Volatility CBOE VIX Calculation Vol of Vol
000000 00000 00000000000 (e]e]

Python Programming in Finance
Volatility & The VIX Index

Zheng-Liang Lu

Department of Computer Science & Information Engineering
National Taiwan University

October 26, 2022

References
[e]e]e}



Volatility CBOE VIX Caleu
00000 C

on Vol of Vol References
@00000 00 00C

000

Geometric Brownian Motion (GBM)

® let S be the stock price and dW be a Wiener process with its
volatility o.

® Consider a GBM process

ds
< = (p—q)dt +odW, (1)

where p is the expected return rate and g > 0 is the dividend yield
rate.

® By the Ito's formula, the log price follows
2

dInS:(u—q—%)dH—adW. (2)
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“ By (1) - (2) o
o

® Let V be the average variance rate within the period [0, T].

o3[t 5 3n(Z)

® Hence the expectation under the Q measure is
— 2 2 S
Q - 2, — _ZEQ °T
E [V} T(u q)T TE {In(s())},
2 Fo 2 Sr
Fin(< ) - ZEQ |In{ =
(s)-7=[()]

where (1w — q)T = rT replaced by In (s—g) is an immediate result of

® Then we have

martingale pricing.

Zheng-Liang Lu Python Programming in Finance



Volatility CBOE VIX Calculation Vol of Vol
00@000 00000 00000000000 (e]e]

® Consider the integration below:

/Oool(K S)dK/ (K—-Sr)td

o 1
+/ W(K—STﬁdK.
J K*

® For K* > St, the RHS becomes

K*\ . St
|n<5T)+K* —140.

® For K* < 57, the RHS becomes

K* St
[ — — — 1.
0+ n<57> + K
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® |t is easy to see that

n (2T —ﬁ—l—/K*i(KsﬁdK—/oo—(KS)dK
K<) K , K2 ! . K2 e

® Therefore the expectation value of the above equation is

Q ST FO K 1 rT > 1 rT
E [|n<K*>]:F_1_/O rek p(K)dK—/K* rek c(K)dK,
where
p(K) = e TE® [(K— S1)"]
and

c(K)=e"TEY {(57— K)A} .
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® Note that we have
= n(5)] = (s) e ()]
® |n the end, we have

01+ 3n(3) -3¢ [+ ()

T
2
T

2 (K - 2 [ 1
Tp(K)dK + = . ae (KK,
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® In practice, there are a finite number of strike prices.

® So the aforesaid equation is discretized as follows:

— 2 Fo 2 [ Fy
EC[V]re (2 )|-=(2-1
vl Tn<Ko> T<K0 )
Kg o0
2 AK 2 AK
K=0 K=K
® By the Taylor's 2"-order expansion to the log term,

T K2

K oo
- 1 (Fo .\, 2<~AK 2 AK
EC [V]z—7 <K01> t 7 E Weer(K)—I—f e""c(K).
K=0 K=Ky

® We follow Equation (3) to calculate the VIX Index.
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CBOE VIX Index!

® The VIX Index is designed to estimate 30-days expected volatility by
aggregating the weighted prices of S&P 500 Index puts and calls
over a wide range of strike prices.

® |t is often referred to as the "fear gauge.”

1See http://www.choe.com /vix.
Zheng-Liang Lu Python Programming in Finance



http://www.cboe.com/vix

Volatility CBOE VIX Calculation Vol of Vol
000000 0000 00000000000 (e]e]

VIX® Index Charts & Data
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® 1989:
® 1993:
® 2003:
® 2004:
® 2006:
® 2008:
® 2020:
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Short History

Brenner and Galai proposed the Sigma Index.?

first launched; use S&P 100 Index options.

changed to S&P 500 Index (SPX) options.

launched VIX Futures.

launched VIX Options.

intraday high of 89.53 on October 24.

hit and closed at 75.47 due to a travel ban to the US from

Europe was announced.

® 2020:

closed at 82.69, the highest level since its inception in 1990.

?Brenner and Galai (1989): New Financial Instruments for Hedging Changes in

Volatility.
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[llustration: CBOE VIX Index
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lllustration: Fear Gauge
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Caculation Stages®

® Stage 1: determine the near-term and the next-term S&P 500 Index
options.

Stage 2: calculate the time to maturity for options.
® Stage 3: determine the forward price of options.
® Stage 4: calculate the variance by Equation (3).

Stage 5: calculate the resulting VIX Index.

3See Volatility Index Methodology: CBOE Volatility Index.
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Stage 1

® First determine the near-term and the options which
reflect the near 30-day expected volatility of the stock market.
® Assume that D is 2019-3-20.
® For D + 24 (2019-4-13), no option expires.
® For D + 30 (2019-4-19), S&P 500 monthly options are used as the
near-term option because they expire on 2019-4-17.
® For D + 37 (2019-4-26), S&P 500 weekly options expire on
2019-4-24 (4-th week) so they are used as the options.
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Stage 2

® Calculate the time to maturity, which is

T_M1+M2+M3
f—M4 ,

where

® Mi: minutes remaining until midnight of the current day,

® M,: minutes from the midnight to 0830 in the next morning for
monthly option (, or 1500 in the next afternoon for weekly options),

® Ms: total minutes in the days between current day and expiration
day,

® M,: minutes in one year.

® For example,

® Thear = (717 + 510 + 43200) / 525600 = 0.084526, and
® Thext = (717 + 900 + 53280) / 525600 = 0.104446.
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Stage 3

® The forward price F can be calculated by
F=K"+eT (C(K*) - P(K")),
with the ATM strike price

K* :arngin|C(K) - P(K)|.

® For example,

ar Te Optio Next Term Options

Strike Price Call Put Difference Strike Price call Put Difference
1955 27.60 19.75 7.85 1950 34.05 21.60 12.45
1960 24.25 21.30 295 1955 30.60 23.20 740
1965 21.05 23.15 2.10 1960 27.30 24.90 2.40
1970 18.10 25.05 6.95 1965 24.15 26.90 2.75
1975 15.25 27.30 12.05 1970 21.10 28.95 7.85

Frear = 1965 + ¢(0-0305x0.084526) 5 (2105 — 23.15) = 1962.8947
Fropr = 1960 + (0-0286X0.104446) » (97 30 — 24.90) = 1962.4070
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Elimination Rule

Put Strike Include? Call Strike sk Include?
Y
Y
N
1360 0 0.35 N 2125 0.05 015 Y
1365 0 0.35 N 2150 0 0.1 N
1370 0.05 0.35 Y 2175 0 0.05 N
1375 0.1 0.15 Y
1380 0.1 0.2 Y

® Start from the strike closest to the forward price.

® Include all OTM options until the consecutive two zero bid prices
occur.

® |gnore the options which has a bid price of zero.

=] =
Zheng-Liang Lu Python Programming in Finance 16
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Near term Strike Option Type Mid-quote Price Next term Strike Option Type Mid-quote Price
1370 Put 0.2 1275 Put 0.075
1375 Put 0.125 1325 Put 0.15
1380 Put 0.15 1350 Put 0.15
1950 Put 18.25 1950 Put 21.60
1955 Put 19.75 1955 Put 23.20
1960 Put/Call Average 22,775 1960 Put/Call Average 26,10
1965 Call 21.05 1965 Call 24.15
1970 Call 18.1 1970 Call 21.10
2095 Call 0.2 2125 Call 0.1
2100 Call 0.1 2150 Call 0.1
2125 Call 0.1 2200 Call 0.08

® Calculate the mid-quote price by simply averaging the best bid price
and the best ask price.
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Stage 4

® For i € {near, next},

nj

2 AK; 1/ F 2
.2: 7‘1 ri7—f 2) — — ! —
A=Y fgemak) - (1) @

=1

where n; is the number of selected options, Q(K;) is the price quote
with strike Kj, and Ky ; is the ATM strike price.

® Note that Equation (4) is identical to Equation (3) except that we
need both the near/next terms.
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Near term N L N Contribution by Near term . " . Contribution by
e OptionType  Mid-quote Price e e OptionType  Mid-quote Price e
1370 Put 0.2 0.0000005328 1275 Put 0.075 00000023069
1375 Put 0125 0.0000003306 1325 Put 0.15 0.0000032041
1380 Put 0.15 0.0000003938 1350 Put 0.15 0.0000020577
1950 Put 18.25 0.0000239979 1950 Put 216 0,0000284031
1955 Put 19.75 0.0000258376 1955 Put 232 0.0000303512
1960 T 22.775 0.0000296432 1960 Pl 26.1 0.0000339711
Average e
1965 call 21.05 0.0000272588 1965 call 24.15 0.0000312732
1970 Call 18.1 0.0000233198 1970 call 211 0.0000271851
2095 call 0.2 0.0000002278 2125 call 01 0.0000005536
2100 Call 0.1 0.0000003401 2150 Call 0.1 0.0000008113
2125 call 0.1 00000005536 2200 call 0,075 0.0000007748

1 1962.6947 2
Onear” = [ ogange * 0-00063364 — 0.084526[ 1960 ] = 0.0149671
2
Onext? = e X 0.00083382 — —— [22220 _q]" = 0,0159520
0.104446 0.104446 | 1960
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Stage 5

® |et N3p = 43200 be the minutes in 30 days, N3es = 525600 be the
minutes of one year, and N; = My + M, + M5 for i € {near, next}.

® The VIX formula is

N
le == 100 \/I\Zi:—) (Tnearo-gearwnear + TneXto—Eextwﬂ‘EXt)ﬂ (5)
_ Nrge—No _
where Wpear = 72— & 1.12172 and wpext = 1 — Whear-

NTnext — NVThear

® Hence we have

VIX = 100 x 1/0.0845 x 0.01487 X wpear + 0.1044 x 0.01595 X wWhext
= 12.164787.
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Remarks for Calculation of TAIWAN VIX

® Use monthly options (expiration on 3rd Wed.) for the near/next
term options.
® Use TAIBOR for the risk-free rate (r).
® No elimination rule.
® Following this will produce numbers smaller than the market data.
(Why?)
® CBOE VIX exploits implied forward price (by put-call parity) in the
calculation.
® We find that TAIWAN VIX becomes more stable when using TX
futures prices.
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Example: TAIWAN VIX Index
27.0 A — i R
Calcuation 0.002
—— Market Data ‘é
= 26.5 ¥ Iy
g \./ "H'WK\,« M% 0.001'g
e
= E
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Volatility of Volatility

® In 2012, the CBOE introduced the VVIX index (also referred to as
"vol of vol"), a measure of the VIX's expected volatility.

® VVIX is calculated using the same methodology as VIX, except the
inputs are market prices for VIX options instead of stock market
options.

® The VIX can be thought of as the velocity of investor fear while the
VVIX can be thought of as the acceleration of investor fear.
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Books

® CBOE Volatility Index (VIX Index):
http://www.cboe.com/publish/methodology-volatility /vix_methodology. pdf
2019-07-26.
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