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DYNAMIC PROGRAMMING




Announcement

= Homework 1 due

= Mini-HW 5 released
= Due on 10/25 (Thu) 14:20

= Homework 2 released
= Due on 11/06 (Tue) 18:00 (3.5 weeks)
= A4 hardcopy submitted to a box @R307
= Softcopy submitted to NTU COOL before the deadline

——————————————————————————————————————————————————————————————————————————————————————————————



Mini-HW 5

Consider the classical Sequence Alignment problem. In this mini HW, we want to use dynamic programming to find
the minimal cost for aligning two sequence. The cost of deletion, insertion and substitution are 1, 1, 2 respectively.

(1) Consider two strings s1="ABCADB" and s2="CABDAB". Please fill the DP table below and tell me the distance
between s1 and s2. For example, the 1 in the table means the edit distance of "AB" and "CAB" is 1 (50%)

S1\52 # C A B D A B
# 0 2
A
B 1
C
A
D 5
B

(2) Explain how you fill the DP table. (50%)

(You can briefly explain or write down the math eguation of recurrence relation)




Outline Q/ VG

Dynamic Programming
DP #1: Rod Cutting

DP #2: Stamp Problem

DP #3: Knapsack Problem
= 0/1 Knapsack

= Unbounded Knapsack
= Multidimensional Knapsack
= Fractional Knapsack

DP #4: Matrix-Chain Multiplication

DP #5: Sequence Alignment Problem
= Longest Common Subsequence (LCS) / Edit Distance

= Viterbi Algorithm
= Space Efficient Algorithm

DP #6: Weighted Interval Scheduling
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7 DP#4: Matrix-Chain
=~ Multiplication

Textbook Chapter 15.2 — Matrix-chain multiplication



Matrix-Chain Multiplication

= Input: a sequence of n matrices (44, ..., 4;,)

= Qutput: the product of 414, ... 4,

—
A A A, | e

Aqand A,are compatible.




Observation

C(i,j) = > gy Ali,q) - B(k, )

= Each entry takes g multiplications

= There are total pr entries

____________________________________________________________________________________________________________________________

Matrix multiplication is associative: A(BC) = (AB)C. The time required by
obtaining A X B X C could be affected by which two matrices multiply first .

____________________________________________________________________________________________________________________________




Example

n Xn

n Xn

= Qverall time is

O(n?) + 6(n’) = 6(n’)




Example

= Qverall time is

O(n?) + 6(n?) = 6(n?)




Matrix-Chain Multiplication Problem

= Input: a sequence of integers [y, l4, ..., [,

= [;_4 is the number of rows of matrix 4;

= [; is the number of columns of matrix 4;

= Qutput: a order of performing n — 1 matrix multiplications in the
minimum number of operations to obtain the product of 4,4, ... 4,

Aq

» e A1.COIS=A,.rows

T -

Aqand A,are compatible.

Do not need to compute the result but find the fast way to get the result!
(computing “how to fast compute” takes less time than “computing via a bad way”)




Brute-Force Naive Algorithm

= P,: how many ways for n matrices to be multiplied

{ 1 ifn=1
Pn — n—1 .
pq PePr—p ifn>2

™~
(A1As -+ Ag) (Agr1Akto--- Ay)

: : 47 : :
= The solution of B, is Catalan numbers, () (—3), oris also Q(2") Exercise 15.2-3

n2




Step 1: Characterize an OPT Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [y, [4, ..., ,, indicating the dimensionality of A;
Output: a order of matrix multiplications with the minimum number of operations

= Subproblems
= M (i, 7):the min#operations for obtaining the product of 4; ... 4;

= Goal: M(1, n)

= Optimal substructure: suppose we know the OPTtoM (i, 7J), there
are k cases: i<k<j

= Case k: there is a cut right after A, in OPT
EEMCHEESEM (1, k) BM(k+1, j)WRER



Step 2: Recursively Define the Value
of an OPT Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [y, [4, ..., ,, indicating the dimensionality of A;
Output: a order of matrix multiplications with the minimum number of operations

= Suppose we know the optimal solutiontoM (i, 7j), there are k cases:

= Case k: there is a cut right after A, in OPT M, . — M L l-
EAREEERRN (1, © BM(+1, ) WBER b,k T B2k, T b1tk

I

Aj.cols=l,,
A; Az+1 Ak Ak+1Ak+2 = A;.rows

—lz 1

Ajyq-rows=l;

= Recursively define the value A;.cols=l;

oo P> j
,J min,;gk.<j (M%k + Mkz—|—l,j + li_llklj) 1<) @



Step 3: Compute Value of an OPT
Solution

Matrix-Chain Multiplication Problem
Input: a sequence of integers [y, [4, ..., ,, indicating the dimensionality of A;
Output: a order of matrix multiplications with the minimum number of operations

= Bottom-up method: solve smaller subproblems first

] ming<p<j (Mik + Myt +licalkly) 0 <j

= How many subproblems to solve
= #combination of thevaluesiandjst.1<i<j<n T(n) =C%+n= @(nZ)

A
LE] i=]

©



Step 3: Compute Value of an OPT

Solution

Matrix-Chain(n, 1)
initialize two tables M[l..n][l..n] and B[l..n-1][2..n]

for i = 1 ton
M[i][i] = 0O // boundary case
for p = 2 ton // p is the chain length
for i =1 ton-p+ 1 // all i, j combinations
=1 +p -1
M[1][]] = o
for k =1 to jJ - 1 // find the best k
q = M[i][k] + M[k + 1][3] + 1[1 - 1] * 1[k] * 1[J]
if g < M[1i][7]
M[1][J] = g

return M




Dynamic Programming lllustration

How to decide the \

order of the matrix
multiplication?

J
Mi,jl |2 4 | 5| 6 n
1 Ok
2 0
3
4 0
5 0
6 0
n O|




Step 4: Construct an OPT Solution by

Backtracking

Matrix-Chain(n, 1)

initialize two tables M[1l..n][l..n] and B[l..n-1][2..n]

for i = 1 ton
M[i][1i] = 0 // boundary case
for p = 2 ton // p is the chain length
for i =1ton-p+ 1 // all i, j combinations
3 =1+ p -1
M[1][]] = oo
for k =1 to J - 1 // find the best k
q = M[i] [k] + M[k + 1][J] + 1[1 - 1] * 1[k]
if g < M[1i][7]
M[1][3] = g
B[i][j] = k // backtracking

return M and B

Print-Optimal-Parens (B, i, 7J)

if 1 == 7
print A4;
else

print “(”
Print-Optimal-Parens (B, i, B[1][]
Print-Optimal-Parens (B, B[i][]J] +
print “)”

1)
1, 3)




Exercise
 Matrix | A | A, | A | Ay | A5 | A |

Dimension 30 x 35 35x15 15x5 5x10 10 x 20 20x 25

J ]
Mij|l 112 |3 | 4]|5]|6 Bij| 112 |3|4]|5]|6
1 | O 15,750 7,375 9,375[11,87515,125 1 1 @ 3 3 @
2 0 2,(:!,25-4,375 7,125{10,500 2 2 | 313 |3
3 0 | 750 2,ioo 53,75| i 3 3 313 |¢
4 0 1,oloo»3,500 4 4 @
5 0 |5,000 5 5
6 0 6

((A1(A243))((A1A45)As)) @



= DPH5: Sequence
= Alignment

Textbook Chapter 15.4 — Longest common subsequence
Textbook Problem 15-5 — Edit distance



Monkey Speech Recognition

- kIS EERE - ABBEVEAAE  B— kSt Eas
X F”panana” iR B HEBEBE

= How to evaluate the similarity between two sequences?

liét\ \Fizgzéadikjaz1
‘Liligfizpnzanczyqza}
.9

banana




Longest Common Subsequence (LCS)

= Input: two sequences X = (xq, o, -

Y = <y1?y27"

.. ,33m>

) Jyn>

= Qutput: longest common subsequence of two sequences

= The maximum-length sequence of characters that appear left-to-right (but
not necessarily a continuous string) in both sequences

X = banana X =
Y = aenigadikjaz Y =

X - ba-n-—-an---a- X -
[ R R
Y - —aenigadikjaz Y -

banana
svkbrlvpnzanczygza

---ba---p-ap-----a g
svkbrlvpnzanczygza

' The infinite monkey theorem: a monkey hitting keys at random for an |
\L. infinite amount of time will almost surely type a given text (@)



Edit Distance

* Input: two sequences X = (xq,xo, - ,Xp)
Y = <ylay27"' ;yn>

= Qutput: the minimum cost of transformation from Xto Y
= Quantifier of the dissimilarity of two strings

X = banana X = banana
Y Y

= aenligadikjaz = svkbrlvpnzanczygza

X - ba-n--an---a- X - ---ba---n-an----- a
Y - —aenigadikjaz Y - svkbrlvpnzanczygza

1 deletion, 7 insertions, 1 substitution 12 insertions, 1 substitution



Sequence Alignment Problem

* Input: two sequences X = (xq,xo, - ,Xp)
Y = <ylay27"' ;yn>

= Output: the minimal cost M,,, ,, for aligning two sequences
= Cost = #insertions X (jygs + #deletions X Cpgy, + #substitutions X €, ,




Step 1: Characterize an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (zy,z2, -+ , &) Y = (Yy1,Y2,"* ,Yn)
Output: the minimal cost My, ,, for aligning two sequences

= Subproblems
= SA (i1, 7):sequencealighment between prefix strings x,, ..., x; and y,, s Vi
= Goal: SA(m, n)

= Optimal substructure: suppose OPT is an optimal solutionto SA (1, 7J),
there are 3 cases:

= Case 1: x; and y; are aligned in OPT (match or substitution)
. OPT/{xi,,yj} is an optimal solution of SA (i-1, J-1)

= Case 2: x; is aligned with a gap in OPT (deletion)
= OPT is an optimal solution of SA (1i-1, 7J)

= Case 3: y; is aligned with a gap in OPT (insertion)
= OPT is an optimal solution of SA (1, j-1)



Step 2: Recursively Define the Value
of an OPT Solution

Sequence Alignment Problem
Input: two sequences X = (zy,z2, -+ , &) Y = (Yy1,Y2,"* ,Yn)
Output: the minimal cost My, ,, for aligning two sequences

= Suppose OPT is an optimal solutionto SA (i, 7), there are 3 cases:
= Case 1: x; and y; are aligned in OPT (match or substitution)
= OPT/{x;,,y,} is an optimal solution of SA (i-1, 3j-1) Mi,j = Mi—l,j—l + Ox@,yj
= Case 2: x; is aligned with a gap in OPT (deletion)
= OPT is an optimal solution of SA (i-1, 1) Mi’j - =13 + ODEL
= Case 3: y; is aligned with a gap in OPT (insertion) M. . —
T,]

_ , _ o i.j—1 + CINs
= OPT is an optimal solution of SA (i, j-1)

= Recursively define the value
{ jC1ns ifi=0

M@'j = iCDEL lf] =0 @
min(M;_1 ;-1 + Cp,y;» M;—1,; + CpgL, M; j_1 + Cins)  otherwise O

3



Step 3: Compute Value of an OPT
Solution

Sequence Alignment Problem
Input: two sequences
Output: the minimal cost M, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first

JCINS ifi=0
Mi,j = 1ChEL if 7=20

min(M@-_ljj_l + C(I:i,yj , Mi—l,j + CbEL, M@',j_l + CINS) otherwise

W, o123/ 4/5 | . | n_




Step 3: Compute Value of an OPT
Solution

Sequence Alignment Problem
Input: two sequences
Output: the minimal cost My, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first
JCINs ifi=0
Mi,j = iCDEL ifj =0
min(M; 1 j—1 + Cm“y:,, i—1 3 + C'DEL, M,; U,, 1 + C’INS) otherwise

Coer. — 4. Cins — 4 n-nnnnn-nnmm
Cpg=Tyifp#q MO

b 4 7 11 15 19 23 27 31 35 39 43 47 51
a 8 4 8 12 16 20 23 27 31 35 39 43 47
n 12 8 12 8 12 16 20 24 28 32 36 40 44
a 16 12 15 12 15 19 16 20 24 28 32 36 40
n 20 16 19 15 19 22 20 23 27 31 35 39 43
a 24 20 23 19 22 26 22 26 30 34 38 35 39



Step 3: Compute Value of an OPT
Solution

Sequence Alignment Problem
Input: two sequences
Output: the minimal cost My, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first
JCINs if i =0
M; ;=< iCpgr if j =0
Hlin(M@'fl’jfl + CCU?:,yj ) Mifljj + CDEL; M@"jfl + CINS) otherwise

Seq-Align (X, Y, Cprr, Crygr Cp o)
for J = 0 to n
M[O][J] = J * Ciy // 1XI=0, cost=]|Y|*penalty
for 1 = 1 tom T(?’L) — @(mn)
M[1][0] = i * Cyg // 1Y|=0, cost=|X|*penalty
for 1 = 1 tom
for j =1 ton
M[1][]]
[m]




Step 4: Construct an OPT Solution by

Backtracking

Sequence Alignment Problem
Input: two sequences

Output: the minimal cost My, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first

JCiNs
M;; =< CprL

min(Mz 1,j— 1+Ca: y:,a

M,;_ 13 ‘|‘CDEL3M23 1 +CINS)

ifi=0
if =0
otherw1se

Corr, = 4, Cixs = 4 n-nnnnn-nnmm

0 4
Cpqg =1, 1f p#q 4
b 4 7 11
N\
a 8 4 < §
n 12 8 12
a 16 12 15
n 20 16 19
a 24 20 23

15 19 23 27 31 35
12 16 20 23 27 31
8¢ 12¢16¢20¢244+28
12 15 19 16 20 24
15 19 22 20 23 27
19 22 26 22 26 30

39 43
35 39
32 36
28 _ 32
31435
34 38

47 51
43 47
40 44
36 40
39 43

w
35439



Step 4: Construct an OPT Solution by
Backtracking

Sequence Alignment Problem
Input: two sequences

Output: the minimal cost My, ,, for aligning two sequences

= Bottom-up method: solve smaller subproblems first
JCINs if i =0
M; ;=< iCpgr if j =0
Hlin(M@'fl’jfl + CCU?:,yj ) Mifljj + CDEL; M@"jfl + CINS) otherwise

Find-Solution (M)
ifm=0orn=20
return {}
v = min(M[m-1] [n-1] + Com, yn s M[m-1] [n] + Cper, M[m] [n-1] + Ciyg)
if v = M[m-1][n] + Cppp // T deletion
return Find-Solution (m-1, n) T(?’L) — @(m + ’I’L)
if v = M[m] [n-1] + Cpy // €:insertion
return Find-Solution (m, n-1)

return {(m, n)} U Find-Solution(m-1, n-1) // N: match/substitution




Step 4: Construct an OPT Solution by
Backtracking

Seg-Align ( Y, Cpersr Ciysr C

prq)

n (X,
for J = 0 to n
MIO][J] = 3 * Ciy // |1X|=0, cost=|Y|*penalty
for 1 =1 tom
MI1100] = 1 * Cpy // 1¥1=0, cost—|X|*penalty 1(n)=O(mn)
for 1 =1 tom
for j =1 ton
MI1][3] = min(M[i-1][J-11+4C,; 5, M[1-11[J1+Cpg, M[1][J-1]1+Cyry)
[m]

[n]

]
return M

Find-Solution (M)
ifm=0orn=20
return {}
v = min(M[m-1] [n-1] + Com, yn s M[m-1] [n] + Cper, M[m] [n-1] + Ciyg)
if v = M[m-1][n] + Cppp // T deletion
return Find-Solution (m-1, n) T(?’L) — @(m + ’I’L)
if v = M[m] [n-1] + Cpy // €:insertion
return Find-Solution (m, n-1)
return {(m, n)} U Find-Solution(m-1, n-1) // N: match/substitution @




Space Complexity

= Space complexity

x| o | 1] 23] 4|5 ].|n|

=
|

m

= |f only keeping the most recent two rows: Space-Seg-Align (X, Y)

Xy, o123 il n

-1 :>|J__| = O(n)
N




Divide-and-Conquer

Space-Efficient Solution '

Dynamic Programming

= Problem: find the min-cost alighment = find the shortest path

O = 'O U w

v o

1

=
(©))]

N
o

0
4
8

2

a P e
123
4 8 12

7
4
8
12
16

11
8
12
15
19

15
12
8
12
15

START a4 p__ €

a

P

) o

e
END

—> distance = Cjs
J distance = Cp,
N distance = C, , for edge (u, v)

€



Shortest Path in Graph

= Each edge has a length/cost

= F(i,j): length of the shortest path from (0,0) to (i, j) (START = (i, )))
= B(i,j): length of the shortest path from (i, j) to (m,n) ((i,j) = END)
= F(m,n) = B(0,0)

j=0 1 2 3 4 5 6 7

5 06 6.6 6 ¢
5 0.6 0.6 6 ¢

F(2,3) = distance of the | =
shortest path v—>‘

B(2,3) = distance of the

shortest path @—@) “““““““

506 0.6 6 ¢

ga & W N P O




Recursive Equation

= Each edge has a length/cost
= F(i,j): length of the shortest path from (0,0) to (i, j) (START = (i, )))
= B(i,j): length of the shortest path from (i, j) to (m,n) ((i,j) = END)
= Forward formulation
§CNs if i =0
F; ;=14 CpgL if 1 =0

min(Fi_ljj_1 + Cﬂ?i,yj i1+ CbEL, Fii—1+ CINS) otherwise

= Backward formulation

(TL — j)OINS ifi=20
B'j: (m—i)C’DEL ifj:O
min(B@-+1,j+1 + C:L'i,'yj , Bi_|_1,j + CpEL, B@"j+1 + OINS) otherwise

©



Shortest Path Problem

F (i, j): length of the shortest path from (0,0) to (i, j)
B(i, j): length of the shortest path from (i, j) to (m, n)

= Observation 1: the length of the shortest path from (0,0) to (m, n) that
passes through (i,j) is F(i,j) + B(i,j)
— optimal substructure




Shortest Path Problem

F (i, j): length of the shortest path from (0,0) to (i, j)
B(i, j): length of the shortest path from (i, j) to (m, n)

= Observation 2: forany v in {0, ..., n}, there exists a u s.t. the shortest
path between (0,0) and (m, n) goes through (u, v)
—> the shortest path must go across a vertical cut

---------

j=0 1 2i{3%4 5 6 7

o & W N P O



Shortest Path Problem

F(i,j): length of the shortest path from (0,0) to (i, j)
B(i, j): length of the shortest path from (i, j) to (m, n)

= Observation 1+2:
F(m,n) = min (F(0,v) + B(0,v), F(1,v) + B(1,v),--- , F(m,v) + B(m,v))
F(m,n) = ming<y<m F(u,v) + B(u,v)Vv

N
SRS BEPE

SR
St




Divide-and-Conquer Algorithm

= Goal: finds optimal solution

= |dea: utilize sequence alignment algo.

= Call Space-Seg-Align(X,Y[1:v]) tofind
F(0,v),F(1,v),.., F(m,v) {kit"'"'"}{j}

___________________

= CallBack-Space-Seg-Align (X,Y[v+1l:n])
to find B(0,v), B(1,v), ..., B(m, v) @ —————————————— :

___________________

___________



Divide-and-Conquer Algorithm

= Goal: finds optimal solution—DC-Align (X, Y) Space Complexity:O(m + n)

= Divide the sequence of size n into 2
subsequences

= Find u to minimize F(u,v) + B(u, v)

= Recursive case (n > 1) @(mn)
= prefix EITu,%)E

= DC-Align(X[1l:u]l, Y[1l:v])

_______________

2. Conquer

______________

= DC-Align(X[u+l:m], Y[v+l:n])
', = Base case (n = 1)

= Return seg-Align (X, Y)i

3. Combine

u
X
)
—+
c
=
-]
o
H
0]
Hh
|_l.
b
+
0
o
Hh
Hh
l_l.
b
D
—
ok
S

= T(m,n) =time for running DC-Align (X, Y) with |[X|=m,|Y]|=n
[ O(m) ifn=1
Tm,w) = § F0) o) Tm — wnf2) 4 Ofmn) 1 = 2 T (mem) = Olmm) ©



Time Complexity Analysis

O(m) ifn=1
) = { (u,n/2) +T(m —u,n/2) + O(mn) ifn>2 = 7(m,n) = O(mn)

= Proof

= There exists positive constants a, b s.t. all

7( ) < a-m iftn=1
M) = T(u,n/2)+T(m—u,n/2)+b-mn ifn>2

= Use induction to prove T'(m,n) < kmn

____________________________________________________________

T(m,n) <T(u,5)+T(m—u,%5)+b-mn

hlnducr’:ivg < kug +k(m—u)g +b-mn
ypothesis < (% —l—b)mn

< kmn when k > 2b @



-+ X1

Extension: ;7= & X Recognition

= Given a graph G = (V,E), each edge (u, v) € E has an associated non-
negative probability p(u, v) of traversing the edge (u, v) and producing
the corresponding character. Find the most probable path with the

label s = (g4, 09, ..., 0). ST

X 7 T 3 I

\\ ‘
‘ ) (" Al“

W”dl % "\g \
o2/

START to END with
highest prob

START END

Find the path from \



Viterbi Algorithm

produce oy

P { p(START, v) if j =1
“ | maxg(Prj—1 X p(u,v)) otherwise
produce o;
01 02 On

ﬁ‘ M
W \
‘W }%‘? W

START NH@K a0 X A\'¢
W AR
heila/liglt
A |
Ne\a)

V: vocabulary size

= 7'(n) =0(Vn)

____________________________________________________________________________________________________________________



@5 DP#6: Weighted
= Interval Scheduling




Interval Scheduling

= Input: n job requests with start times s;, finish times f;

= Qutput: the maximum number of compatible jobs

= The interval scheduling problem can be solved using an “early-finish-time-
first” greedy algorithm in O(n) time “Greedy Algorithm”
Next topic!
job index

o U b W N B




Weighted Interval Scheduling

= Input: n job requests with start times s;, finish times f;, and values v;

= Qutput: the maximum total value obtainable from compatible jobs

Assume that the requests are sorted in non-decreasing order (f; < f; when i < j)
p(j) = largestindexi < j s.t. jobs i and j are compatible

eg.p(1)=0,p(2) =0,p(3) =1,p(4) =1,p(5) =4,p(6) =3

job index

3

o U b W N B




Step 1: Characterize an OPT Solution

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible
Output: the maximum total value obtainable from compatible

= Subproblems
= WIS (i) :weighted interval scheduling for the first i jobs

= Goal: WIS (n)

= Optimal substructure: suppose OPT is an optimal solutionto WIS (1),

there are 2 cases: job index o
= Case 1: job i in OPT i!:| ;
= OPT\{i} is an optimal solution of WIS (p (1)) 3 E
= Case 2:job i notin OPT g: | |
6

= OPT is an optimal solution of WIS (1-1) i 5 5 5 ; : : : > time



Step 2: Recursively Define the Value
of an OPT Solution

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible
Output: the maximum total value obtainable from compatible

= Optimal substructure: suppose OPT is an optimal solutionto WIS (1),
there are 2 cases:

= Case 1: job i in OPT M; = v, + My
= OPT\{i} is an optimal solution of WIS (p (1))
= Case 2:job i notin OPT
= OPT is an optimal solution of WIS (i-1)

M; = M;_

= Recursively define the value

v {0 if i =0
© | max(v; + My, M;—1) otherwise



Step 3: Compute Value of an OPT

Solution

Weighted Interval Scheduling Problem

Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible

Output: the maximum total value obtainable from compatible

= Bottom-up method: solve smaller subproblems first

Ve — 0 if1=0
" | max(v; + My, M;—1) otherwise

i | o | 1] 2|3 ]4a]5
M[i] I

WIisS(n, s, £, v, p)

M[O] = 0
for 1 =1 ton T(n) — @(TL)
M[1] = max(v[i] + M[pli]], M[1 - 11])

return M[n]




Step 4: Construct an OPT Solution by
Backtracking

Weighted Interval Scheduling Problem
Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible
Output: the maximum total value obtainable from compatible

= Bottom-up method: solve smaller subproblems first

0 ifi=20
max fuz + My, M otherwise

|V|[I] 0 ! |

’Ul+ (1)—1—|-Mo’03+ (3)—3+M1 ve + Mpe) = 1+ M3

job. |ndex ,
1

2-—




Step 4: Construct an OPT Solution by

Backtracking

Weighted Interval Scheduling Problem

Input: n jobs with (s;, f;, v;), p(j) = largestindex i < js.t.jobs i and j are compatible

Output: the maximum total value obtainable from compatible

WIS(n, s, £, v, p)

M[O0] = O
for 1 =1 to n
M[i] = max(v[1] + M[p[1]], M[1 - 1])

return M[n]

Find-Solution (M, n)
ifn=20
return {}
if v[n] + M[p[n]] > M[n-1]1 // case 1
return {n} U Find-Solution(p[n])
return Find-Solution(n-1) // case 2




Concluding Remarks

= “Dynamic Programming”: solve many subproblems in polynomial time
for which a naive approach would take exponential time

= When to use DP
Whether subproblem solutions can combine into the original solution

When subproblems are overlapping

Whether the problem has optimal substructure

Common for optimization problem

= Two ways to avoid recomputation
= Top-down with memoization

= Bottom-up method

= Complexity analysis
= Space for tabular filling
= Size of the subproblem graph



Question?

Important announcement will be sent to @ntu.edu.tw mailbox
& post to the course website

Course Website: http://ada.miulab.tw

Email: ada-ta@csie.ntu.edu.tw



http://ada.miulab.tw/
mailto:ada-ta@csie.ntu.edu.tw

