15.5 Optimal binary search trees
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Figure 15.10 The tables eŒi; j , wŒi; j , and rootŒi; j  computed by O PTIMAL -BST on the key
distribution shown in Figure 15.9. The tables are rotated so that the diagonals run horizontally.

the diagonals run horizontally. O PTIMAL -BST computes the rows from bottom to
top and from left to right within each row.
The O PTIMAL -BST procedure takes ‚.n3 / time, just like M ATRIX -C HAIN O RDER. We can easily see that its running time is O.n3 /, since its for loops are
nested three deep and each loop index takes on at most n values. The loop indices in
O PTIMAL -BST do not have exactly the same bounds as those in M ATRIX -C HAIN O RDER, but they are within at most 1 in all directions. Thus, like M ATRIX -C HAIN O RDER, the O PTIMAL -BST procedure takes .n3 / time.
Exercises
15.5-1
Write pseudocode for the procedure C ONSTRUCT-O PTIMAL -BST.root/ which,
given the table root, outputs the structure of an optimal binary search tree. For the
example in Figure 15.10, your procedure should print out the structure
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k2 is the root
k1 is the left child of k2
d0 is the left child of k1
d1 is the right child of k1
k5 is the right child of k2
k4 is the left child of k5
k3 is the left child of k4
d2 is the left child of k3
d3 is the right child of k3
d4 is the right child of k4
d5 is the right child of k5
corresponding to the optimal binary search tree shown in Figure 15.9(b).
15.5-2
Determine the cost and structure of an optimal binary search tree for a set of n D 7
keys with the following probabilities:
i
pi
qi

0
0.06

1
0.04
0.06

2
0.06
0.06

3
0.08
0.06

4
0.02
0.05

5
0.10
0.05

6
0.12
0.05

7
0.14
0.05

15.5-3
Suppose that instead of maintaining the table wŒi; j , we computed the value
of w.i; j / directly from equation (15.12) in line 9 of O PTIMAL -BST and used this
computed value in line 11. How would this change affect the asymptotic running
time of O PTIMAL -BST?
15.5-4 ?
Knuth [212] has shown that there are always roots of optimal subtrees such that
rootŒi; j  1  rootŒi; j   rootŒi C 1; j  for all 1  i < j  n. Use this fact to
modify the O PTIMAL -BST procedure to run in ‚.n2 / time.

Problems
15-1 Longest simple path in a directed acyclic graph
Suppose that we are given a directed acyclic graph G D .V; E/ with realvalued edge weights and two distinguished vertices s and t. Describe a dynamicprogramming approach for ﬁnding a longest weighted simple path from s to t.
What does the subproblem graph look like? What is the efﬁciency of your algorithm?

Problems for Chapter 15

(a)
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(b)

Figure 15.11 Seven points in the plane, shown on a unit grid. (a) The shortest closed tour, with
length approximately 24:89. This tour is not bitonic. (b) The shortest bitonic tour for the same set of
points. Its length is approximately 25:58.

15-2 Longest palindrome subsequence
A palindrome is a nonempty string over some alphabet that reads the same forward and backward. Examples of palindromes are all strings of length 1, civic,
racecar, and aibohphobia (fear of palindromes).
Give an efﬁcient algorithm to ﬁnd the longest palindrome that is a subsequence
of a given input string. For example, given the input character, your algorithm
should return carac. What is the running time of your algorithm?
15-3 Bitonic euclidean traveling-salesman problem
In the euclidean traveling-salesman problem, we are given a set of n points in
the plane, and we wish to ﬁnd the shortest closed tour that connects all n points.
Figure 15.11(a) shows the solution to a 7-point problem. The general problem is
NP-hard, and its solution is therefore believed to require more than polynomial
time (see Chapter 34).
J. L. Bentley has suggested that we simplify the problem by restricting our attention to bitonic tours, that is, tours that start at the leftmost point, go strictly
rightward to the rightmost point, and then go strictly leftward back to the starting
point. Figure 15.11(b) shows the shortest bitonic tour of the same 7 points. In this
case, a polynomial-time algorithm is possible.
Describe an O.n2 /-time algorithm for determining an optimal bitonic tour. You
may assume that no two points have the same x-coordinate and that all operations
on real numbers take unit time. (Hint: Scan left to right, maintaining optimal possibilities for the two parts of the tour.)
15-4 Printing neatly
Consider the problem of neatly printing a paragraph with a monospaced font (all
characters having the same width) on a printer. The input text is a sequence of n
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suming that we had already sorted the activities in monotonically increasing order
of ﬁnish times, we needed to examine each activity just once. By preprocessing the
input or by using an appropriate data structure (often a priority queue), we often
can make greedy choices quickly, thus yielding an efﬁcient algorithm.
Optimal substructure
A problem exhibits optimal substructure if an optimal solution to the problem
contains within it optimal solutions to subproblems. This property is a key ingredient of assessing the applicability of dynamic programming as well as greedy
algorithms. As an example of optimal substructure, recall how we demonstrated in
Section 16.1 that if an optimal solution to subproblem Sij includes an activity ak ,
then it must also contain optimal solutions to the subproblems Si k and Skj . Given
this optimal substructure, we argued that if we knew which activity to use as ak , we
could construct an optimal solution to Sij by selecting ak along with all activities
in optimal solutions to the subproblems Si k and Skj . Based on this observation of
optimal substructure, we were able to devise the recurrence (16.2) that described
the value of an optimal solution.
We usually use a more direct approach regarding optimal substructure when
applying it to greedy algorithms. As mentioned above, we have the luxury of
assuming that we arrived at a subproblem by having made the greedy choice in
the original problem. All we really need to do is argue that an optimal solution to
the subproblem, combined with the greedy choice already made, yields an optimal
solution to the original problem. This scheme implicitly uses induction on the
subproblems to prove that making the greedy choice at every step produces an
optimal solution.
Greedy versus dynamic programming
Because both the greedy and dynamic-programming strategies exploit optimal substructure, you might be tempted to generate a dynamic-programming solution to a
problem when a greedy solution sufﬁces or, conversely, you might mistakenly think
that a greedy solution works when in fact a dynamic-programming solution is required. To illustrate the subtleties between the two techniques, let us investigate
two variants of a classical optimization problem.
The 0-1 knapsack problem is the following. A thief robbing a store ﬁnds n
items. The ith item is worth i dollars and weighs wi pounds, where i and wi are
integers. The thief wants to take as valuable a load as possible, but he can carry at
most W pounds in his knapsack, for some integer W . Which items should he take?
(We call this the 0-1 knapsack problem because for each item, the thief must either
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take it or leave it behind; he cannot take a fractional amount of an item or take an
item more than once.)
In the fractional knapsack problem, the setup is the same, but the thief can take
fractions of items, rather than having to make a binary (0-1) choice for each item.
You can think of an item in the 0-1 knapsack problem as being like a gold ingot
and an item in the fractional knapsack problem as more like gold dust.
Both knapsack problems exhibit the optimal-substructure property. For the 0-1
problem, consider the most valuable load that weighs at most W pounds. If we
remove item j from this load, the remaining load must be the most valuable load
weighing at most W  wj that the thief can take from the n  1 original items
excluding j . For the comparable fractional problem, consider that if we remove
a weight w of one item j from the optimal load, the remaining load must be the
most valuable load weighing at most W  w that the thief can take from the n  1
original items plus wj  w pounds of item j .
Although the problems are similar, we can solve the fractional knapsack problem
by a greedy strategy, but we cannot solve the 0-1 problem by such a strategy. To
solve the fractional problem, we ﬁrst compute the value per pound i =wi for each
item. Obeying a greedy strategy, the thief begins by taking as much as possible of
the item with the greatest value per pound. If the supply of that item is exhausted
and he can still carry more, he takes as much as possible of the item with the next
greatest value per pound, and so forth, until he reaches his weight limit W . Thus,
by sorting the items by value per pound, the greedy algorithm runs in O.n lg n/
time. We leave the proof that the fractional knapsack problem has the greedychoice property as Exercise 16.2-1.
To see that this greedy strategy does not work for the 0-1 knapsack problem,
consider the problem instance illustrated in Figure 16.2(a). This example has 3
items and a knapsack that can hold 50 pounds. Item 1 weighs 10 pounds and
is worth 60 dollars. Item 2 weighs 20 pounds and is worth 100 dollars. Item 3
weighs 30 pounds and is worth 120 dollars. Thus, the value per pound of item 1 is
6 dollars per pound, which is greater than the value per pound of either item 2 (5
dollars per pound) or item 3 (4 dollars per pound). The greedy strategy, therefore,
would take item 1 ﬁrst. As you can see from the case analysis in Figure 16.2(b),
however, the optimal solution takes items 2 and 3, leaving item 1 behind. The two
possible solutions that take item 1 are both suboptimal.
For the comparable fractional problem, however, the greedy strategy, which
takes item 1 ﬁrst, does yield an optimal solution, as shown in Figure 16.2(c). Taking item 1 doesn’t work in the 0-1 problem because the thief is unable to ﬁll his
knapsack to capacity, and the empty space lowers the effective value per pound of
his load. In the 0-1 problem, when we consider whether to include an item in the
knapsack, we must compare the solution to the subproblem that includes the item
with the solution to the subproblem that excludes the item before we can make the
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Figure 16.2 An example showing that the greedy strategy does not work for the 0-1 knapsack
problem. (a) The thief must select a subset of the three items shown whose weight must not exceed
50 pounds. (b) The optimal subset includes items 2 and 3. Any solution with item 1 is suboptimal,
even though item 1 has the greatest value per pound. (c) For the fractional knapsack problem, taking
the items in order of greatest value per pound yields an optimal solution.

choice. The problem formulated in this way gives rise to many overlapping subproblems—a hallmark of dynamic programming, and indeed, as Exercise 16.2-2
asks you to show, we can use dynamic programming to solve the 0-1 problem.
Exercises
16.2-1
Prove that the fractional knapsack problem has the greedy-choice property.
16.2-2
Give a dynamic-programming solution to the 0-1 knapsack problem that runs in
O.n W / time, where n is the number of items and W is the maximum weight of
items that the thief can put in his knapsack.
16.2-3
Suppose that in a 0-1 knapsack problem, the order of the items when sorted by
increasing weight is the same as their order when sorted by decreasing value. Give
an efﬁcient algorithm to ﬁnd an optimal solution to this variant of the knapsack
problem, and argue that your algorithm is correct.
16.2-4
Professor Gekko has always dreamed of inline skating across North Dakota. He
plans to cross the state on highway U.S. 2, which runs from Grand Forks, on the
eastern border with Minnesota, to Williston, near the western border with Montana.

