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Announcements

» Project #1 is due on next Tuesday, submission
mechanism will be announced later this week.

» grading: report is important, results (good/bad),
discussions on implementation, interface,
features, etc.

Outline

» Motion estimation

» Lucas-Kanade algorithm
e Tracking

» Optical flow

Motion estimation

» Parametric motion (image alignment)
e Tracking
» Optical flow




Parametric motion PRl P Tracking X

Optical flow Three assumptions

 Brightness consistency
 Spatial coherence
» Temporal persistence




Brightness consistency —

Assumption

Image measurements (e.g. brightness) in a small region remain
the same although their location may change.

Spatial coherence —

Surfnc&/

Image Plane

Assumption
* Neighboring points in the scene typically belong to the same
surface and hence typically have similar motions.
* Since they also project to nearby points in the image, we expect
spatial coherence in image flow.

o _- VFX|
Temporal persistence D

Image registration —

Assumption:
The 1image motion of a surface patch changes gradually over time.

Goal: register a template image J(x) and an input
image I(x), where x=(x,)T.

Image alignment: /(x) and J(x) are two images

Tracking: I(x) is the image at time ¢. J(x) is a small
patch around the point p in the image at +1.

Optical flow: I(x) and J(x) are images of 7 and r+1.




Simple approach Simple SSD algorithm
» Minimize brightness difference For each offset (u, v)
E@u,v) =Y (I(x+u,y+v) = J(x,»)] compute E(u,y);
’ Choose (u, v) which minimizes E(u,v);
Problems:
» Not efficient
» No sub-pixel accuracy

Lucas-Kanade algorithm

Newton’s method

» Root finding for f(x)=0
Taylor’s expansion:
f(zo+€) = flzo) + f(zo)e + 3f" (zo)e” + ...

flzo +€) & f(zo) + f (xo)e.
¢, = —L@n)
" JFF(I‘E).
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Lucas-Kanade algorithm R Lucas-Kanade algorithm R
E(u,v)=Y ([(x+u,y+v)-J(x,y)) O=Z—E=22]x(l(x,y)—J(x,y)+ulx+v[y)
X,y u X,y
I(x+u,y+v) = I(x,y)+ul +VI, 0 :Z_E: ZZIy(I(x,y)—J(x,y)+qu +vly)
v X,y
:Z:(I(x,y)—J(x,y)+u]x+vly)2
X,y leu+11 v—Z] J(x,y)—1(x, y))
u+I v=>1 J(x v)—1I(x, y))
0=Z—E=ZZIX(I(x,y)—J(x,y)+uIX+v]y) Z g Z
u X,y _
oF 20 XL | 2L 1)
0=Z=3"21 (10x, )~ I (x, y) +ul +V1,) o 2
v = S, 21 v 21 J(x, )= 1(x,y))
L x.y
Lucas-Kanade algorithm TRLEX Parametric model —
iterate 5
shift I(x,y) with (u,v) E(u,v):;(I(x+u,y+v)—J(x,y))
compute gradient image |, | y )
compute error image J(x,y)-1(x,y) E(p) =Y (I(W(x;p))-J(x))
compute Hessian matrix
solve the linear system . x+d, r
ranslation W(x;p)= ,p=0d,d
(U,V)=(u,v)+(AU,AV) fransiation  Woxp) L‘de] pded)
until converge
X
1+d d d
D Y, D I(J(x )~ 1(x,)) affine Wp)=Ax+d=| = T Tl
: H = d, 1+d, d )"
A%

X,y sV — 5
11, > DI (J(x, )= 1(x,p))
X,y X,y X,y

T
p=d,, vy’dyX’dyy’dX’dy)




Parametric model RIFIVFX

minimize >, (W(x;p+Ap))-J(x))’

with respect to Ap

W(x;p+Ap) ~ W(x;p) +8aﬂAp
P
oW
I(W(x;p +Ap)) =~ I(W(x;p) +5Ap)
ol oW
~ 1wexsp) + LW ap
ox op

minimize Z(I(W(x;p)) + waaﬂAp - J(x)}
: p

. «JJVFX
Parametric model oo

warped image

\ image gradient

S [7Wesspy) +é ‘ZW Ap—J(x)j
X P

I

Jacobian of the warp

oW, oW, oW, oW,
oW | op | _| Op, Op, op,
p | W, [T| oW, oW, oW,
op op, Op, op,

o _- VFX|
Jacobian of the warp -
oW,) (W, oW, oW,
OW | dp |_| 9, Op, op,
op | OW, [T|aw, aw, oW,
op op, 0p, o,

For example, for affine

l+d. d dex [(l+dm)x+dxyy+dx]

W(x;p) = Y =
(xsp) [d 1+d, d, |7 | \dx+(+d,)y+d,

rx

—_

Parametric model

minimize Z([(W(x;p)) + Vlaa—v:Ap —J(x))
0= g{w %—‘ﬂ {I(W(x;p)) + VI%Ap —~ J(x)}

Ap = H‘lz{V] %—?} [/ -1(Wxsp))]

T
15)% oW
Hessian H= Z{VI _8p } {Vl—ap }




Lucas-Kanade algorithm Avex

iterate
warp | with W(x;p)
compute error image J(x,y)-1(W(x,p))
compute gradient image
evaluate Jacobian aaﬂ at (x;p)
oW P
compute V/=
compute Hessian
compute ;{W%ﬂ [0 -1(W(xsp))]
solve Ap
update p by p+Ap
until converge

Ap = H-lz[w %—Vﬂ [/ ()~ 1(W(xsp))]

[ VIGHT[T(x) — I(W(x; p))]

Coarse-to-fine strategy
J
pyramid

construction

construction

Application of image alignment
: ’ =




Tracking EIFVEX

Tracking
Tracking BT ex Optical flow constraint equation BT ex
brightness constancy [(x+u,y+v,t+1)~1(x,y,)=0 At a single image pixel, we get a line:
I8 3.0) 0l (5, 9.0) 9T, (5,304 1, 3)~ 15, .0) = 0 Tu+lv=-1
ul (x,y,0)+vI (x,,0)+1,(x,y,1)=0 ~_
I utl y‘v‘+l ¢ =0

Tu+Iyv+I =0 optical flow constraint equation

\lv{ | u

“Normal flow”




Multiple constraint

Combine constraints to get an estimate of velocity.

Area-based method

» Assume spatial smoothness

Aperture problem

Aperture problem




Aperture problem

Demo for aperture problem

e http://www.sandlotscience.com/Distortions/Br
eathing_objects.htm

» http://www.sandlotscience.com/Ambiguous/ba
rberpole.htm

Aperture problem

» Larger window reduces ambiguity, but easily
violates spatial smoothness assumption

Area-based method

» Assume spatial smoothness

Ewv) =Y (Tu+1v+1,)

X,y

a—E:Z(lxuuyu,)[x =0
ou = g

a—E:Z(unu,vu,)L:o
o = ! !




Area-based method RIFIVFX

> 1_3} - {Z I, \v==>11,
L R R A R
lel}}u+{21f v=—>11,
L R R ; R

S S k] [
DRSS YW SN FIEDW NS

must be invertible

Area-based method Arvex

» The eigenvalues tell us about the local image
structure.

» They also tell us how well we can estimate the
flow in both directions

e Link to Harris corner detector

_- VFX
Textured area o2

I >,

Gradients in x and y.

R

Gradients oriented in one direction.




Homogenous area

DigilY{2

XL XYL,
{Z]},]l Z]Z}

Weak gradients everywhere.

%E B B B B B B H

KLT tracking Arvex

 Select feature by min(4,,4,)> 2
» Monitor features by measuring dissimilarity

o
o
o

Translational Model

What's wrong with the
translational assumption
(ie constant motion
within a region R)?

How can we generalize
iIT?

Affine Flow

E(a)= z (VITu(x;a)+ 1)’
u(x; a)} ~ [al +a,x + agy}

v(x;a) a,+ax+agy

u(x; a)= {

Divergencs Deformation Gurl




Optimization ‘ KLT tracking DigilT:

E(a)= Z (a,+1ax+Iay+1a,+1ax+1agy+ %

x.veR

Differentiate wrt the @, and set equal to zero.

(12 xx Zy X, R Ix X1y [a] [-ZLI ]
LI%x I El%y B x LI x* Elday|a | |-EILIx
: aS _ _ZIKIFy
a,| | -1,
ay —Xl Ix
] lLas| |-Z1,Ly]
http://www.ces.clemson.edu/~stb/klt/
. . VFX o o . VFX
KLT tracking SIFT tracking (matching actually)

Frame O -> Frame 10

http://www.ces.clemson.edu/~stb/klt/




SIFT tracking

Frame O -> Frame 100

SIFT tracking

Frame O ->

Frame 200

KLT vs SIFT tracking

KLT has larger accumulating error; partly
because our KLT implementation doesn’t have
affine transformation?

SIFT is surprisingly robust

Tracking for rotoscoping




Tracking for rotoscoping

L ]
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Waking life

Optical flow

Single-motion assumption

Violated by

Motion discontinuity
Shadows
Transparency
Specular reflection




Multiple motion Multiple motion
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Least squares fit.

Simple problem: fit a line Least-square fit
! 0 ,//ﬁgﬁ/l R
J E@b)= Y (v,~ ax, +5)* | i

¥ 1 1 L 1 I 1 1 1 1 L B 4 1 Il 1 1 1 1 1 L 1 L
-14 -12 -10 -8 -6 <4 -2 1] 2 4 ] -14 -12 -10 -8 -6 = -2 0 2 4 ]




Least-square fit — Robust statistics —
» Recover the best fit for the majority of the
il data
T » Detect and reject outliers
il o

Approach

Robust weighting

Influence is proportional to the derivative of the p function.

mflsrce

Want to give less influence to points beyond
some value.

Tukey’s biweight.

Beyond a point, the influence
begins to decrease.

Beyond where the second
derivative is zero — outlier points




Robust estimation _
— Fragmented Occlusion
E(a)= Zp(]xu +Iv+1,,0)
x,veR
Minimize: differentiate and set equal to zero:
OF

— =Y yplu+lyv+I,0) =0
au X,VER - » '

OoF = Zy/(lru +Iv+1,.,0)] =0
av x,vER " ’ ’

No closed form solution!

Results

Results
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Regularization and dense optical flo
Formalize this Idea
Noisy 1D signal:
““,‘_:-_ __________________________ ST / U Y
/‘\L 7] ————e T —
o /
Surface /
Image Plane .
Assumption l
* Neighboring points in the scene tvpically belong to the same —_——
surface and hence typically have similar motions. v
* Since they also project to nearby points in the image, we expect . ,
o G Noisy measurements z(x)
spatial coherence in image flow.
DigiY[ZX
Regularization Regularization
U ,(
Find the “best fitting” smoothed function v(x) e YWY
72N ,
e—e—————————— V(%) . >
‘ X Spatial smoothness
- B . ./'l Mi}?in?ize.' FCH'H’TFU' to 'H"IE dﬂ*ﬂ Gssumpffon

Noisy measurements 2(x)

E@) =) ((x) =u(x))? + ) (x+ D) =v(x))




YRV EY

Discontinuities

22

What about this discontinuity?
What is happening here?
What can we do?

Robust Regularization
‘1 e~ V(X)
X
T Treat large spatial derivatives

as outliers.
Minimize:

EM =3 pr(x)=u(x),0)+ Y. po(x+ D =v(x),0,)

Digi\i2X

Optical flow
: Outlier with

Ee(GL) R
-

Robust formulation of spatial coherence term

Es(u,v)=p(u,)+ pu,)+p,)+p(v,)

“Dense” Optical Flow

Lp(u(x) = p(1, (X (x) + 1, (X)v(X) +1,(X),0p)

Egu,v)= Y [ pu(x)=u(y),o5)+ p(\(x) = v(y),0)]

yeG(x)

Objective function:

E(u) =Y E,(u(x)+AEs(u(x))

When p is quadratic = “Horn and Schunck™
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Example

Quadratic:

Robust:

Magnitude of horizontal
flow

Rores . Qma
Wiiams Cooone, I8,

DYFTIVFX
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Applications of Optical Flow

Impressionist
effect.

Transfer motion of
real world to a
painting




Input

e NPR algorithm

for th

Brushes

Gradient




Textured brush

Edge clipping

Frame-by-frame application of the NPR algorithm
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What dreams may come —
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