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Asymptotic Notations: Symbols

<=
@ f(n) grows slower than or similar to g(n): f(n) = O(g(n))
@ f(n) grows faster than or similar to g(n): f(n) = Q(g(n)) >=
@ f(n) grows similar to g(n): f(n) = ©(g(n)) \sim

@ n=0(n); n= 0(10n); n = 0O(0.3n); n = O(n?); n= O(n°); - --
(note: = more like “€”)

@ n=Q(n); n=Q(0.2n); n=Q(5n); n=Q(logn); n=Q(\/n); - -

@ n=0(n);n=0(0.1n+4); n=0O(7 ) n%@(S”)
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Asymptotic Notations: Definitions
n= 0(n") \ !i
v

@ f(n) grows slower than o?’sig'lilar to g(”):n [AAL

7
f(n) = O(g(n)), if >, npxuch that f(n) < c-g(n) for all n > ng
G Dyent < oot
@ f(n) grows faster than ¢ im%lar to g(n):

f(n) = Q(g(n)), iff exist ¢, ny such that f(n) > c¢-g(n) for all n > ng

S

@ f(n) grows similar to g(n):
(ng a( )6\'('1’ .

f(n) = ©(g(n)), iff f(n) = O(g(n)) and f(n) = 2(g(n))

wxol) Gy £10 <G
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Basic Algorithms: Sequential and Binary Search

@ Input: a s_o,rt_eg}nteger array list with size n, an integer searchnum
@ Output: if searchnum is within list, its index; otherwise —1

SEQ-SEARCH BIN-SEARCH
(list, n, searchnum) (list, n, searchnum)
fori+ Oton—1do left + 0, right <+ n— 1
|
if list[i] == searchnum while Jéft < right do~
return J middle <« floor((left + right) /2)
end if if list{middle] > searchnum
end for right < middle — 1
return —1 else if list{middle] < searchnum
left < middle + 1
else /* list{middle] == searchnum */
return middle
end if
end while
return —1
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Sequential Search: Eliminate One Element Each Time

SEQ-SEARCH(list, n, searchnum)

fori+ 0ton—1do
if list[i] == searchnum
return
end if
end for
return —1

o} /My 12| 18] 4] 15] 1[€]
1 3 4 9 9 10 13

@ search for 9

PR R
@ search for 15 ( worst;fsei 7( 7L 7( 74 \)
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Binary Search: Eliminate at Least Half Each Time

BIN-SEARCH(list, n, searchnum)

left < 0, right < n — 1
while /eft < right do
middle <« floor((left + right)/2)
if list{middle] > searchnum
right <— middle — 1
else if
list{middle] < searchnum
left «+ middle + 1
else
return middle
end if
end while
return —1
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1 3 4 9 9 10 13

@ search for 9

@)= (0,67 ™= 3
Q(w)} =z $.%,
23

@ search for 15 (worst case?)
(L = pddy ™73 4
(&%)
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Analysis of Sequential Search

Sequential Search

fori< 0ton—1do
if list[i] == searchnum
return
end if
end for
return —1

@ best case (e.g. searchnum at 0): time ©(1)
I et
@ worst case (e.g. searchnum at last or not found): time ©(n)

@ in general: time Q(1) and O(n)
—~— ————
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Analysis of Binary Search

@ best case (e.g. searchnum at
middle): time ©(1)

Binary Search
left + 0, right + n — 1

while /eft < right do @ worst case (e.g. searchnum
middle « floor((left+ right)/2) not found):
if list{middle] > searchnum because (right — left) is halved
| ’9ff'f<— middle + 1 in each WHILE iteration,
elsei < < <
Is{midle] < searchrum noeds time ©(log ) feratons
right <— middle — 1
else @ in general:
return middle time ©(1) and O(log n)
end if — T
end while
return —1
often care about the worst case (and thus see @oﬂen) J
~
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Sequential and Binary Search

@ Input: any integer array list with size n, an integer searchnum
@ Output: if searchnum is not within list, —1; otherwise, othernum

DIRECT-SEQ-SEARCH SORT-AND-BIN-SEARCH
(list, n, searchnum) (list, n, searchnum)
fori«+ Oton—1do SEL-SORT(/ist, n)
if list[i] == searchnum return BIN-SEARCH(/ist, n, searchnum)
return
end if
end for
return —1

@ DIRECT-SEQ-SEARCH is Q(n) time

® SORT-AND-BIN-SEARCH is O(n?) time for SEL-SORT (Why?) and
Q(log n) time for BIN-SEARCH

want: show asymptotic complexity of SORT-AND-BIN-SEARCH as its
bottleneck
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Some Properties of Big-Oh |

Theorem ( 2 P42 )

itfy(n) = O(g2(n)), f2 ”)) then f,(a) + f2(n) = O(ga(n))

@ When n >\ ny) f1(n) <{c182(n)

@ When n >/np) h(n) <(cxg2(n) Y

@ So, when n > max(n1 o), fi( \n—/+/{2 (n) < (c1 + £2)g2(n)
y

Theorem ( #E#% 4 )
itfi(n) = O(g1(n)), gi(n) = O(ga2(n)) then f,(n) = O(gz(n))

@ When n> ny, fi(n) < c1g1(n)
@ When n > no, g1(n) < c292(n)
@ So, when n > max(ny, nz), fi(n) < c1c202(n)
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Some Properties of Big-Oh |l

Theorem ( 1 &4 )

itfi(n) = O(g1(n)), 2(n) = O(ga2(n)) and g1(n) = O(ga(n)) then
fi(n) + f2(n) = O(gz(n))

Proof: use two theorems above.

Iff(n) = amn™+ --- + ayn+ ap, then f(n) = O(n™)

Proof: use the theorem above.

similar proof for 2 and © )
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Some More on Big-Oh

RECURSIVE-BIN-SEARCH is O(log n) time and O(log n) space

e by #EAH4#, time also O(n) E
@ time also O(nlog n)
e time also O(n?)
@ also O(2")
prefer the tightest Big-Oh! |
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Practical Complexity

some input sizes are time-wise infeasible for some algorithms

when 1-billion-steps-per-second

n n nlog, n n? n n n'° 2n

10| 0.01us  0.03us 0.1us 1us 10us 10s 1us
20| 0.02us  0.09us 0.4us 8us 160us 2.84h 1ms
30| 0.03us 0.15us 09us 278 810us 6.83d 1s
40| 0.04ps  0.21ps 1.6us 64pus  2.56ms 121d 18m
50| 0.05us 0.28us 2.5us 12548  6.25ms 3.1y 13d
100 0.10pus  0.66us 10us 1ms 100ms 3171y 4.10"3y
108 1us 9.96us 1ms 1s 16.67m 3-10"%y 3.10%84y
104 10us 130us 100ms 1000s 115.7d 3-10%y
105 100us 1.66ms  10s  11.57d 3171y 3-10%y
108 1ms 19.92ms 16.67m 32y 3-10"y 3-10%y

note: similar for space complexity,
e.g. store an N by N double matrix when N = 500007
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