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Announcements Digill2s

e Project #1 was due at midnight Friday. You
nave a total of 10 delay days without penalty,
out you are advised to use them wisely.

e We reserve the rights for not including late
homework for artifact voting.

e Project #2 handout will be available on the web
later this week.




Outline

e Features
e Harris corner detector
e SIFT



Features



Features

e Also known as interesting points, salient points
or keypoints. Points that you can easily point
out their correspondences in multiple images
using only local information.
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Desired properties for features

e Distinctive: a single feature can be correctly
matched with high probability.

e |nvariant: invariant to scale, rotation, affine,
IHlumination and noise for robust matching
across a substantial range of affine distortion,
viewpoint change and so on. That is, It Is
repeatable.



Applications DigiY

e Object or scene recognition
e Structure from motion

e Stereo

e Motion tracking
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Components

e Feature detection: locate where they are
e Feature description: describe what they are

e Feature matching: decide whether two are the
same one




Harris corner detector



Moravec corner detector (1980) Digil[3x

e We should easily recognize the point by looking
through a small window

e Shifting a window In any direction should give a
large change In intensity




Moravec corner detector

corner
Isolated point

flat edge
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Moravec corner detector

Change of intensity for the shift [u,v]:
E(u,v) = > WO [T (xEu, y +9) = 1(x, Y]
X,y

/] |

window shifted intensity
function Intensity
Window function W( x,y) — [P _—
—_— T T

1 in window, O outside

Four shifts: (u,v) = (1,0), (1,1), (0,1), (-1, 1)
Look for local maxima in min{E}
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Problems of Moravec detector

e Noisy response due to a binary window function

e Only a set of shifts at every 45 degree IS
considered

e Only minimum of E is taken into account

= Harris corner detector (1988) solves these
problems.
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Harris corner detector

Noisy response due to a binary window function
» Use a Gaussian function

(x? +y’=)]

Window function W( X,V ) =

Gaussian



Harris corner detector

Only a set of shifts at every 45 degree Is considered
» Consider all small shifts by Taylor’'s expansion

Eu,v) = YW Y[ (+U, y+v) = 1(x, )T

— Zw(x, y)[l U+ va+O(u2,V2)]2

E(u,v) = Au’ + 2Cuv + Bv?
A= w(x Y)I(xY)
X,y

B=>) w(x, y)I;(xY)

C = wxy)LX I, XY)
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Harris corner detector

Equivalently, for small shifts [u,v] we have a bilinear
approximation:

U
V

E(u,v) =|u,viM

, where M Is a 2x2 matrix computed from image derivatives:

12,
M:ZW(x,y) - I2y
X,y y

X"y
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Harris corner detector (matrix form)

E(u) = 1(x, +u)—1(x,) [

ol ' 2
l,+— u |-
el

a’ |
=— u
ou

.
. ol ol .

ou ou
—u' Mu
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Harris corner detector

Only minimum of E is taken into account

»A new corner measurement by investigating the
shape of the error function

u' Mu represents a quadratic function; Thus, we
can analyze E’s shape by looking at the property
of M
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Harris corner detector

High-level idea: what shape of the error function
will we prefer for features?

corner



Digil2d

Quadratic forms

e Quadratic form (homogeneous polynomial of
degree two) of n variables x;

n n
; J ; J Cij il

i=1 j=1
1<j

e Examples
4% + 5x§ + 3x§ + 2x 0 +4x123 + 01023
4 1 2 L1
=(x1 a2 x3)| 1 5 3 9
2 3 3 L3
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Symmetric matrices

e Quadratic forms can be represented by a real
symmetric matrix A where ey iti=7,

1 oo :
a;; = & 5Cij it 7 < 7,

n o n n n \ 5Cji if 7 > -
;J ;JC@jII??;.CUj = ;J ;J@ijxixj
i=1 j=1 i=1 j=1
1<j
aip ... Qin L1
— ('/1:1 Ln )
an1 ceo Upn Ln



Eigenvalues of symmetric matrices BEIvEX

suppose A € R"*" is symmetric, i.e., A = A"
fact: the eigenvalues of A are real

suppose Av = Av, v #0, v € C"

v Av =7 (Av) = Mo =AY
1=1

v, |2

n
7 Av = (Av) v=(\v) v =)\ E |’U-z'-|2

we have A =\, 7.e., A\éR

(hence, can assume v € R")
Brad Osgood
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Eigenvectors of symmetric matrices

suppose A € R"*" is symmetric, i.e., A = A'
fact: there is a set of orthonormal eigenvectors of A

A= QAQT

x'AX
=x'QAQ'x
=(Q"x) AlQ"x)
=y Ay
~(a'y] a%y)

T
=7 Z
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Harris corner detector

Intensity change in shifting window: eigenvalue analysis

E (U ; V) = [u : V] M . 7L1, 7»2 — eigenvalues of M

direction of the
fastest change direction of the

slowest change

Ellipse E(u,v) = const
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Visualize quadratic functions
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Visualize quadratic functions

A
A =
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Visualize quadratic functions

325 1.30| [ 050 —0.87
130 1.75| |-0.87 —050

1DD - T T T T T T T T T =
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Visualize quadratic functions

775 390] [ 050 -087]1 0T 050 087
390 3.25| |-087 —050|0 10|-0.87 —050




Harris corner detector

Classification of G | —
image points 2| edge
using eigenvalues

of M.

A, and A, are small;

E is almost constant
Iin all directions

A >> A1 /@ Corner

A and A, are large,
A~ Ay,

E increases in all
directions
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Harris corner detector

Only for reference
+ —a,)’ ’
_ dgp T8, T \/(aoo a,;)" +4a,,ay, you do not need

2 them to compute R
Measure of corner response:

A

R = detM —k(traceM )’

detM = 44,
traceM = A, + 4,

(k - empirical constant, k = 0.04-0.06)



Harris corner detector

uonouny asuodsar Jo spmujdure

iso-response contours

..............
..........



Another view

Corner

Flat

Linear Edge

yojed sbewl indu| sAneALBp X SANBALIBP A



Another view

The distribution of the x and y
derivatives is very different for
all three types of patches

Flat
I8
UJ‘I 0?2’ Ulﬁ OI 4 III'I.!-

S A .

Corner e [inear Edge
D4 04

et . ..a

03 C:. * oaf
02r -
01 ) l. . . .

'l.':.:q.t-’ ‘...‘:

o ry ‘l‘ . ..:. = g
: !
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-ni'J 0z o3 l.'lll. 05




Another view

01
The distribution of x and v : I.
derivatives can be characterized [** :
by the shape and size of the £
principal component ellipse i
"1 |R=0.25
oS 4 0sh o . | I
. Corner Linear Edge
04F
0.3p 03k
| 02} [}I
01} o1l e
or o- //
DAr 01t R B
02} -0.2r
03 S » 0.3k
“ [R=28.07 “r |R=0.3328
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Summary of Harris detector

1. Compute x and y derivatives of image
| =G = l, =G, *|
2. Compute products of derivatives at every pixel
|, =1 -1 | , =1, -1 | =1 -1

3. Compute the sums of the products of
derivatives at each pixel

—_ — * —_
SX2 _GG'*IXZ SyZ GO" Iy2 Sxy _GO_-*IXy



Summary of Harris detector

4. Define the matrix at each pixel

_SXZ (X’ y) Sxy (X’ y)_

MEW=ls (y) S0 Y)

5. Compute the response of the detector at each

Ixel
P R =detM —k(traceM )’

6. Threshold on value of R; compute nonmax
suppression.
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Harris corner detector (input)




Corner response R
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Threshold on R




L ocal maximum of R
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Harris corner detector
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Harris detector: summary

e Average intensity change in direction [u,Vv] can be
expressed as a bilinear form:

U

V

e Describe a point in terms of eigenvalues of M:
measure of corner response

R=A44, _k(ﬂi"'/lz)2

e A good (corner) point should have a large intensity
change in all directions, I.e. R should be large
positive

E(u,v)=[u,v|M
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Now we know where features are

e But, how to match them?

e What is the descriptor for a feature? The
simplest solution is the intensities of its spatial
neighbors. This might not be robust to
brightness change or small shift/rotation.

(K. )
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Harris detector: some properties

e Partial invariance to affine intensity change

v Only derivatives are used =>
Invariance to intensity shift | > I +Db

v Intensity scale: | — all

threshold / w \ \/ v \

X (image coordinate) X (image coordinate)
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Harris Detector: Some Properties

e Rotation invariance

™ MH4> |
&7 e a

Ellipse rotates but its shape (i.e. eigenvalues) remains
the same

Corner response R is invariant to image rotation
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Harris Detector Is rotation Invariant

Repeatability rate:

# correspondences
# possible correspondences

19 | Harr!s ——
ImpHarris -+--

o
% 08 |
=
2
= 06 |
ol
o
04
02
0

0 20 40 60 80 100 120 140 160 180
rotation angle in degrees
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Harris Detector: Some Properties

e But: non-invariant to image scale!

N

< T mm) B

All points will be Corner !
classified as edges



Harris detector: some properties

Digil.!

e Quality of Harris detector for different scale

changes
Repeatability rate:

# correspondences

# possible correspondences

repeatability rate

08

06

04

02

ImpHarris --+---

Harris —-—

1.5

2

25 3
scale factor

3.5

4 4.5
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Scale Invariant detection

o Consider regions (e.g. circles) of different sizes
around a point

e Regions of corresponding sizes will look the
same In both images

2N
N\,
i N\
= N \
N \
>N \
N\ \
i
i 1 1
] i i
/ /] i
/ / ]
/ i
/ /
/ /
7 /
7 /
4
/
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Scale Invariant detection

 The problem: how do we choose corresponding
circles independently in each image?

e Aperture problem




SIFT
(Scale Invariant Feature Transform)



SIFT CIFTvex

e SIFT is an carefully designed procedure with
empirically determined parameters for the
Invariant and distinctive features.
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SIFT stages:
e Scale-space extrema detection
. . detector
e Keypoint localization
e Orientation assignment _
e Keypoint descriptor descriptor

local descriptor

A 500x500 image gives about 2000 features
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1. Detection of scale-space extrema

e For scale invariance, search for stable features
across all possible scales using a continuous
function of scale, scale space.

e SIFT uses DoG filter for scale space because it iIs
efficient and as stable as scale-normalized
Laplacian of Gaussian.



DoG filtering

Convolution with a variable-scale Gaussian

L(xz,y,0) =G(x,y,0)* [(.y).
; 2 2 2
G(x,y,0) =1/(2n07) exp— @ +y)/o
Difference-of-Gaussian (DoG) filter

G(‘I Y. kﬁ') o G(‘I Y, G-)

Convolution with the DoG filter
D(x,y,0) = (G(x,y,ko)—G(x,y,0))*1(x,y)
L(x,y, ko) — L(x,y,0).



Scale space

o doubles for

Digi\] 23
the next octave 12222 ——3e o
Y A— > ===
) | e — 3o =
= v

K=2(1/5)

Scale
(first
octave)

Difference of
Gaussian Gaussian (DOG)

Dividing into octave is for efficiency only.






Keypoint localization

A L L L S
S LA S
£ A
L S S

I LA A A A Ay,
Scale ST T
A w7 T
L AT

X Is selected If it is larger or smaller than all 26 neighbors
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Decide scale sampling frequency

e |t Is Impossible to sample the whole space,
tradeoff efficiency with completeness.

e Decide the best sampling frequency by
experimenting on 32 real image subject to
synthetic transformations. (rotation, scaling,
affine stretch, brightness and contrast change,

adding noise...)



Decide scale sampling frequency

Digi\Yl 2.4

Repeatability (%)

100

80

Il
&

x

’

Fl

BG g

40

20

/______._--.—--{-._ _j:__— A
Matching location and scale —+—
earest descriptor in database - 77 .

Number of scales sampled per octave

for detector,
repeatability

| \for descriptor,

distinctiveness

s=3 Is the best, for larger s, too many unstable features
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Decide scale sampling frequency

3500

3000

2500 e

2000 e g
1500 L

1000 . Total number of keypoints —+

Nearest descriptor in database --—---— -

Number of keypoints per image

500 i i i i i
1 2 3 4 5 B 7 8

Number of scales sampled per octave




Pre-smoothing

100
80 ___“_“_':“_".“_“_“-“-"—“-“-“-"'"";' """""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" i
S
3 B -
E
]
®©
I I A e e S -
% Matching location and scale ——
Nearest descriptor in database -—---»----
2 e e .
0
1 1.2 1.4 1.6 1.8 2

Prior smoothing for each octave (sigma)

c =1.6, plus a double expansion



Scale Invariance

repeatability rate

0.9

0.8

—e— Harris-Laplacian
| == SIFT (Lowe)
| =% Harris

0.6

0.5

0.4

0.3

0.2

0.1
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2. Accurate keypoint localization

e Reject points with low contrast (flat) and
poorly localized along an edge (edge)

e Fit a 3D quadratic function for sub-pixel
maxima

6 y'd
/!
7/
//
//
//
//
//
//

¥

/i

S~

//_1 0 +1 \
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2. Accurate keypoint localization

e Reject points with low contrast and poorly
localized along an edge

e Fit a 3D quadratic function for sub-pixel

maxima 1 )
°3 f(x) ~ £(0)+ f'(O)x+— 2(0) %
6)’/*?\\ 6
/TN 5 f(X)=6+2x+—Xx* =6+2x—3X°
/ | o 2
/0 N\
/o A\
/ o A\ | 9y
// . ; \\ f'(x)=2-6x=0 — k==
/ | i \ 2
if A f(f<)=6+z.1_3.(1) _pl
/ | | \ E 3 3
/-1 0 1 +1 \

3
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2. Accurate keypoint localization

e Taylor series of several variables

oo oo gm gnd e ay)
T(Ila'”!rdjz Z Z Srnl .. f{al. y (A,
1

ny=( ng=»0

] n {Il_ﬂ'l:]ni et {Td—ﬂ-d:]nd
dry® m!---ng

e Two variables

2 2 2
f(x,y)~ f(0,0)+(2_fx+@yj+i[a f X2+28 f Xy+8 f yzj
X

oy 2\ OXOX OXoy oyoy

%f o0*f
(R R W A
y 0 oXx oy|y| 2 1o0f o f |y

| OXoy  Oyoy _

of ' 1, o°f
f(x)~ f(0)+& X—I—EXT P

X
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Accurate keypoint localization

e Taylor expansion in a matrix form, x IS a vector,
f maps x to a scalar

f( ) =/ + ()_X X+ QX ()X ..o Hessian matrix
VZ | | (often symmetric)
(8 ([ 0*f 0% 0% f
gradient | — >
OX, OX, OX,0X, OX,0X,,
of o° f o° f o° f
OX, OX,0%,  OXs OX,0X_
ot ’f ot o
L OX, L OX, 0% OX,0X, X,

n



2D 1llustration

oft 1 ;0°f
fx)=Ff+5- x+5x 55X

J-11| Jo1 | f11 of

% = (f1,0 - f—l,O)/2
of

f=10| foo | fi,0 Pl (fo1 — fo-1)/2
Y

o f
fo1,-1| fo,-1 | f1-1 O
o f

= fi0—2fo0+ fo10

sz = fo1—2fo0 + Jo-1

0 f
axay

= (foaa—fa1—fia+ fin)/4



2D example
oft 1 p07f
‘f(x)_‘f+0_x X T 5% FaX
-17| -1 | -1
97 |7



Derivation of matrix form

) R e
f(X)_f+a_X X + §X 0X2

X

h(x)=g'x ( oh )
(%) —
. ch |
= (g, 0,) ° L
9).¢ oh
\ %n / —8X
N




Derivation of matrix form

oft 1, 0%f
f(x) = [+ 52 x+ 5% 5%
/ail aln\/xl\

h(x)—xTAx =(1 Xn)T . : :

=Y axx, (B A X

=1 j=1

(oh) (< ” )

- Zailxi+2a1jxj
oh | 94| | =
a_: :h — :ATX+AX
X O

87 Zaln |+Zanj j Z(AT-I-A)X

" J




Derivation of matrix form

oft 1 0%f
f(><)—f‘+a—X X + x T3 X
oh of" 1(o%f 8% f! af 0 f
= + —+t—— |X= +——X
OX OX 2|1 Ox OX 6’x OX
02 f L of

Xm —

ox?  Ox



Accurate keypoint localization BEIvEX

of' 1 ,0°f
f(X)_f+a_X X + §X 0X2

X

e X IS a 3-vector

e Change sample point if offset is larger than 0.5
e Throw out low contrast (<0.03)



Accurate keypoint localization

e Throw out low contrast | D(x)|<0.03

T 2
pDR) =D+ z+ixPP%
OX 2 OX
i
oD . 1 oD eD)| o°D| &°D D
=D+— x+-|——; | -
OX 2 OX OX OX OX OX

oD" . 10D" ?°D ' 82D &°D " 4D
=D+ — x+— > >
OX 2 OXx OX OX~ OXx OX

éD". 10D'°D "D
OX 2 0x Ox° 0Ox

1
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Eliminating edge responses

H= Doz Day Hessian matrix at keypoint location
Dy Dy,

Tr(H) = D,y + Dy = a + 3,
Det(H) = Dy Dy — (Day)? = af.




Maxima in D

Digil.!




Remove low contrast and edges

Digil.!




Keypoint detector

S LrLLLEL® A

e

-‘. 1 e il A il

A i o
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3. Orientation assignment

e By assigning a consistent orientation, the
keypoint descriptor can be orientation invariant.

e For a keypoint, L Is the Gaussian-smoothed
Image with the closest scale,

m(x,y) = V/(L(;r +1,y) — L(x—1,y))? + (L(x,y +1) — L(x,y — 1))?

B(z,y) =tan ((L(z,y+1) — L(z,y — 1)) /(L(xz +1.y) — L(z — 1,v)))
(Lx, Ly)

orientation histogram (36 bins)



Orientation assignment




Orientation assignment

I

*Keypoint location = extrema location
*Keypoint scale is scale of the DOG image



Orientation assignment

gaussian image
(at closest scale,
from pyramid)

sradient
magnitude

gradient
orientation




Orientation assignment

sradient weighted by 2D
magnitude gaussian kernel

o =1.5*scale of
the keypoint

weighted gradient
magnitude



Orientation assignment Dol

weighted gradient
magnitude

weighted orientation histogram.
Each bucket contains sum of weighted gradient

magnitudes corresponding to angles that fall within
that bucket.

orall Z T Ry

............

orientation - -

36 buckets

10 degree range of angles in each bucket, i.e.
0 <=ang<10 : bucket 1
10<=ang<20 : bucket 2
20<=ang<30 : bucket 3 ...




Orientation assignment

weighted gradient
magnitude

weighted orientation histogram.

A peak

80% of peak value

gradi e
oric o =

20-30 degrees
Orientation of keypoint
is approximately 25 degrees
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Orientation assignment

accurate peak position
IS determined by fitting

There may be multiple orientations.

[ 5 peak
a0 | .' Second peak

70/ iﬁ? 80% of peak value

GO |
.'
50t | )

aol |
20} | II

ol 1 1 1 1 1 1 1
o 5 10 15 20 25 30 35

In this case, generate duplicate keypoints, one with
orientation at 25 degrees, one at 155 degrees.

Design decision: you may want to limit number of
possible multiple peaks to two.



Orientation assignment

36-bin orientation histogram over 360,
weighted by m and 1.5*scale falloff
Peak iIs the orientation

Local peak within 80% creates multiple
orientations

About 15% has multiple orientations
. and they contribute a lot to stability

o ¢ 2m




SIFT descriptor
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4. Local image descriptor

e Thresholded image gradients are sampled over 16x16
array of locations in scale space

e Create array of orientation histograms (w.r.t. key
orientation)

e 8 orientations x 4x4 histogram array = 128 dimensions
e Normalized, clip values larger than 0.2, renormalize

%[ ¥

Image gradients Keypoint descriptor




Why 4x4x8? Do

510 N ——— — e .

50

40

30

20

Correct nearest descriptor (%)

Width n of descriptor (angle 50 deg, noise 4%)



100
g e —
'BD B T --]i_"--_ : : EHH |
_ N
B o _
2
m .
E E 3
>
E 40 +
cm:: Keypoint location ——
Location & orientation -
201 MNearest descriptor --—-#-- 4
D 1 I i :
’ 10 20 30 40 50

Viewpoint angle (degrees)
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Feature matching

e for a feature x, he found the closest feature x,
and the second closest feature Xx,. If the
distance ratio of d(x, x,) and d(x, x,) 1s smaller
than 0.8, then it Is accepted as a match.



SIFT flow




Maxima in D

Digil.!




Remove low contrast




Remove edges

Digil.!




SIFT descriptor







Digil2d

Estimated rotation

e Computed affine transformation from rotated
Image to original image:

0.7060 -0.7052 128.4230
0.7057 0.7100 -128.9491
0 0 1.0000

e Actual transformation from rotated image to
original image:
0.7071 -0.7071 128.6934
0.7071 0.7071 -128.6934

0 0 1.0000
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