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Linear Regression, Extended

The Hat Matrix
when XT X invertible, hat matrix H= XX† = X(XT X)−1XT

Claim: H1126 = H
proof (when XT X invertible):

H1126 = HHH1124

= X(XT X)−1XT X(XT X)−1XT H1124

= X(XT X)−1(XT X)(XT X)−1XT H1124

= X(XT X)−1XT H1124

= H1125

. . . and you know the rest

y

ŷ
span of X

y − ŷ

geometrically, projecting 1126 times
≡ projecting once
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Linear Regression, Extended

Trace of The Hat Matrix

when XT X invertible, hat matrix H= XX† = X(XT X)−1XT

Claim: trace(H) = d + 1
when XT X invertible
proof:

trace(H) = trace(X(XT X)−1XT )

= trace(XT X(XT X)−1)

= trace(Id+1)

= d + 1

y

ŷ
span of X

y − ŷ

geometrically, H projects to
a (d + 1)-dimensional subspace
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Linear Regression, Extended

An Illustrative ‘Proof’, Corrected
y

ŷ
span of Xf (X)

noise

y − ŷ

• if y comes from some ideal f (X) ∈ span plus noise

• noise with per-dimension ‘noise level’ σ2 transformed by I − H to
be y − ŷ

Ein(wLIN) =
1
N
∥y − ŷ∥2 = 1

N ∥(I − H)noise∥2

= 1
N

(
N − (d + 1)

)
σ2

Ein = σ2 ·
(
1 − d+1

N

)
Eout = σ2 ·

(
1 + d+1

N

)
(complicated!)
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