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Array  Representation  of  Tree
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Parent(i)

1 return ⌊i/2⌋

Left(i)

1 return 2i

Right(i)

1 return 2i+ 1
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Figure 6.1 A max-heap viewed as (a) a binary tree and (b) an array. The number within the circle
at each node in the tree is the value stored at that node. The number above a node is the corresponding
index in the array. Above and below the array are lines showing parent-child relationships; parents
are always to the left of their children. The tree has height three; the node at index 4 (with value 8)
has height one.

PARENT.i/

1 return bi=2c

LEFT.i/

1 return 2i

RIGHT.i/

1 return 2i C 1

On most computers, the LEFT procedure can compute 2i in one instruction by
simply shifting the binary representation of i left by one bit position. Similarly, the
RIGHT procedure can quickly compute 2iC1 by shifting the binary representation
of i left by one bit position and then adding in a 1 as the low-order bit. The
PARENT procedure can compute bi=2c by shifting i right one bit position. Good
implementations of heapsort often implement these procedures as “macros” or “in-
line” procedures.

There are two kinds of binary heaps: max-heaps and min-heaps. In both kinds,
the values in the nodes satisfy a heap property, the specifics of which depend on
the kind of heap. In a max-heap, the max-heap property is that for every node i
other than the root,
AŒPARENT.i/! ! AŒi ! ;

that is, the value of a node is at most the value of its parent. Thus, the largest
element in a max-heap is stored at the root, and the subtree rooted at a node contains
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Note  that  the  index  starts
at  1  from  the  root  node.

Tree

Array



Heap
• Definition:  A  max  tree  is  a  tree  in  which  the  key  value  in  each  
node  is  no  smaller  (larger)  than  the  key  values  in  its  children
(if  any).
• Definition:  A  max  heap   is  a  complete  binary  tree that  is  also  a  
max  tree.  A  min  heap   is  a  complete  binary  tree that  is  also  a  
min  tree.
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Figure 6.2 The action of MAX-HEAPIFY.A; 2/, where A:heap-size D 10. (a) The initial con-
figuration, with AŒ2! at node i D 2 violating the max-heap property since it is not larger than
both children. The max-heap property is restored for node 2 in (b) by exchanging AŒ2! with AŒ4!,
which destroys the max-heap property for node 4. The recursive call MAX-HEAPIFY.A; 4/ now
has i D 4. After swapping AŒ4! with AŒ9!, as shown in (c), node 4 is fixed up, and the recursive call
MAX-HEAPIFY.A; 9/ yields no further change to the data structure.

children to satisfy the max-heap property. The node indexed by largest, however,
now has the original value AŒi !, and thus the subtree rooted at largest might violate
the max-heap property. Consequently, we call MAX-HEAPIFY recursively on that
subtree.

The running time of MAX-HEAPIFY on a subtree of size n rooted at a given
node i is the ‚.1/ time to fix up the relationships among the elements AŒi !,
AŒLEFT.i/!, and AŒRIGHT.i/!, plus the time to run MAX-HEAPIFY on a subtree
rooted at one of the children of node i (assuming that the recursive call occurs).
The children’s subtrees each have size at most 2n=3—the worst case occurs when
the bottom level of the tree is exactly half full—and therefore we can describe the
running time of MAX-HEAPIFY by the recurrence
T .n/ ! T .2n=3/C‚.1/ :

See  Fig.  6.2  on  p.155  of  Cormen

Max-‐HeapMax-‐Heap

Assumption:  the  left  and  right  subtrees
are  max-‐heaps,  but  the  root  node  might  
violate  the  max  tree  property.
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Assumption:  the  left  and  right  subtrees
are  max-‐heaps,  but  the  root  node  might  
violate  the  max  tree  property.

Worst  case:
need  to  go
all  the  way  to  the  leaf.

O(h)=O(log  n)
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6.1-4
Where in a max-heap might the smallest element reside, assuming that all elements
are distinct?
6.1-5
Is an array that is in sorted order a min-heap?
6.1-6
Is the array with values h23; 17; 14; 6; 13; 10; 1; 5; 7; 12i a max-heap?
6.1-7
Show that, with the array representation for storing an n-element heap, the leaves
are the nodes indexed by bn=2c C 1; bn=2c C 2; : : : ; n.

6.2 Maintaining the heap property

In order to maintain the max-heap property, we call the procedure MAX-HEAPIFY.
Its inputs are an array A and an index i into the array. When it is called, MAX-
HEAPIFY assumes that the binary trees rooted at LEFT.i/ and RIGHT.i/ are max-
heaps, but that AŒi ! might be smaller than its children, thus violating the max-heap
property. MAX-HEAPIFY lets the value at AŒi ! “float down” in the max-heap so
that the subtree rooted at index i obeys the max-heap property.

MAX-HEAPIFY.A; i/

1 l D LEFT.i/
2 r D RIGHT.i/
3 if l ! A:heap-size and AŒl ! > AŒi !
4 largest D l
5 else largest D i
6 if r ! A:heap-size and AŒr ! > AŒlargest!
7 largest D r
8 if largest ¤ i
9 exchange AŒi ! with AŒlargest!

10 MAX-HEAPIFY.A; largest/

Figure 6.2 illustrates the action of MAX-HEAPIFY. At each step, the largest of
the elements AŒi !, AŒLEFT.i/!, and AŒRIGHT.i/! is determined, and its index is
stored in largest. If AŒi ! is largest, then the subtree rooted at node i is already a
max-heap and the procedure terminates. Otherwise, one of the two children has the
largest element, and AŒi ! is swapped with AŒlargest!, which causes node i and its
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How  to  “heapify”  an  array?
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Method:  
Starting  from  the  last  node,  each  time  build  a  small  max-‐heap  with  that  node  
as  the  root.

14

8 7

• Skip  the  leaves  
(already  a  “one-‐node  heap”)  

• Find  the  first  non-‐leaf  node
• Run  max-‐heapify on  that  node,  and  

afterwards  the  subtree with  the  node  
as  the  root  will  be  a  heap

• When  we  are  done  with  the  root  node  
(of  the  entire  tree),  it  will  become  a  
heap.
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a 1-element heap to begin with. The procedure BUILD-MAX-HEAP goes through
the remaining nodes of the tree and runs MAX-HEAPIFY on each one.
BUILD-MAX-HEAP.A/

1 A:heap-size D A: length
2 for i D bA: length=2c downto 1
3 MAX-HEAPIFY.A; i/

Figure 6.3 shows an example of the action of BUILD-MAX-HEAP.
To show why BUILD-MAX-HEAP works correctly, we use the following loop

invariant:
At the start of each iteration of the for loop of lines 2–3, each node i C 1;
i C 2; : : : ; n is the root of a max-heap.

We need to show that this invariant is true prior to the first loop iteration, that each
iteration of the loop maintains the invariant, and that the invariant provides a useful
property to show correctness when the loop terminates.
Initialization: Prior to the first iteration of the loop, i D bn=2c. Each node
bn=2cC 1; bn=2cC 2; : : : ; n is a leaf and is thus the root of a trivial max-heap.

Maintenance: To see that each iteration maintains the loop invariant, observe that
the children of node i are numbered higher than i . By the loop invariant, there-
fore, they are both roots of max-heaps. This is precisely the condition required
for the call MAX-HEAPIFY.A; i/ to make node i a max-heap root. Moreover,
the MAX-HEAPIFY call preserves the property that nodes i C 1; i C 2; : : : ; n
are all roots of max-heaps. Decrementing i in the for loop update reestablishes
the loop invariant for the next iteration.

Termination: At termination, i D 0. By the loop invariant, each node 1; 2; : : : ; n
is the root of a max-heap. In particular, node 1 is.

We can compute a simple upper bound on the running time of BUILD-MAX-
HEAP as follows. Each call to MAX-HEAPIFY costs O.lg n/ time, and BUILD-
MAX-HEAP makes O.n/ such calls. Thus, the running time is O.n lg n/. This
upper bound, though correct, is not asymptotically tight.

We can derive a tighter bound by observing that the time for MAX-HEAPIFY to
run at a node varies with the height of the node in the tree, and the heights of most
nodes are small. Our tighter analysis relies on the properties that an n-element heap
has height blg nc (see Exercise 6.1-2) and at most ˙n=2hC1

! nodes of any height h
(see Exercise 6.3-3).

The time required by MAX-HEAPIFY when called on a node of height h is O.h/,
and so we can express the total cost of BUILD-MAX-HEAP as being bounded from
above by

It can be shown that, with the array
representation for storing an n-‐element
heap, the leaves are the nodes indexed by

.
(problem6.1-‐7 onCormen p.154)
bn/2c+ 1, bn/2c+ 2, . . . , n

Skipping  the  leaves



Time  complexity
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O(n)  iterations
O(log  n)

Therefore  the  time  complexity  is  O(n  log  n).
This  bound  is  correct,  but  not  asymptotically  tight.



Time  Complexity:  Trial  2
• 所花的時間為:

• ℎ + 2 ℎ − 1 + 2& ℎ − 2 +⋯+
2()* ⋅ 1
• = ∑ 2.(

./0 (ℎ − 𝑖)
• Let  𝑆 = ∑ 2.(

./0 (ℎ − 𝑖).
• 2𝑆 = 2ℎ + 4 ℎ − 1 + ⋯+ 2(

• 2𝑆 − 𝑆 = −ℎ + 2 + 4 +⋯+ 2(

• 𝑆 = 2(6* − ℎ − 2
• 又ℎ = 𝑂(log𝑛)
• 2 <=>? @ − 𝑂(log𝑛) − 2
• ≤ 2𝑛 − 𝑂(log𝑛)
• = 𝑂(𝑛)
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h=0

h=1

h=2

h=H

… …

You  can  also  see  a  
different  proof  on  p.159  of  
Cormen.



Heapsort:  use  a  heap  to  sort
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Heapsort:  use  a  heap to  sort
• How?
1. Use  Build-‐Max-‐Heap  to  build  a  max-‐heap.
2. Exchange  the  root  node  (maximum  element)  with  the  last  

node.  
3. Heapify again  to  maintain  the  max-‐heap  property.  
4. Repeat  the  above  until  the  heap  is  empty.
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See  Cormenp.161  Figure  6.4)

𝑂(𝑛)

𝑂 ℎ = 𝑂(log𝑛)

Total:  𝑂(𝑛 log𝑛)



比較四大金剛

• Insertion  sort:  quick  with  small  input  size  n.  (small  constant)
• Quick  sort:  Best  average  performance (fairly  small  constant)
• Merge  sort:  Best  worst-‐case  performance
• Heap  sort:  Good  worst-‐case  performance,  no  additional  space  
needed!
• Real-‐world  strategy:  a  hybrid  of  insertion  sort +  others.  Use  
input  size n  to  determine  the  algorithm  to  use.
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Worst Average Additional  
Space?

Insertion  sort 𝑂(𝑛&) 𝑂(𝑛&) O(1)

Merge  sort 𝑂(𝑛 log𝑛) 𝑂(𝑛 log𝑛) O(n)

Quick  sort O(𝑛& ) O(𝑛 log 𝑛) O(1)

Heap sort 𝑂(𝑛 log𝑛) − O(1)
Covered  
today!



Priority  queue

• A  priority  queue  is  a  data  structure  for  maintaining  a  set  S  of  
elements,  each  with  an  associated  value  called  a  key.  
• It  supports:
• Insert(S,x)  inserts  the  element  x  into  the  set  S.
• Maximum(S):  returns  the  element  of  S  with  the  largest  key.
• Extract-‐Max(S):  removes  and  returns  the  element  of  S  with  the  
largest  key
• Increase-‐Key(S,x,k)  increases  the  value  of  element  x’s  key  to  
the  new  value  k,  which  is  at  least  as  large  as  x’s  current  key  
value.

14

We  already  know  how  to  do  these!

See  p.  164  on  Cormen for  the  implementation  of  Increase-‐Key().
(very  similar  to  insert)



Inserting  a  new  element

• 1.  Add  the  new  element  after  
the  last  leaf  (it  is  always  a  
complete  binary  tree)
• 2.  Compare  the  value  of  the  
element  with  its  parent’s  value.  
If  it  violates  the  max-‐heap  
property,  then  exchange  the  
two  then  repeat  2.  again.
• Time  complexity?
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14
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10 8 6

7

20

Need  to  compare  with  6?
No!  Because  6’s  parent  is  

already  larger.  Therefore  20  
will  be  even  larger.

𝑂(log𝑛)



Summary  – Priority  Queue  using  
Heap

Operation Running  time

Maximum O(1)

Extract  Maximum O(log  n)

Insert O(log  n)

Increase-‐Key O(log n)
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All  operations  can  be  completed  in  O(log  n)  time!



Related  Reading
• Cormen chapter  6
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