P - MKruskall -~
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Prim1 --#--
. / Prim3 ---&--
iMax --©--
0 1 1 1 1 1 1

4 B8 B 18 12 14 18 18 20 22 24
nodes x 1,000

(b) MST CPU time, depending on n, for p = 8%.
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MST CPU time, density = 100%
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(c) MST CPU time, depending on n, for p = 100%.
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Results

MST CPU time, density = 100%, Kruskal’s worst case
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a7 Kruskald —%—
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8 i0 12 14 16 18 20 22
nodes x 1,000

(d) MST CPU time, Kruskal's worst case, for p = 100%.

74



Conclusions

o |QSHIIE BHsolutionH
EZRTHE R

F1EESE & R

22 (high locality

%ﬁ)g ’ 'f_ff.?fgiﬁﬁlh

4= =

® Quickheaps#1TEF%

® QuickheapB HIZEL

a:/1\57 EI/J H:[- [&] ;Fg

of reference) ° FTLAfEsecondary

memory#l{TRE R 2

ﬁﬁ\

L EwEIL o

75



Conclusions

IQSFtEqmckheapEﬁE 7 £ 5F % scenarios [N
IR ERER AHIperformance

incremental sortZ<5&E{t Kruskal's MST
algorithm

[~ —]4A

priority queue =58 L Prim’s MST algorithm
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HH Quickheap-based PrimHJupper bound)
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