(1) Singular value decomposition(SVD)
(a) = [ matrix ﬁﬂﬁ?‘m— 7y— ffd transformation » J[I™ qﬁfﬁ' :
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reference : http://www.uwlax.edu/faculty/will/svd/index.html

(b)Singular value decomposition(SVD) i -

Theorem 3.2.1 If A is a real m x n matrix then there exist orthogonal matrices
7 = [ wo-ou, ] c Rmxm
| V- [ Vi ooV, :| £ RN

such that
UTAV =3 = diag(oy....,0,) € R™ wn

where p = min(m,n) and oy = ... = o, = 0. Equivalently,

The SVD reveals a great deal about the structure of a matrix. If we define » by
o> ... .20, >0 =...=0,
that is, if &, is the smallest nonzero singular value of A. then
rank(4) = r
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(c) Pseudoinverse :

Theorem 3.3.1 The minimum-norm least squares solution to a linear system Ax = b, that is, the shortest vector x
that achieves the
min [[Ax — D,

is unique, and is given by

1=VEiUTp
where _ i}
1}:”0’ 1 o ... 0
= 1/a,
0
L 00 0 |
is an i x m diagonal mairix.
The matrix
Al =vEip?

is called the pseudoinverse of A.
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rank(A") =r < rank(A) > $# A" % SVD > A" =U D V" » A ehrank %
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(2) Epipolar geometry and fundamental matrix

(a) The epipolar geometry :
C-Crx xfr XTgxTg #2d CLipsl CLrimpe2-X3:
CirC xRk aflz 3D ehscene » xfrx' 4 8 i X & CHfe CF a3k @
(2D point) °
X
.

epipolar plane TT \

epipolar pole(e > €’)

intersection of baseline with image plane

projection of projection center in other image

epipolar plane(r) = plane containing baseline
60epipolar line(l » I’) = intersection of epipolar plane with image



T \iipolar plane
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epipolar line
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epipolar geometry demo :

http://www-—sop.inria.fr/robotvis/personnel/sbougnou/Meta3DViewer/EpipolarGeo.html

(b) The fundamental matrix F :

T=C-C

Two reference frames are related via the extrinsic parameters
p'=R(p-T)
The equation of the epipolar plane through X is

(p-T)'(Txp)=0 > (R"p) (Txp)=0

H+¢ (p-T) % epipolar plane » (T x p) 5 epipolar plane ¥ &4 » #1
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2> R'p) (Txp)=0 DT xp)=5p

i j k|l o -T T

z y

He S=(xlylzl)x(x2,y2,22)=(x1 yl zI|=| T. 0 -T
x2 y2 z20 |-T, T 0

X

2> R'p) (Sp)=0 > (p" R)(Sp)=0

2 RS=E » R % 5+ Rotation » S % 7+ Transformation » E £} Essential

matrix e
2> (p'" Ep)=0

Aot P g p Ao p enbl & o PR B B xfoxt b &2

£ M % intrinsic matrix :

x=Mp > p=M7"x
xv:Mvpv 9 pv:Mﬁl X'

> M) EM'x)=0 > X" M TEM 'x=0 > x'" Fx=0
# ¢ F % fundamental matrix e

@ % images F&RFFNF > TEH IR AT H o HY FT LG 8
® match > rank( F )=2 o 435 3| F 2_ rank#2, R|452 F 170

matrix F' > % |F - F'

m B o % SVD(53 % 6 )R F' > b i 17

Flrank(F') = 2



(c) Estimation of F — 8-point algorithm :
d x" Fx=0%> & 3 images R &3 I F » w5 ¥R E
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(d) Normalized 8-point algorithm :

1. Transform = $ feenfy » Bxfrx’ > X, =Tx, > X/ =Tx] °

2. M x4ex, = 8-point algorithm » 12 & & F

3. F=T'"FT

Normalized {6 » #-Rh &4 3 ¢ < > R A[-1 1]x[-1 1] F > 4T
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(3)Structure from motion
p 83 3k & % %k images £ #& camera motion #I scene structure-SFM

H - fAp Al s fL automatic camera tracking or matchmoving © i
¥R A7 i (CV) » multiple-view shape reconstruction » novel view
synthesis and autonomous vehicle navigation - 7 B % (TiE42¢ » 4 * %k
#-CGl#E» 29 3-2° > 4o B Jurassic Park s i& # pb Hjis o



2D feature 3D estimation | | optimization N geometry
tracking "| (bundle adjust) fitting

SFM pipeline
(@)SFM ) 2
® Stepl : Track Features
—45 4 frame FAp ¥t chfeatures § B> 2 » B¢ SIFT %k vt i
# » KL'T Tracking »z% #& %
® Step 2 : Estimate Motion and Structure
-Simplified projection model > e.q. * [Tomasi 92]
-2 or 3 views at a time [Hartley 00]

L .
T : -
. i, :- P T
% .' d". .
."' ...l- ... X -
' o-.' . & *
. . 9 0 e
L b Copas T, " .
-.-":. 'i ‘5-'. - - -
. . .
- o o= -
\ - .’. " : . .
. % - ™ . 1 . L]
; VRO L
* - sl
o -



® Step 3 : Refine estimates
-“Bundle adjustment” in photogrammetry
—Other iterative methods

o "
-

® Step 4 : Recover surfaces(image-based triangulation °

silhouettes » stereo-:+)

(b) Issues in SFM

®Track lifetime
WP & B track point 2 ¥ £ 3 n B frame - &4 ¥ i 1§ & tracking
38 ot B feature B3k - B weight » 2 & 8 ﬁf\ » 3k e weight
g

® Nonlinear lens distortion
3D #hrecovery /g ¥ J& lens distortion 1R 48 °

® Degeneracy and critical surfaces

® Prior knowledge and scene constraints

® Multiple motions

(4)Factorization methods
(a)Notation :
e n 3D points are seen in m views
e g=(u,v,1): 2D image point
o p=(x,y,2,1): 3D scene point

e II: projection matrix



e 1. projection function

* g, 1s the projection of the i-th point on image j
» 1, projective depth of qij
q; =71, p) » 7(x,y,2)=(x/z,y/z) » A;=z

(b) SFM under orthographic projection :

Homogeneous ¢, =11, ,p,, 2 45,

= H3><3p3><1 +1
Orthographic q,,, =I1,;p;, +1,,

orthographic
2D image projection 3D scene image
point matrix point offset

q=I1Ip+t
2x1 2x33x1 2xl1
BRI }{ﬁ’ translation = 4 > E\'H}{ﬁ’ 3D .V Scene EIU’FL%’!?TZ% 3D piY

centroid > 2D image ElfJ’FL%’!?TZ% 2D [i¥ centroid » i3RI -

’FLFIE'&JW %’!,‘(ul,vl) ....... (w,,v,)

lZui ’ ilevl. => centroid (5% (u, V) -
n n
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(c) factorization (Tomasi & Kanade) :

n features f— 3 image s B 4cT

9 @ - al=TIlp p. -~ »]
2xn 2x3 3xn

Hlln features fm 3% image 3§ :
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H? rank(W) <=3

M S ——solve for

2mx3 3xn

known

Fractorization engtjis ¥ 35 — B rank=3 sharray MS » 3 i7in— B
2mxncharray W o B¢ W ehrank<=3(no noise) °

éﬁ- W féi SVD 9 I/Vmen = U2m><2m z2m><n annT ’ :'El ?

0

rank(Y)=3, #FrA P T gy wA Y o
VI/Z’WDG = U;mxf& gx3 I/3,><I;:; = (U’\/f)(\/fV’T) = MS’ ’

MI:UI\/f s Sl:\/fVlT

S" differs from S by a linear transformation 4 :

W=MS"=(MA")AS)
F & ¥ M wometric constraints ¥ f# 4 o
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d >t 4p % 03 828 Orthographic » #7112 I1 (projection matrix ) <=+ i
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