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Abstract If we consider a matching that preserves high-
order relationships among points in the same set, we can int-
roduce a hypergraph-matching technique to search for cor-
respondence according to high-order feature values. While
graph matching has been widely studied, there is limited
research available regarding hypergraph matching. In this
paper, we formulate hypergraph matching in terms of ten-
sors. Then, we reduce the hypergraph matching to a bipartite
matching problem that can be solved in polynomial time. We
then extend this hypergraph matching to attributed hyper-
graph matching using a combination of different attributes
with different orders. We perform analyses that demonstrate
that this method is robust when handling noisy or miss-
ing data and can achieve inexact graph matching. To the
best of our knowledge, while attributed graph-matching and
hypergraph-matching have been heavily researched, methods
for attributed hypergraph matching have not been proposed
before.
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1 Introduction

Matching two sets of feature points is a key element in many
computer vision tasks, such as feature tracking, image align-
ment and stitching, and stereo fusion. This problem is closely
related to weighted bipartite graphs. One may consider the
two sets of feature points as two sets of nodes, and asso-
ciate a weight value (called similarity) to an edge between
two nodes belonging to different sets. Finding a maximum
weighted bipartite matching will give a matching with the
maximal sum of the edge values. This problem has been
reduced to the maximal flow problem [1] and can be solved
in polynomial time. Many additional algorithms have been
proposed to solve these problems [2], such as the Bellman—
Ford algorithm, Dijkstra’s algorithm, and the Fibonacci heap.

Bipartite matching is perhaps the simplest matching prob-
lem, because it only concerns information of the node (feature
point) itself. Graph-matching techniques are developed with
the intent to match the feature points in different sets and
to preserve binary relationships between points in the same
set. Here, we regard the feature points as nodes and the rela-
tionships of point pairs as edges, and then construct a graph
for a set of feature points. Graph matching is performed to
establish the mapping between the nodes of two graphs while
preserving their edge, i.e., if an edge is mapped to another
edge in the other graph, those nodes will be linked by the
corresponding edges.

Graph-matching methods can be roughly divided into
exact graph matching and inexact graph matching [3,4]. In
exact graph matching, two graphs may have some identical
parts. The challenge is then to find an isomorphism such that
we can map a node and an edge from one graph to another
in terms of their associated values. According to the size
of the identical part, we may have a graph isomorphism,
a subgraphisomorphism, or a maximum common subgraph
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isomorphism. The graph isomorphism problem is an unsolved
problem in relation to whether it is NP or NP-complete, and
we believe that it cannot be solved in polynomial time. Tree-
based search algorithms [5] are the standard processing meth-
ods for isomorphism testing, and most of them require expo-
nential time in the worst case. Some constrained graphs, such
as trees [6], permutation graphs, and planar graphs [7], have
been invoked to develop polynomial time algorithms [8] for
the graph isomorphism problem.

Unlike graph isomorphism, subgraph isomorphism has
been reduced to maximum common subgraph isomorphism,
which has been proved to be an NP-complete problem. Both
are believed to be impossible to solve in polynomial time.
In practice, the maximum common subgraph isomorphism
problem is more common as the feature points extracted
from an image may be different from those points extracted
from another image. Tree-based search algorithms [9] can
be applied to solve the subgraph isomorphism problem in
exponential time. To solve this problem in polynomial time,
some approximation or suboptimal algorithms [10] have been
proposed for constrained graphs (e.g., sparse graphs), which
have then been solved iteratively in bounded polynomial
time.

In computer vision, however, feature values often have
spatial or temporal deviations, which cause the matching to
be inexact matching rather than an exact graph matching.
Inexact matching algorithms are designed with a tolerance
for errors and noise, therefore they can be applied to deter-
mine the identical parts of two graphs in a more practical
application than is possible with exact graph matching. It
is for this reason that inexact graph matching is also called
error-tolerant graph matching [11]. It can be regarded as the
maximum common graph matching in some form and has
been proved to be an NP-complete problem [12].

In recent years, various algorithms designed for inexact
graph matching have been proposed. For example, tree-based
search algorithms [13] are guaranteed to find the optimal
solution in exponential time. To allow a solution to be found
in polynomial time, we may choose some constraints for the
graphs or accept a suboptimal solution. However, various
applications have led to differing algorithms. Artificial neural
networks [14], relaxation labeling [15], genetic search [16],
the spectral method [17], and the kernel method [18] are
key classes of inexact graph matching algorithms. One may
refer to the papers [3] and [4] to find more information about
inexact graph matching algorithms.

Traditional graph matching only considers about nodes
and edges, which are related to unary features and binary rela-
tionships, respectively. In computer vision, the unary feature
could be color or position value related to the feature point
itself, while a binary relationship could be distance or orien-
tation value computed from one pair of feature points. Fea-
ture points are extracted from one image frame and matched

@ Springer

to those extracted in the successive frame. The feature val-
ues may or may not be deviated spatially or temporally. For
example, the position feature is illumination-invariant, but
the color feature is not. Moreover, the orientation feature is
invariant to scale but the distance feature is not. If we can
develop an algorithm based on some kind of invariant fea-
ture, our proposed algorithm will be robust to that kind of
deformation.

Since we can design features with many kinds of invari-
ance from unary and binary relationships, some applica-
tions still require high-order relationships [19,20]. Relating
the search for correspondence using high-order relationships
to hypergraph matching problem [21] is very straightfor-
ward. Searching for correspondence using high-order rela-
tionships is equivalent to hypergraph matching [21] or high-
order graph matching [22]. While an adjacency matrix repre-
sents a graph, a tensor can be used to represent hypergraph.
Extending the formulation from the adjacency matrix to a
tensor-based formulation is very straightforward. However,
solving the tensor formulation of hypergraph matching is not
so simple [22].

Except for increasing the order of relationships, we can
extend graph matching to attributed graph matching [23,24],
where each node and edge is associated with a set of attribute
values in an attributed graph. When exploring the corre-
spondence not only the structure, but also the attribute value
should be considered. This approach is very useful in com-
puter vision applications where we want to match feature
points in different images [25]. However, considering differ-
ent kinds of attributes at the same time encourages inconsis-
tency due to inconsistent feature types [26].

In this study, we consider attributed hypergraph matching,
where feature points are associated with many kinds of fea-
ture values, both high order and low order. The hypergraph
is represented using several tensors in different orders, and
the attributed hypergraph matching is formulated in terms
of least squares of tensors. The correspondence is finally
shown in a permutation matrix. In Sect. 3, bipartite matching
is addressed and formulated. Traditional graph matching is
then discussed in Sect. 4. The extension from graph matching
to hypergraph matching and attributed hypergraph match-
ing are discussed in Sects. 5 and 6, respectively. Finally, the
robustness of the proposed method is investigated in the final
section of this paper.

The main contributions are summarized as follows. First,
to the best of our knowledge, although some attributed graph-
matching and hypergraph-matching algorithms have been
proposed before, no algorithm focusing on attributed hyper-
graph matching, as our method does, has been proposed pre-
viously. Second, the hypergraph in general case is considered,
unlike most of the previous works concerned about special
graphs to deal with the inexact graph matching because it
is believed to be NP-hard problem. Third, attribute values
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are transformed and represented in the same Hilbert space to
prevent the issues relating to inconsistency of feature type.
Fourth, the hypergraph matching was reduced to bipartite
graph matching in polynomial time, therefore it required
much less processing time than other methods. Finally, under
some assumptions, we can obtain optimal solution of hyper-
graph matching.

2 Related works

LetV ={Vy,..., Vyband V/ = {V], ..., V' } be two sets of
points, where n and n’ are the number of points in V and V',
respectively. We may solve their correspondence by look-
ing for an n x n’ assignment matrix Z such that its (i, j)th
element Z; ; = 1 when V; corresponds to ij and it satisfies
Z1 < 1and Z71 < 1, where 1is a column vector in the form
1=11,1,..., 117. Such a problem is also called an assign-
ment problem and it can be solved by bipartite matching in
polynomial time. If the correspondences are established by
considering their binary relationships, E; ; = (V;, V;) and
El’/ = (V/, ij), simultaneously, this problem is known as a
quadratic assignment problem and has no known polynomial-
time algorithm for solving it. As those nodes and edges form
a graph G = (V, E = {E; ;}) in mathematics, we may say
that the quadratic assignment problem is a graph-matching
problem. One may refer to the book [27] to find more infor-
mation about assignment problems.

Approximate methods for the quadratic assignment prob-
lem can be categorized as those expressed by an affinity
matrix and those expressed by a weighted adjacency matrix.
In the first category, the affinity matrix A € R "' whose
element A; ; is the pairwise affinity of a potential assignment
i = (V;, Vl./,) to j = (Vj, V/f,), is used for representation.
Solving the problem yields the following binary optimiza-
tion problem:

7" = argmax(z” Az), Z* € {0, '
Zz
where z is a row-wise vectorized replica of Z. This formu-

lation was first shown in [28] and can be solved via spectral
relaxation:

" w! Aw
w” = argmax ———.
woowlw

Here, w* can be solved by computing the leading eigen-
value and corresponding eigenvector of A. Given the con-
tinuous solution w*, one may discretize w* to derive z*. By
the Perron—Frobenius theorem, the leading eigenvector of A
is known to exist if A is symmetric and non-negative. The
power iteration method is a useful technique to compute the
leading eigenvector iteratively.

To extend the above works to high-order relationship, the
affinity tensor 7' € R””,X””/X”"/x"', whose element is the
affinity between potential assignments, is used for formula-

tion of hypergraph matching. A hypergraph G = (V, E) is
a generalization of a graph where each edge, called hyper-
edge, can connect any number of nodes. According to the
order of relationship, we can define the order of the affinity
tensor and the number of nodes connected to one hyperedge.
Each hyperedge can be associated with the value of relation-
ship among the connected nodes. To solve the hypergraph
matching, one may unfold 7 into a matrix and apply the
aforementioned methods proposed in matrix space [19], but
some relationships would be lost in such a reduction.

Power iteration has been extended to tensor power itera-
tions [22,29]. However, as the order of the tensor increases,
the number of entries of the tensor increases exponentially.
If the tensor is not sparse, constructing the tensor and com-
puting the leading eigenvector will be time-expensive oper-
ations. The leading eigenvector could be used to infer the
assignment matrix as it provides the optimal rank one approx-
imation for the matrix (as in the Eckart—Young Theorem)
[19]. However, this property does not hold for tensors.

The affinity matrix 7 can be though as the weighted adja-
cency matrix of an association graph and Cho et al. [30]
proposed a random walk algorithm to solve the matching
problem in this association graph. This work is then gener-
alized to higher order [31], i.e., the random walk algorithm
is applied to an association hypergraph that is represented
by the affinity tensor. Power iteration and random walk algo-
rithms use the expression with bulky processing space and
solve the problem iteratively, which cause their methods are
time and space consuming. Besides, their methods may be
trapped in local minimum.

In the second category, graph nodes represent the points in
the set and graph edges denote the relationships between two
points in the same set. The sets of points, V and V', and their
corresponding set of relationships are then represented as two
weighted graphs using two weighted adjacency matrices. We
denote these two matrices as A € R"*" and A’ € R”/X”/,
respectively. Here, the assignment matrix Z is used as the
permutation matrix P, and the matching problem may then
be expressed as a least square problem as follows:

P* = argmin HA - PA/PTH , (1

where || - || means some norm (the Frobenius norm in our
research). Obviously, this expression uses less processing
space than the previous one. Besides, computing affinity
matrix requires much more time O(n?) than computing
weighted adjacency matrix O (n). As the order of relationship
is increased, computing affinity tensor will require unaccept-
able processing time O (n>?).

Spectral methods are another technique for solving Eq. (1).
These can be applied because of the observation that the
eigenvectors relating to the adjacency of a graph are invariant
with respect to node permutation [4]. The graduated assign-
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ment algorithm [32] may be one of the first algorithms to
solve the quadratic assignment problem by relaxing P* to
a leading eigenvector of A. This algorithm combines the
quadratic assignment problem and sparsity, and has proved
to be a very successful algorithm [19].

While a weighted adjacency matrix defined for graph, we
can define a tensor, whose elements are the values of hyper-
edges, for hypergraph. Matrix decompositions, such as sin-
gular value decomposition [33] or eigen decomposition [34],
are widely used to solve quadratic assignment problems in
matrix space. The corresponding decompositions for a tensor
could be CANDECOMP/PARAFAC (CP) decompositions or
Tucker decompositions [35]. The CP decomposition decom-
poses a tensor as a sum of rank-one tensors, while the Tucker
decomposition is a principal component analysis for tensors.
However, as discussed by Kolda and Bader [35], there is no
straightforward algorithm to determine the rank of a specific
given tensor, or the tensor decomposition.

Our method has the following advantages: At first, our
method took a significantly short processing time (less than
1 s) to perform a hypergraph matching while obtaining rea-
sonable results. In the second, this speed allows us to employ
a higher number of attributes and higher orders of rela-
tionships for hypergraph matching. The higher number of
attributes helps our method to adapt to noise, while the higher
orders of relationships allow our method to be invariant to
some image distortion (i.e., scale, rotation, or translation).
Finally, even graph matching is supposed to be NP-hard prob-
lem, we can obtain the optimal solution in polynomial time
under some assumptions.

3 Bipartite matching

To determine the correspondence between the feature points
of V and those of V’, we look for an n x n’ permutation
matrix P such that its (i, j)th element P; ; = 1 when V; cor-
responds to ij. In general, n is not equal to n’. However,
dummy feature points can be added to the smaller set to give
the same size n for both sets V and. This matching prob-
lem can be formulated as the minimization of the following
equation [36]:

P* = argmin |u - PU'| 2)

where U and U’ are two n x 1 vectors constructed from V
and V', respectively, and in each vector, the ith element U;
contains the feature value of V;. Each element of P can be
either 1 or 0, and only one element is 1 in each row and each
column. The permutation matrix P with element P; ; = 1
will permute U J’ to subtract U;. Since U and U’ associate the
nodes of the graph without edges, Eq. (2) can express the
solution of the graph matching.
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To satisfy Eq. (2), the element U ]’ should be as close as
possible to the element U; when P;; is set as 1. In a realistic
situation, noise exists in the feature values. Therefore, U; and
U j’ will not be exactly equal even if they represent the same
feature point. To address the issue of noise, a similarity matrix
S can be introduced for solving the problem. Each element,
Si, j» of §is computed as the degree of the similarity between
U and U ; The permutation matrix P can be solved by the
following maximization:

P* = argm;n Z SijPij-
iJ

The above problem is a well-known maximum weight
bipartite matching problem, and can be solved in polyno-
mial time [1]. Many methods, such as the relaxation method,
the Hopfield network method [17], the Hungarian algorithm
[37], and the Dijkstra’s algorithm, have been proposed for
solving this problem.

In this paper, S; ;, is defined as S; ; = k(d(i, j)), where
k(-) is a decreasing function (e.g., k(x) = 1/x) and d(i, j)
is the degree of dissimilarity:

dG, j) = |vi - v; 3)

The vector norm ||-|| is applied here instead of the absolute
value, because we may assign a feature vector to a node in
many applications. Finally, P is the solution of the bipartite
matching with a maximum sum of weights, where V and
V' are the two sets of nodes, and S; ; is the weighted value
of the edge between nodes V; and V]f . Note that we will
reduce hypergraph matching to bipartite matching in poly-
nomial time. Since the solution of maximum weight bipartite
matching can be solved in polynomial time, we will be able
to solve hypergraph matching in polynomial time too.

4 Graph matching

To decide the correspondence between different sets of fea-
ture points and to consider the binary relationships of point
pairs at the same time, we construct a graph for each set of
feature points and apply the method of graph matching to
solve the correspondence problem. All the feature points in
one set, V = {Vi,..., V,}, are considered as the nodes in
the graph G, and the binary relationship between V; and V;
can be thought of the edge E; ; between nodes. We assign
a feature value A; ; to edge E; ; and a feature value A;; to
node V;, and then construct an weighted adjacency matrix
A = [A; j]. Feature points in V' can be a graph represented
by another weighted adjacency matrix A’. In our application,
A and A’ are not necessarily symmetric.

Solving the correspondence between the feature points in
different images can be formulated as the minimization prob-
lem [24] defined in Eq. (1). By assigning a feature value to an
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edge, the graph becomes an attributed graph. Since A and A’
represent the attributed graphs, Eq. (1) formulates the prob-
lem of an attributed graph matching [38]. In previous works,
many algorithms have been proposed to solve the attributed
graph matching [3,4], but they encounter difficulties, such as
an exponential processing time [9], only applying in special
cases [10], or falling into local minimum traps.

Let us consider a permutation matrix P. Suppose A* =
PA’PT and the permutation matrix P, with elements P; ; =
1, will permute A’;. and A’ j to A7 and AY;, respectively.
If Eq. (1) is satlsﬁed A;. and A ‘should be very similar

to A¥, and A7, respectlvely Since the elements in A7, and
A come from A, ’y and A , we can expect the elements in
j .and A’ to be close to those in A; . and A.; except for

sequence.

For convenience, let A(i) denote the bag containing the
elementsof A; . and A. ;, and A’(j) denote the bag containing
the elements of Al . and A’ If A(i) and A’(j) are equal,
we will set P; ;j to 1 in most cases. In a realistic situation,
however, noises exist in the feature values and, thus, A(i)
and A’(j) cannot be exactly equal even if they represent the
same feature point. We use the similarity matrix S introduced
above with §; ; computed as S; ; = k(d(i, j)), where the
distance function d (i, j) provides the degree of dissimilarity
between A(i) and A’(j). When we have S, the permutation
matrix P can be solved using the methods discussed in the
previous section.

Instead of measuring dissimilarity by comparing the ele-
ments in the bag directly, we compare their continuous distri-
bution described below to tolerate the noise. Many harmonic
analysis methods, such as the Hilbert transform or the Fourier
transform, can be applied for describing the continuous dis-
tribution. In this study, we approximate of the elements in a
bag with the distribution by a Fourier series f’(x):

(.X) Z Cn eln;tx (4)

n=—oo

with:

17 .
c,,:—/f(x)e MUY dx, 5)
2

where f(x) is a function that is periodic on the interval
[-L,L] and u = % In our application, we normalize the
values of the elements in a bag [(A(i) or A’(j) in our case]
to be between —r and 7, and set:

if x = ay

fx) = [ T (6)

otherwise ’

where ay is an element of set A(i), and ny is the number of
elements with value ai. If we treat f(x) as a function that

is periodic on the interval [—m, 7], Eq. (5) can be simplified
as:

T
1 )
= — / fx)e "™ dx,
2m
—T

and its discrete form would be:
[A@)| [A@)I
Cn = € 1 ek — - Z e N
2m & 1AG)] 27 1AG)] &

[A@D)]

— C Z e—inak’ (7)
k=1

where C = %IA_}D\ The computation of Eq. (7) requires
time complexity O (|A(i)]).

The above function f (x) is associated with a sequence of
Fourier series, { Fy(x)}, where N = 0, 1, 2, .. ., defined by:

N
— E Cnelnx
n=—N

For any small positive real number, we can always choose N
such that:

lIf(x) —

for N/ > N. Finally, any square-integrable function can be
expressed as a series:

> cne™. )

n=—oo

Fn(x)

Fy@ll <e

fx) =

Thus, the sequence of Fourier series converges. The func-
tions e/”* form the orthogonal basis of a space, satisfy-
ing the conditions for a Hilbert space. Under these basis
functions, we can represent the function f(x) by a vector
(...,c—1,c0, 1, ...)orby components (c,) in a Fourier coef-
ficient space.

The Fourier series approximation, Fy(x) = f/(x) =
Z,I,V:_ N Cn ei"* is then used instead of Eq. (4). We defined a
Hilbert space H, the f’(x) now can be represented as a vector
v=(c_N,...,C0,...,cN)In H.Figure 1 shows a diagram
of the above transformation. With such an approximation, the
distribution of the elements can accommodate data noise and
even a loss of data. The total time complexity required for
computing the Fourier series approximation is O (N|A(i)]|).
Since N is a small constant number (8 in our experiments),
the time complexity is assumed to be O (|A(7)]).

Letususe f;(x), fi’ (x), and v; to denote the discrete func-
tion, the Fourier series approximation, and the vector, respec-
tively, transformed from A (7). Note that f;(x), f J/ (x),andv;
are similarly transformed from A’(j). The degree of dissim-
ilarity between A(i) and A’(j) corresponds to the difference
between f;(x) and f;(x), which can be computed by the
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0 A, Ay ALl As]As
Az.l 0 A23 A2.4 AZ.S A’Z.é
Ay A, 0 Al A | Ay
A‘Ll AQQ A‘J 0 A‘l 2 AA 1
ASJ AS ASJ Ai 4 0 AS S
Ay Az Ass Ass] Ass| O

= = Extracting row and column
A(l) = {ASJ ’ AS,Z’ A5,3’ A5,4’ AS,G’ ALS’ A2.5’ A3,5’ A4,5’ AG,S }
{v/f«" Normalization

(v, vy}

\‘./7 Discrete function

S
n
™ e P

| . . . .
\v/?" Fourier series approximation

=~ Representation

v:(C—N"“7C[)"“’CN)

Fig. 1 Transformation from A(i) to f’(x), where A(i) is a bag with
the elements in the i th row and column of matrix A, f(x) is the discrete
distribution of A(i), and f’(x) is the Fourier series approximation for
f(x). Note that the elements A;; can be zero if we do not consider the
feature values of nodes

difference between f/(x) and f /’ (x) to tolerate the noise.
Finally, we compute the distance between v; and v to reflect
the difference between fi’ (x) and f ]’ (x) for convenience.

To compute the true distance between v; and v ;, we intro-
duce a Riemannian manifold M embedded in H. The metric
gy on M is a family of inner products:

g :TwM xTyM — R,ve M,

where T, M refers to the tangent space consisting of all the
tangent vectors at one point v on M. Regarding the space H,
the components of the metric tensor G at point v are given
by:

Emn(V) = & - , - .
mn 4 deimx J deinx ) |

With the metric tensor G, the inner product between two
tangent vectors vi € T,M and v, € T,M can be com-
puted by g, (v1,v2) = vlTsz. Let us consider another point
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v =v +dv, wheredv = (0, ...,0,dc,,, 0, ..., 0). The dis-
tance, ||dv||, between v’ and v defined on the manifold can
be computed by:

ldv])? = dv? = dvT Gdv = gum®) - dcy - dep. 9)

Suppose f l: ,(x) and f,(x) are the Fourier series approxi-
mations defined by v' and v. We calculate the difference, |dv|,
between f 15’ (x) and f, (x) using the following equation:

dv] = /(f,j,(x) — f(x))dx :/dcmeimxdx

= dcy, / e dx. (10)

By combining Eqs. (9) and (10), g (v) equalsto (fei™*dx)®,
Let ( f eimx d)c)2 = (Cm)z, where C,, can be obtained from
the inverse Fourier transform on the frequency 5.

Next, letusreplace dv with (0, ..., 0, dcy,, 0, ..., 0,d,, 0,
..., 0). Equation (9) can be rewritten as:

ldv|? = T Gdv = gum () - dep - dep
+2gmn ) - de : an + &nn ) - dcn : dcn
= C2 (dem)? 4 28mn(v) - deyy - de, 4+ C2 (dey)?
(11)

and Eq. (10) will become:

ldv]| = / (f1 () = £1(x0))dx

= dcn,/eimxdx +dcn/ei”xdx

and

2
[dv|> = (dc,,, / eimxdx)

+2de,,dey, / e dx / e dx

2
+ (dc,l/ei”"dx)

= (dey)? C2 4 2depde, Cn Cy + (dey)? C2. (12)

By combining Eqgs. (11) and (12), we can obtain g,,,, (v) =
C,, C,,. Finally, we have the metric tensor G that can be com-
puted beforehand.

Letr : [a, b] be a continuously differentiable curve in M.
We define dis(r(a), (b)) as the length of the shortest path
(i.e., a geodesic) r between a and b:
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b b
dis(r(a), r (b)) :/“r/(s)” ds:/\/r/(s)TGr/(s)ds

b b
=/\/r’(s)TCCTr/(s)ds =/r’(s)TCds
ab a
= /r/(S)Tds C=ArTC=VArTGAr (13)

a

where C = (C_p,...,Cp,...,Cy)and Ar = r(b) —r(a).
The elements of the similarity matrix S are defined by
Si.j =k(d(i, j)), where d(i, j) is given by Eq. (13), d(i, j)
= dis(v;, v;). Constructing S will require time complexity
O (n3) wheren = |A(7)]. Using the method relating to Eq. (2)
proposed in the previous section, we can obtain P* from S.

The graph with fewer nodes is padded with dummy nodes
to give an equal number of nodes in each graph. In the matri-
ces, the feature values of the dummy nodes and their corre-
sponding edges are set to zero. To handle the zero values in
the matrix, the corresponding values of f(x) are set to be
a very small number. After graph matching, each node will
match one of the nodes in the other graph. Dummy nodes
will match either a dummy node or a redundant node in the
other graph.

Based on the definition, A(i) contains the weights of the
connected edges of node i. Its corresponding expressions v;
can be thought of as the feature vectors of node i. In other
words, we transform the edge values A(7) of the binary rela-
tionship to the feature vector, v;, of node i. The same situation
occurs in the transformation from A’(j) tov ;. Solving Eq. (1)
will be equivalent to solving Eq. (2) if we set U; = v; and
replace Eq. (3) with Eq. (13). We transform the graph match-
ing to a bipartite matching. Figure 2 shows the overview of

Fig. 2 Overview of the
transformation from graph
matching to bipartite matching

the transformation. In the next section, the same idea pro-
vides a method for transforming a matching that considers
d-ary relationships to a bipartite matching.

5 Hypergraph matching

As a weighted adjacency matrix can be used to represent an
attributed graph, an attributed tensor can be used to represent
an attributed hypergraph with d-ary affinities, each of which
is a relationship of d nodes [22]. Let us take a matching of
ternary relationships for example. As the matrix is applied to
represent the binary relationship of the nodes, a third-order
tensor 7T is applied to represent the ternary relationship of
the nodes. A third-order tensor T can be regarded as a three-
dimensional array, and its element 7; ; x contains the weight
among the ith, jth, and kth nodes. The element 7; ; ; will
store the weight value of an edge if two of the indexes (i, j,
or k) are equal, while 7;; ; will store the feature value of
single node i as the indexes are the same.

With respect to the Cartesian basis {¢; = (...,0, 1,0,
...)T}, where all the elements are 0 except that the ith ele-
ment is 1, a third-order tensor can be represented by a linear
combination of the Cartesian components:

T=Y T ®e Qe (14)
ij.k
where ¢; ® e; ® e is the dyadic product of three vectors
e;, €;,and e;. The dimension of {e; } is the same as the number
of nodes in our case, and the dyadic product of three vectors
is extended from the dyadic product of two vectors. As the
dyadic product of two vectors is shown as amatrix, €; ®e ; @€y
is a three-dimensional array with 0 in all elements except for
the (i, j, k) element (equal to 1). In the following expression,

4
‘ S, = k(d(, )))
|

S —— p
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the summation sign of the triple will be suppressed (using
the Einstein summation convention), and a tensor expressed
by Eq. (14) will be denoted by

T =T,re Qej R e.

Solving the correspondence between the feature points in
different images can be formulated as the following mini-
mization problem with the above triple:

* =argmgn HT_Ti:j,k(Pei)®(Pej 15)

where P is the permutation matrix and Pe; will equal

e; if P;; = 1. The permutation matrix can permute
the slices T’ T:/ I and T jto subtract T;,. ., T. ., and
T..i respectwely, in Eq. (15) A slice T/ .. can be con-

51dered as a matrix, which can have the inner product
applied with the permutation matrix, PT’ PT, as it is
expressed in graph matching. To minimize Eq (15) the per-
mutedslice PT;  PT, PT/;, P", PT/ ;PT mustsimilarto
Ti...T;. T. i respectlvely As discussed in the previous
section, since T and T’ are associated with hypergraphs,
Eq. (15) expresses the solution for a hypergraph matching.
Letus consider 7' (i) asabagofelementsin 7; . ., T. ;., and
T... j,and consider T'(j) as a bag of elements in T/ T/
and T’ e . The higher the similarity between T (i) and T’ ( ])
the hlgher the probability that P; ; will be to 1. Using
the process described earlier, T(i) and T’(j) can be trans-
formed and expressed as the feature vectors v; and v; using
Eq. (5). The time complexity for a transformation is 0 (n?).
After setting r(a) = v; and r(b) = v;, we can measure

arg min / 2 v =venl’
j

order from three to d is straightforward. The difference is the
time complexity, which is O (4= for computing the vector
and O (n?*1) for computing P*.

5.1 Proof

Using the above transformation, a hypergraph matching can
be reduced to a bipartite matching in polynomial time. As the
latter can be solved in polynomial time, so can the proposed
hypergraph matching. Since graph matching is generally an
NP-hard problem, the solution should be an approximation.
However, we have a proof to show that the processing result
is the global minimum of Eq. (15).

It is known that bipartite matching can be solved in poly-
nomial time, which means that we can have global minimum
of Eq. (1) using those methods mentioned before. Let vector
U consist of elements v;. Then, Eq. (1) can be expanded to
the following:

s

* = arg min |U-PU| = argmlin\/z vi = veij) ’
j
(16)

where 7 (j) refers to the permutation of element j. As in
Eq. (8), v; and vy ;) refer to the Fourier series f]f(x) and
11 ) (x), respectively. Minimizing the norm,
equivalent to  minimizing the
E [ £ = £, j)(x)]. Thus, by substituting this for the
norm, Eq. (16) can be expanded as:

=V i
expected  value

:argn}in ZE[f (x) — n(j)(x)]
N
N[Ol _ N[ ITaal 7
—wgmgn | SE| 3 (€3 e oo 3 (e 3T e |ane | )
\ Jj n=—N k=1 n=—N k=1

the dissimilarity using Eq. (13) and construct S for solv-
ing the permutation matrix in Eq. (2). Extending the tensor
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where a; x is the kth element in bag T'(j). Equation (17) can
be further rearranged to:
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N () N |7/ ()| 2
ar : E —inaj inx _ Inag iy 7k inx
SR DN £ S FERD S I S I
j n=—N k=1 n=—N k=1
N (IT0) :
= argmi E ( —inajp _ gindg >7r(k)) inx
emp S E[ Y (3 (e OIE
Jj | n=—N \ k=1 s
(ITG) /N ?
= ar; i E —inajr _ ’"“n(,) rr(k)) nx
e | 2| 3 (3 (e
Jj | k=1 \n=-N
N 2
— ar : E —inajy inx __ lnd,,( i), (k) @l X
e | 6| (3 e 3 e
N\ L & \n=—N n=—N (18)
where we assume that |T(j)| = |T'(7w(j)|. As defined in . 2
Eq. (7), ansz e~i"4jkein¥ is the Fourier series approxi- arg n}gn \/Z ; E [DXJJ{]
mation of: /
R :mg%p”T—ILkawg®(Pq)®(Pqﬂy 21
— =aj,
fx) = [0 otherwise

with ZZV_ N e A el™  defined similarly. Both
Z,I:/:_N e inajkeiny gnd Zn—— ()70 e gre Gaussi-
an functions with the same standard deviation. The subtrac-
tion of these two Gaussian functions can be performed as the
subtraction of two random variables that are normally distrib-

uted with mean values a; ; and az(j) =), respectively. Let

—ina’

: N P
us define two random variables, X j x = >, __y e~ "%ike!"~

and X (j) z)(x) = Z,I:’:_N ¢~ %) ¢in¥  These can be
substituted into Eq. (18), giving:

19)

N 2

2 e inajkginx _

N
. )
argmln E E|: ( E e () n ) g X
J k

E [Z T

2
= argmlin Jk — n(j).ﬂ(k))j|
k

sy

where DX = X — Xz(j),n)- We assume that each
DX is independent to one other. Then, Eq. (19) can be
written as:

2
argmgn ZE |:Z DXj,/(:| = argmgn IZZE [DXj’k]z-
J k j ok

(20)

= argmin
J P

Since the expected value E [ DX j x| shows the difference
between a; x and az (=), Eq. (20) becomes:

Finally, we have P* = arg mgn H T — Tl.”j’k(Pe,') ® (Pe;)

Q(Pex)

, proving that our processing result satisfies Eq. (15).

5.2 Error propagation and discernibility

Most of the previous research has focused on the matching of
an attributed graph constructed using node values (unary fea-
tures) and edge values (binary relationships). In hypergraph
matching, we try to solve the matching problem involving
high-order relationships [26]. Such matching has the advan-
tages of increasing the geometric invariance and more models
canexplain [22]. However, sometimes high-order feature val-
ues have greater deviation than expected. When we construct
a d-order tensor for hypergraph matching, the absence of one
pair influences the d x (d — 1) x n?~2 feature values of a bag
To prove this, let us consider a d-order tensor 7, ;,, ...,
a specific node i. The bag for computing feature vector v;
contains d elementsin 7. _.;. .. ForeachT. .;. . one
of the remaining (d — 1) indexes indicates the correspond-
ing node whose feature vector will be influenced. This leaves
d — 2 indexes to set as one of the n index values (nd_2 cases).

With respect to the bag size n?~!, the ratio of the changed
elements to the non-changed elements in a bag is:

dx(d—1)
n

under one missing pair. When we are missing k pairs, the
ratio would be:

kxdx(d-—1)

n

=rxdx(d-1),
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Fig. 3 a The relationship between r and d when the rate of influence reaches 100 %. b The degree of influence (y-axis) to the ratio (x-axis) of the

number of feature values being changed

where r = ff is defined as the rate of missing nodes. As the
order d (>1) is increased, the influenced elements of a bag
increase exponentially. This influence leads to low tolerance
for missing nodes. Figure 3a shows the relationship between
r and d when the rate of influence reaches 100 %. We can
see that while the tensor order is >4, the missing rate cannot
be >10 %.

Increasing the order of the tensor leads to another diffi-
culty: the decreasing degree of discernibility. As long as the
number of elements in a bag is very large, those bags will
become harder to distinguish. To demonstrate this, we ran-
domly produce k feature values and considered these values
as the elements of a bag. This bag is then computed to the fea-
ture vector v using Eq. (5). Given a missing rate of r, r X k
feature values of the bag are randomly selected and replaced
using new random values. Then, a new bag is produced and
can be computed with a new feature vector vyey,. Their dis-
similarity is computed as dis(Vori, Unew) using Eq. (13), and
indicates the degree of discernibility. Figure 3b shows the
degree of discernibility in relation to . We see that while
the number of elements is >1,000, the two bags cannot be
distinguished, even if they are 30 % different. Such issues
are easy to encounter in hypergraph matching, for example,
if d = 3 and n > 32, then the number (323) of elements
in the bag will be >1,000; if d = 4 and n > 10 , then the
number (10%) of elements in the bag will also be >1,000.

Some of the above issues can be addressed. First, if only a
few nodes are designed for hypergraph matching, the prop-
agation of errors will be reduced. Second, to avoid the influ-
ence of noise, the hypergraph matching can only be applied in
a case where there are no missing nodes or data noise. Third,
constructing a tensor that is very sparse helps to reduce the
effects of error propagation. This can be achieved by apply-
ing constraints as proposed by Duchenne et al. [22]. Finally,
we can select a suitable tensor order according to the order of
the relationship, and use the attributed hypergraph-matching
method proposed in the next section to combine different
orders of relationships.
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6 Attributed hypergraph matching

Attributed graph matching is defined as:

P* = argmin
P

m
(Z wi [T =Ty (Pei) @ @ (Pey) \)
k=1

(22)

where dj, refers to the order of the tensor relating to the dj-ary
relationship, and wy is the weight for describing the impor-

tance of the kth feature. If d;, = 1, then HT — T,-l(pel.l) ‘ will

equal the form of || U-PU ||/ relating to Eq. (2). Similarly,
if d = 2, then HT — T/ . (Pe;,) ® (Pes,)

01,02
form of | A—PA'PT || relating to Eq. (1). As we have the
solution for each part of the Eq. (22) (hypergraph matching),

i.e.,

will equal the

)

(23)

P* = argmgn H T — Tk/,il,m,idk (Peil) R ® (Peidk)

we solve this problem first and then combine all the solu-
tions. Recall that we can compute the similarity matrix Sk
for Eq. (23) at first. Then the combination is defined as:

m
=2 wiSk. 24)
k=1

and the final solution P* is derived from S using Eq. (2).
However, previous research [19] shows that combining
multiple solutions may increase the occurrence of problems
due to degradation and bias if one of the error solutions dom-
inates the result. A reason for this could be that the solutions
are solved from different types of equations and instances,
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and do not transform the solutions into the same representa-
tion. In our case, the similarity is defined as the same type,
k(d(i, j)),and the instance is extracted from the same feature
domain, the coefficients of the approximated Fourier series,
so that we can directly combine them using Eq. (24) to mini-
mize Eq. (22). The weight wy is also designed to avoid issues
relating to degradation and bias, which will be discussed in
detail below.

In the following discussion, we will focus on one feature
and ignore the index k to allow for a compact representation
of symbols. In our computation, the value of S; ; will be
large when A (i) and A’(j) contain the feature values of the
same node, and most of §; ; are very small since A(i) #
A’(j) in most cases. We can assume that such S should have
elements with a larger standard deviation, o. To prove this,
two matrices A and A’ are designed in the following tests.
Each element in matrix A is given a random number. The
matrix A" is computed by PAPT + N, where P is a given
permutation matrix and N is a noise matrix. An element of N
is computed by multiplying ¢ with a random variable, which
is uniformly distributed on the interval between —0.5 and
0.5. The similarity matrix S is then computed from A and
A’. Figure 4 shows several S values with o in a matrix of
size 50 x 50. We see that a larger € correlates to a smaller o.

The feature values with more noise are supposed to be less
reliable for computing P. The o value helps us to understand
the unknown noise and to decide the reliability of the feature.
However, o is too sensitive when noise is added. In Fig. 4, the

5

(11—
el 1
02 o 4 3 .’ I ’

e=0,0=14,g=1

€=03,0=0.031,g=0.35

€=04,0=0.024, g=0.31

o value is too small to be discernible when ¢ is >0.2. In this
paper, we replace the o value by the degree of orthogonality
g as the importance of the feature.

We also consider a permutation matrix that is an orthogo-
nal matrix whose columns and rows are orthonormal vectors.
If a matrix is orthogonal, its transpose will be equal to its
inverse, which requires PPT = I, where I is the identity
matrix. Since S may be derived to produce P, S should be
an orthogonal matrix in some way. To this end, we compute
I’ = SST, and normalize I’ to I* by:

7/ 2
I,-”f,-—ll-,,-/ 215
j

The degree of orthogonality [39], g, can be defined by
g = Tr(I*)/n, where Tr(I*) is the trace of I* and n is the
number of nodes. Figure 4 also shows the g values relating
to ¢. In the best case, §; ; performs a Dirac delta function,
Si,j = 6(d(i, j)), which would occur while searching a graph
isomorphism of exact graph matching. We have g = 1 in this
case. In the worst case, there is no relationship between A(i)
and A’(j), and the elements of S are distributed uniformly.
The I;, j is also distributed uniformly and we have a lower
bound of g = 1/./n after computing.

In our application, the weight wy of the kth feature is
computed by:

wy = S M
1= 1/Jn

(25)

€=0.2,0=0.033,g=0.45

~
b
ooa
0035
003
o025
002
Q015
001
0005

£=05,0=0.021,g=0.27

Fig. 4 The standard deviation o of elements of an unconstrained permutation matrix, and the orthogonality g value related the different & value
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Table 1 The processing times
of each method by the number

of nodes (underlining indicates
the quickest processing time for
that number of nodes)

Our method [40] [24]
Processing time (10 nodes) 0.0009 s 0.0005 s 0.0017 s
Processing time (50 nodes) 0.02 s 0.14 s 0.68 s
Processing time (100 nodes) 0.07 s 45s 1.7s
Processing time (200 nodes) 03s 74.6 s 129 s
Processing time (300 nodes) 0.67 s 377 s 93.7s

instead of o because of the following reasons:

1. The g value is in the interval between 0 and 1, while the
interval of the o value depends on the application.

2. The g value can be computed even when the number of
nodes is very small, while o cannot be reliably computed
with a small number of nodes.

3. Orthogonality is more important than the distribution of
matrix elements.

In computer vision, the unary relationship of feature val-
ues could be the RGB values of the feature point, and the
binary relationships could be the Euclidean distance or the
orientation from one feature point to another. The ternary
relationship can be designed as the three angles of a triangle,
which has the advantages of scale and rotation invariance.
More examples of ternary features are given in reference
[22]. The higher order feature is often represented in the
whole structure, in which the tensor is often very sparse.

7 Experimental results

We compare our proposed method with those proposed and
compared in references [24] and [40] using a 2 GHz Intel
Core 2 Duo machine with an Xcode compiler in MacOS X.
Since the two methods to be compared dealt with on graphs,
only first-order and second-order tensors are considered here.
Since we do not have the source code of the method in [24],
We implement the program ourselves. As discussed in refer-
ence [24], the processing method is dominated by an algo-
rithm that extracts the permutation matrix from the similarity
matrix, and the resulting time complexity is O (n°). Table 1
shows the minimum processing time based on fifty trials.
According to this table, although the method presented in
[40], (with O (n%)) outperformed other methods with few
nodes, our method has less processing time than the other
methods in most cases.

We designed three experiments to test the proposed algo-
rithm. In the first, some simulations of tensors of differ-
ent orders are designed to demonstrate the robustness of
our hypergraph matching method. In the second experiment,
we apply attributed hypergraph matching to some synthetic
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data to test the performance. In the third, the feature points
extracted from a real image are tested for applicability. We
designed several features for use as the attributes in attributed
hypergraph matching. We show that the weights can reflect
the importance of the attributes. Finally, we test local relation-
ships to show that the partially connected graph has higher
reliability than the fully connected graph.

7.1 Hypergraph matching

In this experiment, we use a tensor whose elements are
assigned randomly between —m and . This tensor is anal-
ogous to the T in Eq. (15). A permutation matrix P’ is con-
structed by randomly assigning 1 and O to its elements and
satisfying the constraints of the permutation matrix, which
are to have only one element equal to 1 in each row and each
column. The permutation matrix P’ is used to permute T to
obtain T’ according to T/ = Tiy...ig (P€i)) ®--- @ (Pej, ),
so P'T serves as the ground truth of P computed by our
algorithm. We also construct a noise tensor, N, whose order
is the same as 7 and whose elements are defined via a ran-
dom variable, uniformly distributed on the interval between
—0.57 to 0.5, multiplied by a magnitude parameter €. The
probability of a correct correspondence is calculated using
the average of 500 trials for a given ¢, and N is changed for
each trial.

In the first test, 7’ is produced with noise, T/ =
T, i, (Pe;))® - ® (Peidk) + N, given different ¢ values.
Figure 5 shows the probability p of correct correspondence
related to the ¢ values given different numbers of nodes (5,
10, 20, 50, or 100). Figure 5a—d is computed using the for-
mulation of first-order, second-order, third-order, and forth-
order tensors, respectively. In most cases, fewer nodes will
lead to a higher probability of correct correspondence under
the same ¢ value, except for bipartite matching (using a first-
order tensor) with five nodes, which tends to have p = 40 %.
This value is greater than the expectation value of 20 % for
p in blind matching.

Except for the case of bipartite matching, p mainly
decreases when ¢ reaches 20 %. For example, consider the
binary relationships. We can compute the distance between
two points as the binary relationship in a 320 x 240 image,
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Fig. 5 Probability of correct correspondence related to the noise ratio ¢ given different numbers of nodes. Each figure is computed from the
hypergraph matching expressed by a a first-order tensor (feature vector), b a second-order tensor (adjacency matrix), ¢ a third-order tensor, and d

a fourth-order tensor

and the resulting distance will be between 0 and 400. After
mapping the interval (—m and 7) according to our testing,
the deviation will be between —20 to +20 pixels if the ¢ value
is 20 %. The distance between points seldom changes so dra-
matically in stereo images or successive images. Our method
is robust in terms of handling applications where noise exists
in the feature values. Furthermore, our method is robust to the
number of nodes. In Fig. 5b, we see that even when the node
number is 100, the p value is still as high as when matching
with 50 nodes.

In the second test, we replace several entries of T’, com-
puted by T/ = Tiy,...iq, (Pei) ® - ® (Peidk ), with new
random values to simulate the case of missing nodes. While
anode i is selected to act as the missing node, the element of
T. .. .i....1sassigned a new value. The ratio of the replaced
entries to the total entries is given as r, and the identical part
of both graphs represented by 7 and T’ to one graphis 1 —r.
The probability p of correct correspondence is defined as the
ratio between the number of correct matching nodes and the
number of identical parts.

Figure 6 shows the p values corresponding to different
r values. In bipartite matching (Fig. 6a), the probability of
correct correspondence is over 98 %, even when the number
of nodes is 100, which means that the bipartite matching
can tolerate missing nodes. As mentioned in Sect. 4, using

high-order features leads to a decreased tolerance for missing
nodes. Corresponding to Fig. 6b, c, and d, the orders of the
features are binary, ternary, and quaternary. We can see that
the p value decreases significantly as the order of the feature
and the missing rate are increased.

7.2 Attributed hypergraph matching

In attributed hypergraph matching [Eq. (22)], the weight val-
ues, wg, play an important role in combining the uncon-
strained permutation matrices computed from different fea-
tures. The orthogonality of each unconstrained permutation
matrix is computed as the weight value. In this test, we show
the relationship between the weight wy and the probability
p of correct correspondence. There are twenty nodes in the
graph, and the wy value is calculated as the average of 500
trials for a given €. Figure 7 shows the relationship between p
and g. When the p value is small, the corresponding wy value
is also small. Our proposed wy can reflect the importance of
the corresponding Py computed in Sect. 5.

Combining the different feature information formulated
in Eq. (22) helps to increase the tolerance for deviation and
missing nodes. Figure 8 shows the results of attributed hyper-
graph matching with noise. In this test, we fix the number of
nodes with different feature numbers m (1, 2, 3,4, and 5) and
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Fig. 6 Probability of correct correspondence versus the missing node rate r given varying numbers of nodes. Each figure is computed from the
formulation in terms of a a first-order tensor (feature vector), b a second-order tensor (adjacency matrix), ¢ a third-order tensor, and d a fourth-order

tensor

compute the probability p of correct correspondence relating
to the different ¢ values for noise. Different numbers of nodes
are fixed according to the feature type, where the node num-
bers, 20, 50, 20, and 5 are selected to test the computation
formulated using first-order, second-order, third-order, and
forth-order tensors, respectively. The experimental results
show that the p value can increase as more attributes are
considered.

7.3 Weight adjustment

In this experiment, we extract the feature points from two
images, one of which is transformed from the other. We
selected translation, rotation, scaling, occlusion, and inten-
sity changes as our transformation methods because they are
commonly used in computer vision. Several feature values
are computed and used as the attributes of the attributed
hypergraph. We apply our attributed hypergraph matching
methodology to search the correspondence of the feature
points in both images and each weight of an attribute is com-
puted by Eq. (25).

Five feature values are computed for one feature point.
first, the coordinate (x, y) is separated into the attributes of
x-position and y-position. The third attribute is intensity. The
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distance between a pair of feature points is defined as the
fourth attribute. The final attribute is the angles of a trian-
gle such that the nodes are three of the feature points. Any
one feature cannot be invariant to all the transformations. For
example, the distance between pairs can be invariant to trans-
lation but variant to scaling, and position can be invariant to
occlusion but invariant to translation.

Figure 9 shows the weight values under different trans-
formations. The experimental results show that our weight
adjustment method can reflect the importance of an attribute.
When the image is translated horizontally or vertically,
the weights of the x-position and y-position are reduced.
The rotation-invariant features—intensity, distance between
pairs, and angle of the triangle—play key roles after a rotation
transformation of the image. The ternary feature, the angle
of the triangle, is also scale-invariant, therefore it still has a
high importance in image scaling.

Figure 10 shows the correspondences of feature points.
There are 311 feature points extracted from the image
(Fig. 10a). After applying translation, rotation, scaling,
occlusion, and intensity changes to the image, each feature
point is connected with its corresponding feature points using
a line. Some outliers are connected to dummy feature points
and shown as lines with dark colors. In the case of occlu-
sion, many feature points in the transformed image are miss-
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Fig. 7 The relationship between p and g with 20 nodes for a a first-order tensor (feature vector), b a second-order tensor (adjacency matrix), ¢ a

third-order tensor, and d a fourth-order tensor

ing, therefore there are more outliers shown in the image. A
similar situation is shown in the case of changing intensity.
When the intensity of an image is changed, so is its con-
trast. This influences the extraction of feature points and the
corresponding results.

In this test, five matching results are obtained according to
single feature. Two more results are obtained from Eq. (22)
using first the same weight values and then different weight
values as determined by our weight adjustment method. By
comparing the weight and accuracy values (Figs. 9 and 11),
we see that a larger weight value often leads to higher accu-
racy of matching. Combining the different types of feature
information formulated in Eq. (22) helps to increase the accu-
racy as shown in the last two matching results. Our pro-
posed method gives higher accuracy when compared with
the method without weight adjustment, particularly for cases
involving rotation and scaling.

InFig. 12, we apply our proposed method to the real world
data. The first pair of images was captured while the camera
was rotated. The correspondence of feature points shows the
rotation of the camera. In the second row of images, camera
was shift in some direction. We can see that the upper feature
points have smaller shift distances than the bottom points,
which means that objects in the bottom part are closer to the
camera than the objects in the upper part. The third row of

images was captured from a static camera. Feature points on
the moving objects are matched successfully even though the
objects in the scene moved in different directions. Figure 13
is obtained from CMU Image Data Base:http://vasc.ri.cmu.
edu/idb/html/motion/, where the house has 3D motion. The
correspondence of feature points can be obtained by applying
our matching algorithm.

7.4 Local relationships

Binary features are often defined according to the difference
between two nodes. For example, let us take the distance fea-
ture, which is computed by subtracting one node’s position
from the other node’s position. Using this, we can construct
second-order tensors for matching. However, computing a
permutation matrix using such tensors may invoke error prop-
agation and low discernibility as discussed above. To solve
those problems, one may reduce the number of nodes or set
a threshold to make the tensor sparse [22]. Here, we take a
binary feature, for example, but the same idea can be applied
to a high-order tensor.

The node number of the graph is selected to be 100. While
the adjacency matrix is constructed, a threshold is given for
eliminating the larger entry values. This process is reason-
able because the relationship between two nodes with a larger
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Fig. 8 Probability of correct correspondence related to noise ratio &
given a different number of features. They are formulated by a a first-
order tensor (feature vector) with 20 nodes, b a second-order tensor
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(adjacency matrix) with 50 nodes, ¢ a third-order tensor with 20 nodes,
and d a fourth-order tensor with 5 nodes. The p value can increase as
more attributes are considered

Fig. 9 The weights of 1

attributes adjusted under
different transformations

Weight

Horizontal
translation translation

Origin

distance should be low. A fully (100 %) connected graph is
equivalent to the experiment designed in hypergraph match-
ing. Graphs that are only partially (60, 30, and 10 %) con-
nected are designed and the probability of correct correspon-
dence is calculated as the average of 500 trials for a given
noise ratio €. Figure 14a shows the experimental results.
This test shows that the partially connected graph is robust
when handling applications with noise present in the binary
feature values. For example, a 10 % connected graph can
increase the rate of correct matching from 94 to 98 % under
a ¢ value of 10 %, and from 17 to 28 % under a ¢ value of
30 %. Compared with a fully connected graph, a partially
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connected graph has fewer edges. A graph with very few
edges is similar to a graph that only has nodes, which leads
to graph matching considering unary features. Figure 14b
illustrates such a situation, where the 2 % connected graph
has the highest rate of correspondence.

7.5 Comparisons

To the best of our knowledge, although some attributed
graph-matching [24] and hypergraph-matching [19] algo-
rithms have previously been proposed, none have included
algorithms focusing on attributed hypergraph matching, as
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Fig. 10 Correspondence of feature points extracted from two images, where a is original image and the other one has been transformed via b
horizontal translation, ¢ rotation, d scaling, e occlusion, and f a change of intensity

Fig. 11 The accuracy of 100.0%
matching using different 90.0% 1
attributes under different
transformations. The last two
attributes refer to methods
described in this article

Accuracy
n
o
8

Origin Horizontal
translation

our method does. Thus, these experiments are designed to
contrast our processed results with those of van Wyk et
al. [24] and of Chertok and Keller [19].

7.5.1 A. Part 1

Two experiments were designed for comparing with RKHS
Interpolator-based graph-matching method [24]. These alter-
native methods that are compared in [24] include polynomial
transform graph matching, linear programming graph match-
ing (LPGM), Eigen-decomposition graph matching, gradu-
ated assignment graph matching (GAGM), conjugate gradi-
ent graph matching (CGGM), and spherical approximation
graph matching (SAGM). See reference [24] for more detail
regarding these algorithms.

In the first experiment, ten nodes with three binary and
three unary attributes are simulated. In other words, we con-
struct three weighted adjacency matrices and three attributed
vectors, which are converted to diagonal matrices, to sim-
ulate the reference graph G’. All attribute values are dis-

Vertical
translation

i X-position

] Y-position
“ Intensity
& Pair distance
4 Angle of triangle
Same weights
B I Proposed method
Rotation Scaling

Occlusion

Intensity change

tributed uniformly between 0 and 1. A permutation matrix,
whose transpose is also used as the ground truth, is generated
randomly and used to permute the matrices to obtain dupli-
cate graphs. The elements of the noise matrix are defined
as random variables, uniformly distributed on the interval
between —0.5 and 0.5. These are then multiplied by a mag-
nitude parameter ¢, and added to the duplicated attributed
matrices to form the simulation of the duplicate graph G.
The permutation matrix for permuting G’ to G is then com-
puted and compared to the ground truth to obtain the correct
correspondence.

Figure 15a shows the probability p of correct correspon-
dence relating to the ¢ values given the different algorithms.
The processing result obtained by our proposed method, i.e.,
AHM, overlaps the figure extracted from Ref. [24]. As dis-
cussed in Sect. 5.2, the higher number of features improves
our algorithm’s tolerance for added noise. The process of
weight adjustment also enhances those attributes with high
reliability. This is why our method outperforms the other
algorithms, as shown in the figure below.
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Fig. 13 Correspondence of feature points extracted from house with
3D motion

In the second experiment, the same procedure is used,
but the node number is set to 30. Figure 15b displays the
results, showing that the correct correspondence decreases as
the node number increases. Our method did not perform well
with an ¢ value smaller than 50 %, but outperformed most of
the other methods in the case of a larger ¢ value. Although
our method is outperformed by some methods, such meth-
ods require high levels of space and time complexity. As
discussed by van Wyk et al. [24], the GAGM, CGGM, and
SAGM algorithms require O (n*) in space complexity, while
the AHM requires only O(n2). The GAGM, CGGM, and
LPGM require 0(n*), 0(n®), and O(n°) in time complex-
ity, respectively, while our proposed method requires only
o).

7.5.2 B. Part 2

We designed the second part of the experiment according to
that used by Chertok and Keller [19]. In their experiments,
a set of 20 random points are generated and defined as the
source set. Their ternary attributes are computed to construct
a third-order tensor. A permutation matrix, whose transpose
is also the ground truth, is generated randomly and used to
permute the elements of the source set to obtain a target set.
We add Gaussian noise to the attribute values of the target
set. Given different standard deviations o of the Gaussian
distribution of the noise, we apply hypergraph matching (or

(a) 100% 7
90%
80%
70% -
60% 1 — 100%
ps0% — 60%
40%
30% 30%
20% 1 —10%
10% 1
0% — — T

0% 10% 20% 30% 40% 50% 60% 70% 80% 90%
£

high-order matching used by van Chertok and Keller [19])
to compute the permutation matrix (or the correspondence
between the points).

Figure 16 shows that our processing result overlaps
with the results of the other methods, summarized below,
described by Chertok and Keller [19]. The FA+TE are
full affinity (FA) tensors (TE) applied for computing. The
FA+M?2 and FA+M1 are full affinity tensors marginalized
into a matrix (M2) and vector (M1), respectively. These
methods are all types of the Tensor-High Order Assignment
(HOA) algorithm [19]. ProbOpt is a Probabilistic Graph and
Hypergraph Matching [21], Spectral is a spectral technique
for correspondence problems using pairwise constraints [28],
and GradAssign is a graduated assignment algorithm for
graph matching [32]. It is worth noting that Spectral and
GradAssign were designed to solve permutations for second-
order tensors (i.e., matrices).

The results using ten potential matches per point are
reported in Fig. 16a. These are for a partial matching, where
each point is assumed to have relationship values with half of
the other points. This figure shows that AHM outperforms the
other methods when the o value is <0.03. Although AHM is
outperformed by most of the methods in partial connection
cases, it outperforms most of the other methods in the full
connection case as discussed below.

In Fig. 16b, there is no pruning of potential assignments of
each point, which makes the problem more difficult. In this
case, AHM outperforms the previous matching algorithms.
Tensor-HOA methods [19] slightly outperform AHM when
the standard deviation of the Gaussian noise is >0.04. Even
so, we have provided a very fast algorithm to deal with hyper-
graph matching. Tensor-HOA is stated to require polynomial
time complexity, but the corresponding algorithm required 3 s
to compute the result on a computer running an Intel Core
2 Duo. Our method, as tested before, required 0.02 s on a
similar computer type. Hence, we have provided a very fast
processing algorithm with only slight error to deal with the
problem of hypergraph matching.

(b) 100% 1
90% 1
80%
70% 1
60% 1 —100%
P 30% 1 —20%
40%
30% - 5%
20% 1 — 2%
10% 1
0% T —— —

0% 10% 20% 30% 40% 50% 60% 70% 80% 90%
r

Fig. 14 Probability of correct correspondence related to a the noise ratio ¢ given different (100, 60, 30, and 10 %) partially connected graphs and
b to the missing node ratio r given different partially (100, 20, 5, and 20 %) connected graphs
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Fig. 15 Our processing result overlaps the figure extracted from reference [24]. The probability p of correct correspondence, in relation to the &
values, given different algorithms, with a node number 10 and b node number 30
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Fig. 16 Our processing result overlaps the figure extracted from ref-
erence [19]. The probability of correct correspondence (Y -axis) related
to the o values (X-axis) given different algorithms, where a each point

The next test is designed for partial matching. Twenty
points are randomly generated and added to a varying num-
ber of outliers. Due to the low degree of discernibility, our
method using a high-order tensor cannot perform well for
partial matching. Fortunately, weight adjustment helps to
enhance the weight of the first-order tensor for matching.
Figure 17 shows that our matching result has a high accu-
racy in comparison to a Tensor-HOA algorithm.

8 Conclusion

Searching for the correspondences between feature points
plays an important role in computer vision task. In this paper,
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is potentially matched to half of the other points and b each point is
potentially matched to all the other points

we proposed an attributed hypergraph-matching technique in
terms of tensors. Using tensors to represent features means
that we can apply not only unary and binary relationships
for matching, but also higher-order relationships. However,
combining the information from different attribute types to
make a decision may cause inconsistency issues. To address
this, we represent the attribute values in a Hilbert space and
compute their difference on a Riemannian manifold. This
processing method helps us to construct a matching with a
high robustness for handling data noise, deviation, and incon-
sistency between attributes.

Our method has the following advantages: At first, our
method took a significantly short processing time (<1 s) to
perform a hypergraph matching, while obtaining reasonable
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Fig. 17 Our processing result overlaps the figure extracted from Ref. [19]. Graph-matching simulations with added outliers, where: a each point
is potentially matched to half of the other points, and b each point is potentially matched to all the other points

results. In the second, this speed allows us to employ a higher ~ 11.
number of attributes and higher orders of relationships for
hypergraph matching. The higher number of attributes helps
our method to adapt to noise, while the higher orders of rela- |3
tionships allow our method to be invariant to some image
distortion (i.e., scale, rotation, or translation). Finally, even
graph matching is supposed to be NP-hard problem; we can
obtain the optimal solution in polynomial time under some 15
assumptions.
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