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Fig. 1. Bathroom: Equal-time comparison (120s) between stochastic lightcuts (SLC) [Yuksel 2019], resampled importance sampling (RIS) [Bitterli et al. 2020;
Talbot et al. 2005], variance-aware Bayesian online regression (VA-BORAS) [Rath et al. 2020], reinforcement lightcuts learning (RLL) [Pantaleoni 2019] and
our method. SLC and RIS do not importance sample the actual contribution of light clustering and this causes noise. VA-BORAS’s heuristics do not find a
good light clustering configuration to learn a distribution on. RLL learns both the clustering and the sampling distributions, but often does not find a good
cluster, and their sampling distribution does not converge to the target distribution, leaving artifacts in the shadow regions (top row). Our method learns the
clustering using a coarse-to-fine scheme, and our sampling distribution provably converges to the target. Our method achieves the lowest relative mean
square error (rMSE) among all compared methods. The reference is rendered by uniform light sampling in 25 hours.

We present an unbiased online Monte Carlo method for rendering with

many lights. Our method adapts both the hierarchical light clustering and

the sampling distribution to our collected samples. Designing such a method

requires us to make clustering decisions under noisy observation, and mak-

ing sure that the sampling distribution adapts to our target. Our method is

based on two key ideas: a coarse-to-fine clustering scheme that can find good

clustering configurations even with noisy samples, and a discrete stochastic

successive approximation method that starts from a prior distribution and

provably converges to a target distribution. We compare to other state-of-

the-art light sampling methods, and show better results both numerically

and visually.
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1 INTRODUCTION
Rendering with a large number of light sources brings up chal-

lenges for importance sampling, since the sampling needs to take

the geometry, visibility, light intensity, and material properties into

consideration. Two strategies are often applied to reduce the vari-

ance: first, to reduce the number of sampling targets to a manageable

subset, a clustering step is often applied using a light hierarchy (Fig.

2). Important lights are represented by smaller clusters, and less

important ones are approximated by large clusters. Second, existing

methods often employ an online learning process that adapts the

sampling distribution using collected data. Unfortunately, when the

clustering or the sampling distribution does not faithfully repre-

sent the importance of lights, existing methods suffer from high

variance. In this paper, we present a data-driven solution that can

progressively improve both light clustering and sampling using

information collected during rendering. Our method is unbiased,

provably converging to the target distribution, and supports both

direct illumination and virtual point lights.

Fig. 2 shows an example of the importance of clustering. The

scene has two groups of triangle lights. For the shading points

inside the shelf, the lights closer to the shading points are blocked;

thus they are only lit by the farther lights. However, most existing

methods (e.g., BORAS [Vévoda et al. 2018]) ignore visibility when

clustering the lights; therefore they assign fine-grained clustering

to the occluded lights, and approximate the important contributors

with only one cluster. In contrast, our method learns to cluster using

collected data, which allows us to cluster the lights correctly.

Designing an online learning method that simultaneously adapts

the sampling distribution and the clustering faces a dilemma: we
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(a) a scene with 16 lights (b) the light clustering configurations at% (c) Vévoda et al. [2018] (d) our method (e) reference

Fig. 2. The importance of light clustering . (a) shows an example scene with 16 area lights, including 8 dull white lights on the le� and 8 strong yellow
lights above the bookshelf. (b) shows the visualization of the lightcuts at an interest point%. Vévoda et al.'s BORAS method [2018] constructs the cut using
heuristics without considering visibility. Thus, it cannot locate the important lights withinC1. By contrast, our method starts from a cut consisting ofC1 and
C2 and progressively refines the nodes inC1 according to the information obtained from online learning. (c) and (d) show the rendered results of Vévoda et
al.'s method and our method, respectively. The error visualizations are shown at the bo�om le� corner. (e) shows the reference image. Our method produces
an image with much fewer noises than Vévoda et al.'s method because of be�er adaptive light clustering.

need high-quality samples to obtain good clustering, and high-
quality clustering to have good samples. We address this challenge
with two key ideas: 1) We start from a coarse clustering to accu-
mulate sampling information, and gradually obtain �ner clustering
as we collect more samples. 2) We use a stochastic approximation
method [Robbins and Monro 1951] to update the sampling distri-
bution. This allows us to start from a good prior distribution that
leverages the geometry and material information, and provably con-
verges to the target distribution where more factors are involved.
We are heavily inspired by the recent work from Pantaleoni [2019]
(RLL), which also adapts the cluster while rendering. However, we
show that Pantaleoni's method can often �nd suboptimal clustering
con�gurations, and does not converge to the target distribution,
which leads to visual artifacts (e.g., Fig. 1, top row). We also discuss
the connection to reinforcement learning [Dahm and Keller 2017].
We compare to state-of-the-art methods, including Pantaleoni's al-
gorithm, and show that our method achieves between1”8� to 7�
lower relative mean square error compared to the best methods
across di�erent scenes in the same amount of time.

2 RELATED WORK
Rendering with many lights.Earlier work in this category focused

on reducing the number of visibility tests [Kok and Jansen 1994;
Ward 1994]. Shirley et al. [1996] use an octree to classify lights into
important and unimportant ones for each shading point, and focus
sampling budget to the important lights. Later methods extend this
idea to use a hierarchy to divide lights into multiple clusters (a
cut). The sampling can be biased [Fernandez et al. 2002; Paquette
et al. 1998], unbiased during the hierarchy construction [Walter
et al. 2005], or unbiased for each individual shading point [Estevez
and Kulla 2018; Liu et al. 2019; Moreau et al. 2019; Pantaleoni 2019;
Vévoda et al. 2018; Yuksel 2019].

Some methods cluster lights by sampling the light transport ma-
trix in a preprocessing step [Ha²an et al. 2008; Ha²an et al. 2007;
Huo et al. 2015]. Ou and Pellacini [2011] use a hybrid approach
by �rst grouping the lights using matrix sampling, then forming
hierarchical clusters inside each group. These methods do not adapt

the clustering once it is formed. Although it might be possible to
modify these methods to be progressive, how to do so in an e�cient
and automatic way is unclear.

Virtual point light methods [Dachsbacher et al. 2014; Keller 1997]
convert the indirect illumination problem into direct illumination, by
depositing virtual point lights using light tracing. This allows us to
treat both direct lighting and global illumination using a uni�ed ap-
proach. The visibility can be determined using shadow map [Dachs-
bacher and Stamminger 2005; Keller 1997; Ritschel et al. 2008] or
ray tracing [Kollig and Keller 2006; Popov et al. 2015; Walter et al.
2012]. Our method can be used with virtual point lights and belongs
to the ray tracing category.

Many methods learn the importance of light sources in a data-
driven way. Samples are collected either in a preprocessing step
[Georgiev et al. 2012; Wu and Chuang 2013], or with online up-
dates [Donikian et al. 2006; Fernandez et al. 2002; Pantaleoni 2019;
Vévoda et al. 2018].

We build on these approaches and introduce two new ideas: a
coarse-to-�ne clustering scheme that allows us to make clustering
decisions on noisy samples, and a discrete stochastic approximation
method that allows our sampling distribution to start from a prior
distribution and converge to our target.

Resampled importance sampling.Importance resampling meth-
ods [Rubin 1987; Talbot et al. 2005] enables sampling of complex dis-
tributions without a hierarchy. It �rst draws samples from a simpler
distribution, then samples a subset from the �rst set by weighting
them according to the complex distribution. Resampling has been
used for real-time many-lights sampling along with reusing the spa-
tiotemporal neighbors' sampling distribution [Bitterli et al. 2020],
The hierarchy-free sampling makes these methods more suitable for
dynamic lights and more GPU friendly, but these methods do not
adapt sampling distribution to visibility in a progressive manner.

Path guiding.Some methods build an importance sampling dis-
tribution of the hemispherical incoming radiance using collected
samples [Dahm and Keller 2017; Lafortune and Willems 1995; Müller
et al. 2017, 2019; Pantaleoni 2020; Vorba et al. 2014]. Müller et al.'s
adaptive quadtree [2017] is related to our adaptive clustering. These
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methods focus on the continuous domain, while we address the
discrete light sampling problem. Directly adapting path guiding
methods to the many-lights problem can be non-trivial, as lights are
sparsely distributed spatially. Accounting for the geometry proper-
ties, such as orientations and positions of lights, is more di�cult in
the 5D spatial-directional space.

Hierarchical rendering methods.Hierarchical clustering is often
employed in rendering algorithms [Hanrahan et al.1991; Keller 2001;
Overbeck et al. 2009] and they share similarities to our progressive
hierarchical re�nement. We apply this class of methods to many-
lights sampling.

Reinforcement learning in rendering.Dahm and Keller [2017] ob-
serve the similarity between the rendering equation [Kajiya 1986]
and theexpected SARSAreinforcement learning method [Sutton
et al. 1998]. Pantaleoni [2019] applies the idea for sampling light
clusters. Huo et al. [2020] apply deep reinforcement learning for
adaptive sampling and reconstruction. We show the relation of ren-
dering, stochastic approximation [Robbins and Monro 1951], and
reinforcement learning in Section 5.

3 BACKGROUND: RENDERING WITH DIRECT
ILLUMINATION

Given a shading point positionGwith a viewing directionl > and a
set of lightsL , we are interested in estimating the sum over all the
light contributions � :

! (G• l>) =
X

; 2L
� (G• l>• ;)” (1)

The actual content of the contribution� depends on the type of light
;. If ; is a point light, then� is the product of the geometry term,
visibility, material (i.e., the Bidirectional Scattering Distribution
Function), and the light intensity. On the other hand, if; is an area
light, then � is an integral over the points on the area on the light.;
can also be avirtual point light, generated by light tracing [Keller
1997] or bidirectional path tracing [Davidovi£ et al. 2010; Segovia
et al. 2006]. The contribution of a virtual point light corresponds to
a point light with a potentially directionally-varying intensity. It is
also possible to include the multiple importance sampling weights
in the contribution � [Popov et al. 2015; Walter et al. 2012].

When the size of the setL is large (say, thousands or millions),
evaluating the whole discrete sum for each shading point is not prac-
tical. Therefore we rely on Monte Carlo sampling for estimating
Equation(1). However, the variance of the Monte Carlo estima-
tor depends on the importance sampling distribution, and a good
importance sampling distribution depends on the contribution� .

To importance sample the discrete sum, we need a way to assign
an importance value for each light. Doing so individually for each
shading-point-light-pair is too expensive: there will be millions of
shading points, and thousands or even millions of lights. Instead,
existing works often importance sample the lights by clustering
them into more manageable non-overlapping subsetsC(G):

! (G) =
X

22C(G)

X

; 22
� (G• ;) =

X

22C(G)
� 2(G)• (2)

where� 2(G) =
P

; 22 � (G• ;) and we omit the directional dependency
l > for brevity, without loss of generality. They then estimate the

double summation using Monte Carlo sampling:

! (G) � h ! (G)i =
1
#

#X

8=1

� (G• ;8)
?(;8jG•28)?(28jG)

• (3)

where?(28jG) is the probability of choosing the cluster28 given the
shading pointG, and?(;8jG•28) is the probability for choosing the
light ;8 2 28 given the shading point and the cluster (or probability
density if ;8 is an area light). Sometimes the sampling can be done
deterministically, e.g., by evaluating all clusters [Walter et al. 2005].
Sometimes the probabilities are independent ofG, e.g., we can choose
?(;8jG•28) based on the light intensity alone.

In addition to applying clustering to lights, we can also apply
clustering to shading points, by letting a group of shading points
share the same or similar light sampling distribution [Donikian et al.
2006; Georgiev et al. 2012; Vévoda et al. 2018; Walter et al. 2006; Wu
and Chuang 2013].

To come up with the importance sampling distributions?(;8jG•28)
and?(28jG), existing work observed that there are often only a few
lights that are important for a shading point. Typically, they use a
spatial hierarchy to group the lights based on their spatial proximity.
Each node on the spatial hierarchy represents a group of lights. Both
clustering and sampling can then be done using an approximated
contribution of the nodes in the spatial hierarchy. For example,
Walter et al. [2005] cluster the lights by thresholding an error bound
of the clustering contribution� 2 � which can be quickly estimated
without ray tracing by using the bounding box of the lights of a
node. Yuksel [2019] adopts a similar error bound, but instead of
using it for clustering, they use it for sampling by probabilistically
selecting the children of the tree based on the error bound.

Encoding visibility information in the hierarchical structure for
importance sampling is hard [Durand et al. 1997; Fernandez et al.
2002]. Therefore, modern data-driven methods collect the visibil-
ity information using Monte Carlo samples [Bitterli et al. 2020;
Donikian et al. 2006; Georgiev et al. 2012; Vévoda et al. 2018; Wu
and Chuang 2013], either in a preprocessing stage or in an online
setting, to adapt the sampling distribution. These methods still do
not adapt the clustering con�gurationC(G).

Pantaleoni [2019] further adapts the clustering con�gurationC(G)
during rendering. They maintain estimated importance and a �xed
cut size for each cluster, and use asplit-collapsealgorithm to adjust
the cluster con�guration by simultaneously splitting a cluster2
with the largest contribution into its children and merging two
clusters with the smallest contribution. We found that their method
often gets stuck in a suboptimal clustering con�guration, and their
estimated importance does not converge to the target distribution,
leading to artifacts in rendering.

Our work builds on the online learning methods above [Donikian
et al. 2006; Pantaleoni 2019; Vévoda et al. 2018]. We share the distri-
bution of light importance among close-by shading points. We adapt
both the sampling distribution and clustering over the light hierar-
chy during rendering. This requires us to address two challenges: 1)
clustering under noisy observation and 2) adapting the sampling
distribution by taking both the information provided by the hierar-
chical structure, and the collected samples into consideration, while
provably converging to the target distribution.
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Fig. 3. Overview of our method . Given a scene and a light hierarchy, our method first spatially partition the scene into cells. Each cell stores acut on the
light hierarchy to represent the clustering, and we initialize them with a coarse cut. Each cluster on the cut maintains the estimated importance of the lights,
and a variance estimate. To sample a light, we first choose a cluster with probability proportional to its importance. We then sample a light within the cluster
using traditional stochastic lightcuts [Yuksel 2019], and update the statistics using a stochastic approximation algorithm. A�er a round of sampling, we loop
over the clusters and probabilistically expand the nodes that have large variances and are visited o�en. We then iterate the process.

4 METHOD
Overview.Fig. 3 shows an overview of our algorithm that jointly

adapts the sampling distribution and light clustering. Our method
is based on two key ideas: 1) To gather reliable statistics, we start
from a coarse cut and re�ne it over the iterations. 2) We apply
stochastic approximation to update the statistics for our sampling
distribution, making it provably converge to the target distribution.
During a preprocessing phase, we subdivide the 3D scene into cells,
and for each cell, we maintain a table of the approximated mean and
variance over acut on the light source hierarchy. We importance
sample the cluster based on the estimated mean, and sample the
lights within the cluster using a standard method [Yuksel 2019]. We
then probabilistically expand the clusters based on their variance
and how frequently they are visited, and iterate the process. In this
way, we provide an unbiased, progressive, and data-driven solution
for importance sampling with many lights in a scene. We next detail
each step of our algorithm.

4.1 Initialization
Light hierarchy construction and shading point clustering.Given a

3D scene, we �rst build a light hierarchy using an orientation-aware
bounding volume hierarchy [Estevez and Kulla 2018]. To cluster
the shading points, we further partition the 3D scene by building
another 5D bounding volume hierarchy based on the positions and
normals of the shading points [Wu et al. 2015]: we choose a cut on
the scene bounding volume hierarchy based on the surface areas of
the nodes in the hierarchy.

Light clustering initialization.We construct a global light cluster-
ing based on the total power of each light cluster. We start from a
coarse light clustering con�guration by limiting the cut size to a
small number (usually 4 or 8). We initialize the light clustering for
each scene partition on demand.

4.2 Learning to Sample and Cluster
During rendering, we use Monte Carlo sampling to sample a light
from the hierarchy (Equation(3)). We �rst sample a cluster accord-
ing to the probability?(2jG), then sample a light inside the cluster
according to?(; j2• G). For sampling a light inside the cluster, we rely

on the stochastic lightcuts algorithm [Yuksel 2019] (Appendix A).
We sample the cluster by maintaining an approximated importance
&G(2) for each node2, and sample proportionally to the importance:

?(2jG) / &G(2)” (4)

We want our sampling distribution to start from a good initial
guess, then converges to the target distribution&G(2) = � 2(G)1,
where� 2(G) is the contribution of the cluster c evaluated at shading
point G. Therefore, we learn the approximated importance using a
stochastic approximation algorithm, commonly used in reinforce-
ment learning. We start from an initial guess provided by the sto-
chastic lightcuts method, which incorporates the geometry and the
material terms, but ignores the visibility. We then iteratively update
the estimates using an exponential moving average:

&G
0 (2) = ! D(G•2) (5)

&G
C+1(2) = (1� UC)&G

C(2) +UCh� 2(G)i • (6)

where! D(G•2) is an upper bound estimate of the contribution for
node2 (Appendix A),UC is a learning rate (step size), andh� 2(G)i
is the Monte Carlo contribution of sampling cluster2. For each
iteration C, we send out=Csamples, and update the tables after the
iteration is done. We also collect the variance statistics from the
samples for later use.

Since our update is stochastic (h� 2(G)i is a random variable),
the learning rate scheduleUCneeds to be chosen carefully for the
successive approximation above to converge to the expectation
� 2(G). For example, the constant learning rateUC = U adopted
by Pantaleoni [2019] willnot always converge. By contrast, it is
known [Robbins and Monro 1951; Sutton and Barto 2018] that
the following conditions ensure the update above to converge, i.e.,
limC!1 &G

C(2) = � 2(G) with probability 1:

(1) h� 2(G)i is an unbiased estimator of� 2(G).
(2) The variance and mean ofh� 2(G)i are bounded.
(3)

P 1
C=1UC= 1 and

P 1
C=1U2

C Ÿ 1 .

To satisfy the criteria, we set the learning rateUC = 1
VCl , whereV

andl are parameters that will be given in Section 6.1. We make

1Since we share the distribution over a group of shading points, the target is the average
over the group.
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the connection to stochastic approximation explicit in Appendix B,
while also showing that the error of the estimated importance scales
linearly with the size of the table and variance. Inspired by the
error rate above, we set the number of samples per-iteration=C=

max
�

jCCj
jC0 j •2

�
=0, wherejCCj is the number of clusters at iterationC,

and=0 is a user-speci�ed parameter.
In principle, the light contribution estimate should be the Monte

Carlo estimationh� 2(G)i = 1
#

P #
8=1

� (G•;8)
?(;8 jG•28)?(28 jG) . However, in prac-

tice, we found that when sampling clusters closer to the root of the
hierarchy, the upper bound estimate! D can be signi�cantly inaccu-
rate in the presence of the glossy material due to the loose bounding
boxes. Therefore, when updating the table, we approximate?(;8jG•28)
with the geometric mean between the actual probability and a uni-
form distribution over all the lights in the cluster.

After each iteration, we loop through each cluster and decide
whether we should split it into its two children or not. Our splitting
considers four criteria: 1) The cluster should be more likely to be
split when the variance is high. 2) We should reduce the probability
of splitting when the cut size is already large. 3) We prefer a cluster
con�guration in which all clusters have similar variance. 4) We
should split the clusters which are visited more often. Thus, we set
the probability of splitting a cluster2 to be:

?C(2) =
1

1 + jCCj
jC0 j4

� VarC(2)

VarC(2)
P

202C(G) VarC(20)

�
1 �

1
=2

�
• (7)

where jCCj is the size of the cut at iterationCand=2 is the number
of times we sample cluster2. The �rst term is a sigmoid function
that measures the variance relative to the size of the cut. The second
term measures the relative variance of the cluster (we add a small
number10� 6 to the denominator in practice to avoid division by
zero). The third term measures the frequency of visits.

To avoid a large number of clusters, we record the latest iteration
C0that the light clustering is updated and stop re�ning the cluster
when (C� C0)  jCCj ¡ � , whereCis the current iteration and� is a
user-de�ned parameters, or when the number of cluster reaches a
maximum cut size.

If we choose to split a cluster, we need to initialize the estimated
importance of their children21 and22. We approximate their impor-
tance using:

&G
C(21) = �! D(G•21) + (1� � )&G

C(2) (8)

where� = (1 � UC)
! D(G•21)

! D(G•21)+! D(G•22)=2 . 22 is initialized similarly. We
explain this approximation in Appendix C. Variance and the visit
count=21 are initialized to0.

5 RELATION TO REINFORCEMENT LEARNING
Previous work has shown the connections between Monte Carlo
rendering and reinforcement learning [Dahm and Keller 2017; Panta-
leoni 2019]. Here, we make the connection more explicit by showing
that rendering approximates a particular kind of action-value func-
tion, and show the relation to our update rule. This means that
our method can potentially be applied to other rendering problems,
which can be solved by reinforcement learning.

In reinforcement learning, an agent is tasked to perform anaction
0 on the currentstateB, from apolicyc(B) that maps states to actions.
For each action, the agent gets arewardA(B• 0). After an action is
done, the agent is transferred to another stateB0with probability
?(B0jB• 0). The long-term reward&c (B• 0) for taking an action under
a �xed policy c is de�ned by the Bellman expectation equation:

&c (B• 0) = A(B• 0) +W
X

B0
?(B0jB• 0)

X

00
?c (00jB0)&c (B0• 00)• (9)

whereWis thediscount factorthat weights the recursive rewards.
Traditionally, the goal of an agent is to maximize the accumulated re-
ward by solving for the best policyc � (B) that satis�es the Bellman op-
timal equation&c �

(B• 0) = A(B• 0)+W
P

B0?(B0jB• 0)argmax00&c �
(B0• 00).

To solve the optimal policy, we need to solve for the& function.
Dahm and Keller [2017] noticed the structural similarity between

the Bellman expectation equation above and a discretized rendering
equation. We can treat& as the radiance,Bas a point on a surface,
0 as a direction,Aas emission and setW= 1. The state transition
from Bto B0 is the deterministic ray tracing, thus the probability of
reaching the next positionB0givenBand0 must be1. We further
replace the policy probability?c with a kernel : (0• 00•B•B0) that
includes the BRDFs and geometry terms. The equation then becomes
a discretized version of the rendering equation:

& � (B• 0) = A(B• 0) +W
X

00
: (0• 00•B•B0)& � (B0• 00)” (10)

Instead of �nding the policy that maximizes the rewards, in ren-
dering, we are interested in �nding a policy that is proportional to
the target action-value:?ĉ (0jB) / & � (B• 0). Notice that the rendering
equation is recursive, so we can solve it using a �xed-point iteration.
The following stochastic approximation converges to the target& �

if the conditions in Section 4.2 are satis�ed:

&(BC• 0C)  (1� UC)&(BC• 0C) +WUC

�
A(BC• 0C) +

:
?c

&(BC+1• 0C+1)
�

•

(11)
where0C+1 is randomly sampled from the policy, which is propor-
tional to the current action-value estimate, and?c is the correspond-
ing probability. We omit the arguments of: and?c .

Our method can also be seen as a reinforcement learning agent.
For us, the action is selecting a light cluster and sampling a light on
the current lightcut state, the reward is the Monte Carlo contribution,
and the discount factor is0. SettingW= 0in Equation 11 above leads
to our update equation (Equation 6).

Table 1. We show the number of lights, size of the average cuts, number of
active cells in the shading point clusters, and the consumed memory in our
method for each scene.

Scene lights avg. cut active mem. (MB)
Bathroom 4776 11.27 6402 / 16384 1.4
Bedroom 8032 14.24 9606 / 32768 2.2

Classroom 1216 37.21 8570 / 32768 6.1
Parking-Lot 90862 20.42 3893 / 65536 1.5

Kitchen (VPL) 71311 35.05 6282 / 32768 4.2
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