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Boolean Algebra

Based on symbolic logic, designed by George Boole
Boolean variables take values as O or 1.

Boolean expressions created from:
NOT, AND, OR

George Boole

1815 - 1864
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Operator Precedence

Examples showing the order of operations:

NOT > AND > OR

Expression Order of Operations
IXvY NOT, then OR
I(XVvY) OR, then NOT
Xv(YAZ) AND, then OR

Use parentheses to avoid ambiguity




Defining a function

Description: square of x minus 1
Algebraic form : x2-1
Enumeration: x 1 £(x)
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Defining a function

Description: number of days of the x-th month of a

non-leap year x | f(x)

Algebraic form: ? 1 31

Enumeration: 2 28
3 31
4 | 30
5 31
6 30
7 31
8 31
9 30
10 | 31
11 | 30
12 | 31




Truth Table

Truth table.

Systematic method to describe Boolean function.
One row for each possible input combination.
N inputs = 2N rows.

=, B O O
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AND ftruth table



Proving the equivalence of two functions

Prove that x2-1=(x+1)(x-1)

Using algebra: (you need to follow some rules)
(x+1)(x-1) = x2+x-x-1= x2-1

Using enumeration: X | Ce)(x-1) | X2
1 0 0
2 3 3
3 8 8
4 15 15
5 24 24




DeMorgan Law

X y=X+y

Important laws
X+Yyzy+X
x+(y+z): (x+y)+z
X y=zy-X
X-(y-z)=(x-y) 2z

X + (y+z) = xy + xz



Simplifying Boolean expressions

Example 1

c Y=AB+AB



Simplifying Boolean expressions

Example 1

e Y=AB+AB
= B(A + A)
= B(1)
= B



Simplifying Boolean expressions

Example 2

. Y=A(AB + ABC)



Simplifying Boolean expressions

Example 2

* Y=A(AB + ABC)
= A(AB(1 + ())
= A(AB(1))
= A(AB)
= (AA)B
= AB



DeMorgan’'s Theorem

e Y=AB=A+8B
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Bubble pushi

* Backward:

— Body changes
— Adds bubbles to inputs

* Forward:

— Body changes
— Adds bubble to output

A A
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B < Y B@Y

Y
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Bubble pushing

* What is the Boolean expression for this
circuit?
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Bubble pushing

* What is the Boolean expression for this
circuit?

D=
=

Y=AB+CD

OO



Bubble pushing rules

* Begin at output, then work toward inputs
* Push bubbles on final output back

» Draw gates in a form so bubbles cancel
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Bubble pushing example
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Bubble pushing example

no output
Di bubble

Db

W >

o O
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Bubble pushing example

no output

A Doi bubble
B
c }jﬁi\(
D

bubble on
A Dﬁ input and output
B

23



Bubble pushing example

no output
A Di bubble
B
c Dﬂ:ﬁv
D

bubble on

A input and output
B
C Y
D

no bubble on

A (] input and output
B O
C > ’ =Y

Y=ABC+D

24



Truth Tables

A Boolean function has one or more Boolean
inputs, and returns a single Boolean output.

A truth table shows all the inputs and outputs
of a Boolean function

—X VY

Example: =X v VY

R PO O X
RO PO




Truth Tables

A Boolean function has one or more Boolean
inputs, and returns a single Boolean output.

A truth table shows all the inputs and outputs
of a Boolean function

—X | =X VY

Example: =X v VY

R PO O X
RO PO




Truth Tables

A Boolean function has one or more Boolean
inputs, and returns a single Boolean output.

A truth table shows all the inputs and outputs
of a Boolean function

—X | =X VY

Example: =X v VY

R | RO O | X
RO RO
O ® R |k
A~ T I N




Truth Tables

Example: X A =Y

XA—Y

R PO O X

RO | PO




Example: X A =Y

Truth Tables

X Yy =y | XAy
0 0 1 0
4] 1 0 0
1 0 1 1
1 1 0 %]




When S=0, return X; otherwise, , |
return.

Truth Tables (3 of 3)

Example: (Y A S) v (X A =S)

Y

Two-input multiplexer

Y AS

—S

XA—=S

(YAS) Vv (X A=S)

R R PP O OWVD

RlrRr| o ©olrRr| R o oX

Rl r oo rR|lo|XL

mux Z
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When S=0, return X; otherwise, , |
return.

Truth Tables (3 of 3)

Example: (Y A S) v (X A =S)

Y

Two-input multiplexer

S X Y YAS —S XA—=S (YAS) v (XA=S)
%] (%] %] (%] 1 (%] (%]
(%) (%] 1 (%] 1 (%) (%]
(%] 1 (%] (%] 1 1 1
(%] 1 1 (%] 1 1 1
1 (%] (%] (%] (%] (%) (%]
1 (%] 1 1 (%] (%] 1
1 1 (%] (%] %] %] (%]
1 1 1 1 (%] (%) 1

mux Z

31



Truth Table for Functions of 2 Variables

2 variables lead to four possible

combinations
A 2-variable function f has to define four

values




Truth Table for Functions of 2 Variables

Truth table.
16 BOOI@an funcflons Of 2 VGr'IGbles every 4-bit value represents one

------
0 (o o 0 0 0 0 0 0
o0 1 o 0 0 0 1 1 1 1
10 o 0 1 1 0 0 1 1
11 o 1 0 1 0 1 0 1

Truth table for all Boolean functions of 2 variables

------
NN

N

1 1 1 1 1 1
o0 1 o 0 0 0 1 1 1 1
10 o 0 1 1 0 0 1 1
11 o 1 0 1 0 1 0 1

Truth table for all Boolean functions of 2 variables



All Boolean functions of 2 variables

X 0 0 1 1
Function

v 0 1 0 1
Constant 0 0 0o 0 0 0
And -y 0 0 0 1
x And Not y x-y o 0 1 0
X X 0o 0 1 1
Notx And y X-y 0 1 0 0
y y 0 1 0 1
Xor X-V+X-y 0 1 1 0
Or r+-y 0 1 1 1
Nor x4y 1 0 0 0
Equivalence X-y+X-y |1 0 0 1
Not y y 1 0 1 o0
Ify thenx X+v 1 0 1 1
Not x X 1 1 0 0
If x then y X+ Y 1 1 0 1
Nand x-y 1 1 1 0
Comnstant 1 1 1 1 1 1

Elements of Computing Systems, Nisan & Schocken, MIT Press, www.nand2tetris.org , Chapter 1: Boolean Logic slide 34



http://www.nand2tetris.org/

Truth Table for Functions of 3 Variables
Truth table.

16 Boolean functions of 2 variables. o
. . ever -bit value represents one
256 Boolean functions of 3 variables, =" e
A A . . .very 2"-bit value represents one
2”~(2"n) Boolean functions of n variables!

every 4-bit value represents one

STy [ am | on | mag [ooo
DI

H O o o o o o
H B B B B B R O
H B B O B O O o
H O O B O KB KB O

some functions of 3 variables
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Sum-of-Products

Sum-of-products. Systematic procedure for
representing a Boolean function usi\gg AND,
OR, NOT. ore unversal T
Form AND term for each 1 in Boolean function.
OR terms together.

36



Sum-of-Products

Sum-of-products. Systematic procedure for
representing a Boolean function usi\gg AND,
OR, NOT. ore unversal T
Form AND term for each 1 in Boolean function.
OR terms together.

oo o o
oea o
0

PR
o 1 IEE

expressing MAJ using sum-of-products
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Sum-of-Products

Sum-of-products. Systematic procedure for
representing a Boolean function usi\gg AND,
OR, NOT. ore unversal T
Form AND term for each 1 in Boolean function.
OR terms together.

oo o o

expressing MAJ using sum-of-products
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Sum-of-Products

Sum-of-products. Systematic procedure for
representing a Boolean function usi\gg AND,
OR, NOT. ore unversal T
Form AND term for each 1 in Boolean function.
OR terms together.

x|y z ms]
B o

OO O O O B o o o

expressing MAJ using sum-of-products
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Sum-of-Products

Sum-of-products. Systematic procedure for
representing a Boolean function usi\gg AND,
OR, NOT. ore unversal T
Form AND term for each 1 in Boolean function.
OR terms together.

oo o o

(o] [For Fe
I e
KN -

O O O O »Br o o o

expressing MAJ using sum-of-products
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Sum-of-Products

Sum-of-products. Systematic procedure for
representing a Boolean function usi\Qg AND,
OR, NOT. ore unversal T
Form AND term for each 1 in Boolean function.
OR terms together.

oo o o

O O O O »Br o o o
o O B O O o o o

expressing MAJ using sum-of-products
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Sum-of-Products

Sum-of-products. Systematic procedure for
representing a Boolean function usi\gg AND,
OR, NOT. ore unversal T
Form AND term for each 1 in Boolean function.
OR terms together.

oo o o o

NN
EN NS
ENENEN -
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O O O O »Br o o o
o O B O O o o o
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expressing MAJ using sum-of-products
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Sum-of-Products

Sum-of-products. Systematic procedure for
representing a Boolean function usi\gg AND,

OR, NOT.

proves that { AND, OR, NOT }
are universal

Form AND term for each 1 in Boolean function.
OR terms together.

P P P B O O O O

0

H B O O B KB O

0 0

H O B O K O K

H B B O B O O

O O O O »Br o o o
o O B O O o o o
O B O O O o o o
R O O O O o o o

expressing MAJ using sum-of-products

P P B O B O O O
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Universality of AND, OR, NOT

Fact. Any Boolean function can be expressed
using AND, OR, NOT.
{ AND, OR, NOT} are universal,

Ex: XOR(x)y) = xy' +x'y. NOT

Xy X AND vy
X + vy X OR vy

Expressing XOR Using AND, OR, NOT

44



Universality of AND, OR, NOT

Fact. Any Boolean function can be expressed

using AND, OR, NOT.
{ AND, OR, NOT}are universal.

Ex: XOR(x Y) = xy' +x'y. NOT =
XV X AND vy
X + vy X OR vy
Expressing XOR Using AND, OR, NOT
EN NI A T T EETE
0
0o 1 1 0 1 0 1 1
1 0 0 1 0 1 1 1
1 1 0 0 0 0

Exercise. Show {AND, NOU {OR, NOT}, {NAND}
{NOR} are universal.
Hint. DeMorgan's law: (x'y')" = x +y.



{AND, NOT} is universal



{NAND} is universal



From Math to Real-World implementation

We can implement any Boolean function using
NAND gates only.

We talk about abstract Boolean algebra
(logic) so far.

Is it possible to realize it in real world?

The technology needs to permit switching and
conducting. It can be built using magnetic,
optical, biological, hydraulic and pneumatic
mechanism.



Implementation of gates

Fluid SwiTch

(http: //www cs. prmce‘ron edu/un’rrocs/lec‘rures/flund -computer.swf)

Click the Input Buttons to
animate the OR BLOCK.



http://www.cs.princeton.edu/introcs/lectures/fluid-computer.swf

Digital Circuits

What is a digital system?
Analog: signals vary continuously.

Digital: sighalsareOorl. ~—o— 1 1[0~
3.3V
2.8V

o5V _—_
Why digital systems? %%V
Accuracy and reliability.
Staggeringly fast and cheap.

Basic abstractions.
On, of f.
Wire: propagates on/off value.
Switch: controls propagation of on/off values
through wires.

50



Wires

Wires.
On (1): connected to power.
Off (0): not connected to power.
If a wire is connected to a wire that is on, that
wire is also on.
Typical drawing convention: "flow" from top, left
to bottom, right.

® 1

power /
connection

51



Controlled Switch

Controlled switch. [relay implementation]
3 connections: input, output, control.
Magnetic force pulls on a contact that cuts
electrical flow.
Control wire affects output wire, but output does
nhot affect control; establishes forward flow of
information over time.

schematic control off control on

. ~—magnet off _ . <~ tagnet on
connection

connection broken
N N

° Y 0—|—0 1—|—1 o—l—o 1—|—0

Anatomy of a relay (controlled switch)

52
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Circuit Anatomy

connected hf*‘

o \
crossing

=T 6




Logic Gates: Fundamental Building Blocks

NOT = x'

x |NOT
0|1 x — o x'
1 0 symbol

OR = x+y

AND = xy

Xy

00

01

10

11

x—)_ X+y
y—

symbol

symbol

AND gate

55



NOT =

x'

x |NOT
0 1

1 0

NOT

symbol

X
NOT

NOT gate



NOT

X
NOT

NOT gate .-|—1
x |NOT
o

w1l i I O



OR

OR = x+y
X—
xy | OR y — - Xty
00 0 symbo1
01 1 X y

OR
10 1 Xty

11 1 OR gate




NOR

Series relays



OR

Xy OR

X y 00 0
OR

X+ty 0 1 1

OR gate 10 1

11 1

00

|

01

{

10

{

1 1

]



AND

AND = xy y
X y |AND y :"XY
000 symbo]
01 1|0
10| 0
11 |1

AND gate

Xy



AND

Xy

X Yy
AND 00
01

Xy

10

AND gate
11




Logic Gates: Fundamental Building Blocks

NOT = x'

OR = x+y

AND = xy

Xy

00

10

X — o— X
symbol
X X+y
y —
symbol
X — Xy
y —
symbol

NOT

NOT gate

OR gate

AND

Xy

AND gate

implementations with

T

00

o o o

Rz

=

switches

63



What about parallel relays? =NAND

0 0




Can we implement AND/OR using parallel relays?

Now we know how to implement AND,OR and
NOT. We can just use them as black boxes
without knowing how they were implemented.
Principle of information hiding.



Multiway Gates

Multiway gates.
OR: 1if any input is 1; O otherwise.
AND: 1if all inputs are 1; O otherwise.
Generalized: negate some inputs.

Uuvwxyz Uuvwxyz

U+VH+WHX+Y+Z

U+V+WHX+Y+Z

!

Uuvwxyz

Uuvwxyz

uvwxyz

Uvwxyz

u'vwx'y'z

u'vwx'y'z

66



Multiway Gates

Multiway gates.
OR: 1if any input is 1; O otherwise.
AND: 1if all inputs are 1; O otherwise.
Generalized: negate some inputs.

Yy Z uvmwxy?:zz
| |

-I—I—I—I—I—I? UV X +Y+2

Uuvwxyz

| 11111
uvwxyz

|
Uvwxyz

uvwx
|
U+V+WHX+Y+Z

Uuvwxyz

L1111 HHH
u'vwx'y'z

|
u'vwx'y'z



Multiway Gates

Multiway gates.
Can also be built from 2-way gates (less efficient
but implementation independent)
Example: build 4-way OR from 2-way ORs



Translate Boolean Formula to Boolean Circuit

Sum-of-products. XOR.

XOR = x'y + xy'

X y | XOR
00| O
01| 1
10| 1
11| 0

XOR

Truth table Circuit

69



Translate Boolean Formula to Boolean Circuit

Sum-of-products. XOR.

XOR = x'y + xy'

X y | XOR

00 0

01| 1 —
10 1

11 0

X'y + xy' XOR

Truth table Abstract circuit Circuit

70



Translate Boolean Formula to Boolean Circuit

Sum-of-products. XOR.

XOR = x'y + xy'

x y | XOR XYy
Y XOR
00 0 L—-1
1.9
01 1 _— ‘ L XYy
0
1 1 — '
L__1l/,,xy I
11 0
|
x'y + xy' XOR

Truth table Abstract circuit Circuit

71



Interface

Gate logic

out

a|b |out
0lo |0 Sy
0 1 1 © Solarbotics Ltd, WWW.SOLARBOTICS w?})//“\\\r\&\\
110 1 T | i
eme |
11 1o mplementation
a
w And
@,
| oo
_
And
b

Xor(a,b) = Or(And(a,Not(b)),And(Not(a),b)))



Expressing a Boolean Function Using AND, OR, NOT

Ingredients.
AND gates.
OR gates.
NOT gates.
Wire.

Instructions.
Step 1. represent input and output signals with
Boolean variables.
Step 2: construct truth table to carry out
computation.
Step 3: derive (simplified) Boolean expression using
sum-of products.
Step 4: transform Boolean expression into circuit.



Translate Boolean Formula to Boolean Circuit

Sum-of-products. Majority.

MAJ

Circuit

74



Translate Boolean Formula to Boolean Circuit

Sum-of-products. Majority.

MAJ = x'yz + xy'z + xyz'+ xyz

Xy z |MAJ

000
001
010
011
100
101

110

P PR RBr O B O O o

111

MAJ

Truth table Circuit
75



Translate Boolean Formula to Boolean Circuit

Sum-of-products. Majority.

MAJ = x'yz + xy'z + xyz'+ xyz

Xy z |MA]J ME

000

x'yz
001

=

010

011

100 xyz'

101

110 Xyz

-
-
,

111

MAJ

x'yz + xy'z + xyz'+ xyz

Truth table Abstract circuit Circuit



Translate Boolean Formula to Boolean Circuit

Sum-of-products. Majority.

MA] = x'yz + xy'z + xyz'+ Xxyz

Xy z |MAJ E
000 ]| O 1--1 |
Xf
> yz
001]| 0 e
010 0/ _I' ! /Xy'Z
011 1 | ——
100 | 0 1! xyz'
| 4-—’/
101 | 1 -————1
/ |
110 1 //xyz
x'yz + xy'z + xyz'+ xyz
Truth table Abstract circuit

Xyz

MAJ

&

1%
16

E

MAJ

Circuit

77



ODD Parity Circuit
ODD(x, vy, z).

1 if odd nhumber of inputs are 1.
O otherwise.



ODD Parity Circuit
ODD(x, vy, z).

1 if odd nhumber of inputs are 1.
O otherwise.

Tololo o o o

R, O O B O Rr BRr o
O O O O O o =~
O O O o o »r o
o O O B O o o o
R O O O O o o o
HP O O B O Rr Kr o

Expressing ODD using sum-of-products
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ODD Parity Circuit
ODD(x, y, z).

1 if odd number of inputs are 1.

O otherwise.

MAJ = x'yz + xy'z + xyz'+ xyz ODD = x'y'z + x'yz'+ xy'z'+ xyz
Xy z |MAJ m Xy z (0DD i
000 | O 000 | O
001 ]| 0 001 |1
0101 O 010 |1
011 1 011 0
100 O 100 ]| 1
101 1 101 |0
110 1 11010
111 1 111 1

MAJ ODD

80



ODD(x, vy, z).
1 if odd nhumber of inputs are 1.
O otherwise.

MAJ

=x'yz + xy'z + xyz'+ xyz

Xy z |MAJ
000/ 0
001/ 0
010 o/
0111
100 0
101 1/
110 1
111 1/

Xyz

MAJ

Nl

MAJ

ODD Parity Circuit

ODD = x'y'z + x'yz'+ xy'z'+ xyz

X y z |0DD
000 | O
001 | 1—
010 | 1~
01110
100 [ 1~
10110
11010
111 1/

Xyz

T

OoDD

T

F

obD

81



Simplification Using Boolean Algebra

Every function can be written as sum-of-product

Many possible circuits for each Boolean function.

Sum-of-products not necessarily optimal in:
- number of switches (space)
- depth of circuit (time)

82



Boolean expression simplification

Karnaugh map

CD
AB T~__00 01 11 10
00

01

11

10

83



Karnaugh Maps (K-Maps)

Boolean expressions can be minimized by
combining terms

K-maps minimize equations graphically
PA+PA=P

A B CI|Y Y Y
0 o0 o0 |1 AB AB

o o 1|1 c 00 01 11 10 c . 00 01 11 10
0 1 0|0 T o
o 1 1 | 0 0] 1 0 0 0 0| ABC | ABC | ABC | ABC
1 0 00

1 0 1 0 - —

T 1 0l o 1] 1 0 0 0 1| ABC | ABC | ABC | ABC
1 1 1 0

84



K-Map

+ Circle 1's in adjacent squares

* In Boolean expression, include only
literals whose true and complement form
are not in the circle

YAB

C

el e e Re Nl

cNeoNoNoNoNoN Tl Y
o
D
o
o
o

PR, OoOOoORr B~ ool
R oRroror o)

85



3-Input K-Map

10

11

01

00

0| ABC | ABC | ABC | ABC

1 ABC | ABC | ABC | ABC

K-Map

Truth Table

AB

10

11

01

00

OO HHOOH O

O O O O

OO 1O O v

O O OO v
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3-Input K-Map

10

11

01

00

0| ABC | ABC | ABC | ABC

1 ABC | ABC | ABC | ABC

K-Map

Truth Table

10

o O
Sl || O
me\1:
8O | O
28]
</ o o

o O HHOOH O

Olo+H o 10 +H O

MO O O O —

Lo oo O A A A

87
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K-Map Rules

Every 1 must be circled at least once

Each circle must span a power of 2 (i.e. 1, 2,
4) squares in each direction

Each circle must be as large as possible
A circle may wrap around the edges

A "don't care” (X) is circled only if it helps
minimize the equation



4-Input K-Map

10

11

AB
00 01

CD

00

01

11

10
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4-Input K-Map

10

11

AB
00 01

CD

00

01

11

10
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4-Input K-Map

o - — o o)
1h I
+
I®)
— (a1
g o o o o _A
+
.| o
- m
+
J <

o
S — o — 1_\ I
m >

< o - — o
o o — —

(@)

@)
— O — — O — — O O O O
O = O —H O (@) — — O —
OO —H = O — O — O O —
O O O O — O O —
OO O o o (@) — — — —
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4-Input K-Map with Don't care

10

11

01

00

AB
00
01
11
10

92



4-Input K-Map with Don't care

01 11 10

00

AB

00

01

11

10
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4-Input K-Map with Don't care

n1u_ — — X x
@)
— +
— X X X X P
o]
+
3 o X — — <
I
>
S| - o — —
m
< =) — — o
o o — —
O
> 0O
>+ O d - O — — > R
Ao 4o o @) — ®) O
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MAJ =
Xy z |MAJ
000 | O
001 ]| O
01010
011 ]| 1
100 ]| O
101 | 1
110 | 1
111 | 1

Example

xX'yz + xy'z + xyz'+ xyz

xy__ 0 1

00

01

11

10




Simplification Using Boolean Algebra

Many possible circuits for each Boolean function.

Sum-of-products not necessarily optimal in:
- number of switches (space)
- depth of circuit (time)
MAJ(X,y,Z) = X'yz+Xy' z+Xyz +Xyz = Xy +YZ+ XZ.

xXyz

1%
T
\

Xyz

3
T
=

1T

T
\:-:

l‘\><

d

Xy + XZ + yz

X'vz + xy'z + xyz'+ Xxyz
J MAJ

2\



Layers of Abstraction

Layers of abstraction.
Build a circuit from wires and switches.
[implementation]
Define a circuit by its inputs and outputs. [APT]
To control complexity, encapsulate circuits.
[ADT] inpues inputs

|| ||

output output

97



Layers of Abstraction

Layers of abstraction.
Build a circuit from wires and switches.
[implementation]
Define a circuit by its inputs and outputs. [API]
To control complexity, encapsulate circuits.
[ADT] inpucs

\/ \J

output output

98



if(a==0andb==1) or (a==1and b == 9))

sets out = 1
else
sets out = 0

Building a chip

T T T T T T T RN =
R R R \gg
SNOWDI g O3

The process

Design the chip architecture

Specify the architecture in HDL
Test the chip in a hardware simulator
Optimize the design

Realize the optimized design in silicon.



if(a==0andb==1) or (a==1and b == 9))

sets out = 1
else
sets out = 0

Building a chip

e T e ] N —
: HH‘I‘!H N ) mxrw yl‘ﬁ%‘l,ﬂ""ﬂ ‘\’m'\
N ( () C) : "@L‘l

|
NN L 1‘,]‘
11 A:’h

O
1

'y

m

= M
o= "5 oS00

The process

v
v
v

Design the chip architecture

Specify the architecture in HDL
Test the chip in a hardware simulator
Optimize the design

Realize the optimized design in silicon.




Chip design

Chip name: Xor

Inputs: a, b

Outputs: out

Function: If a#b then out=1 else out=0.

Step 1. identify input and output
Step 2: construct truth table

Step 3: derive (simplified) Boolean expression using
sum-of products.

Step 4: transform Boolean expression into
circuit/implement it using HDL.

You would like to test the gate before packaging.



XOR

a b out

0

0

1

0

1




Chip interfaces

a
a —oO out
b And
. /— \
in Not out / aAnd\Qlotb
\ nq%b \
\/ \ a
/\4\ b » out out
/o
— Not nota /
in out \ /
\ notaAndb
2 /
out
b And
b O
CHIP Xor {
IN a, b; )
OUT out; If | want to use some chip-parts,
PARTS : how do | figure out their signatures?

Not (in= , out= );
Not (in= , out= );
And (a= , b=, out=);
And (a= , b=, out=);
Or (a= , b=, out=);

=
”




Chip interfaces: Hack chip set API

Open the Hack chip set API in a window, and copy-paste
chip signatures into your HDL code, as needed

Addl16 (a= ,b= ,out= );
ALU (x= ,y= ,zx= ,nx= ,zy= ,ny= ,f= ,no= ,out= ,zr= ,ng= );

Andl16 (a= ,b= ,out= );

And (a= ,b= ,out= ); Mux8Way (a= ,b= ,c= ,d= ,e= ,f= ,g= ,h= ,sel= ,out= );

Aregister (in= ,load= ,out= ); Mux (a= ,b= ,sel= ,out= );
Nand (a= ,b= ,out= );

Notl6 (in= ,out= );

Bit (in= ,load= ,out= );

CPU (inM= ,instruction= ,reset= ,outM= ,writeM= ,a(
DFF (in= ,out= ); Not (in= ,out= );
DMux4Way (in= ,sel= ,a= ,b= ,c= ,d= ); Orlée (a= ,b= ,out= );
Or8Way (in= ,out= );

Or (a= ,b= ,out= );

DMux8Way (in= ,sel= ,a= ,b= ,c= ,d= ,e= ,f= ,g= ,h{
Dmux (in= ,sel= ,a= ,b= );

Dregister (in= ,load= ,out= ); PC (in= ,load= ,inc= ,reset= ,out= );

PCLoadLogic (cinstr= ,j1= ,j2= ,j3= ,load= ,inc= );
RAM16K (in= ,load= ,address= ,out= );

RAM4K (in= ,load= ,address= ,out= );

RAM512 (in= ,load= ,address= ,out= );

RAM64 (in= ,load= ,address= ,out= );

RAM8 (in= ,load= ,address= ,out= );

FullAdder (a= ,b= ,c= ,sum= ,carry= );
HalfAdder (a= ,b= ,sum= , carry= );
Incl6 (in= ,out= );

Keyboard (out= );

Memory (in= ,load= ,address= ,out= );

Mux16 (a= ,b= ,sel= ,out= ); Register (in= ,load= ,out= );

Mux4Wayl6é (a= ,b= ,c= ,d= ,sel= ,out= );
Mux8Wayl6é (a= ,b= ,c= ,d= ,e= ,f= ,g= ,h= ,sel= ,0l

ROM32K (address= ,out= );
Screen (in= ,load= ,address= ,out= );

Xor (a= ,b= ,out= );



https://drive.google.com/file/d/1IsDnH0t7q_Im491LQ7_5_ajV0CokRbwR/view

Built-in chips

CHIP Foo {
IN ...;
OUT e Q: Suppose you want to use a chip-part before
PARTS: you’ve implemented it. How to do it?
Bar(. ..) A: The simulator features built-in implementations
... of all the project 1 chips

}

Forcing the simulator to use a built-in chip, say sar:

« Typically, sar.nd1 will be either a given stub-file, or a file that has an
incomplete implementation

« Remove, or rename, the file sar.nd1 from the project folder

* Whenever sar Will be mentioned as a chip-part in some chip definition, the
simulator will fail to find sar.nd1 In the current folder. This will cause the
simulator to invoke the built-in version of gar instead.



Design: Requirements

3 a b out _
) out olol o Requirement
b ol1l 1 Bui_ld a chi_p that
delivers this
if (a==0and b==1)or (a==1and b == 09)) 1101 functionality
setsout =1 1111 0
else
setSout =1

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor { Gate Interface
IN a, b;
OUT out; Expressed as an
PARTS : HDL stub file

// Missing implementation




Design: Implementation

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor { Gate Interface
IN a, b;
OUT out; Expressed as an
PARTS : HDL stub file

/I Missing implementation




Design: Implementation

, |
ad — :
: ! Gate diagram
I 1
| |
: |
| :— out
|
| |
' |
: o
|
= x|
y . A |
[** Sets out = (a And Not(b)) Or (Not(a) And b)) */
CHIP Xor { Gate Interface
IN a, b;
OUT out; Expressed as an
PARTS - HDL stub file

/I Missing implementation




Design: Implementation

in out \

\ notakndb

/
out

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor {
IN a, b;
OUT out;
PARTS:

/I Missing implementation

Gate diagram

Gate Interface

Expressed as an
HDL stub file



Design: Implementation

d 1 O 2 |
| out |
I b | And I
— \ |
: in out / aAndNotb I
Not / Q‘ I
| \ hotb \ I
: \ / \ a |
% t
I /o
Not nota |
| - /
| in out \ / |
| vy notaAndb I
| out / I
I b And I
b ——0 |
|
- |

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor {
IN a, b; "

OUT out; m
PARTS:

/I Missing implementation




Design: Implementation

3 I o a I
1 out |
I b | And I
— \ |
: in out / aAndNotb I
Not / y |
| \ hotb \ I
: \ / \ a |
% t
| /\ . ou : out
I /o
Not nota |
| - /
| in out \ / |
| vy notaAndb I
| out / I
I b And I
b ——0 |
|
- |

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor {
IN a, b; "

OUT out; m
PARTS:

Not (in=a, out=nota);
Not (in=b, out=notb);
And (a=a, b=notb, out=aAndNotb);
And (a=nota, b=b, out=notaAndb);




Design: Implementation

a ——L—O 2 |
| out |
I b | And I
e \ |
: in out / aAndNotb I
Not / y |
| \ hotb \ I
: \ / \ a |
% t
I /o
Not nota |
| - /
| in out \ / |
| vy notaAndb I
| out / I
I b And I
b ——0 |
|
- |

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor {
IN a, b; "

OUT out; m
PARTS:

Not (in=a, out=nota);

Not (in=b, out=notb);

And (a=a, b=notb, out=aAndNotb);

And (a=nota, b=b, out=notaAndb); Practice: Complete the
missing HDL code

|




Design: Implementation

3 I o a I
1 out |
I b | And I
— \ |
: in out / aAndNotb I
Not / y |
| \ hotb \ I
: \ / \ a |
% t
| /\ . ou : out
I /o
Not nota |
| - /
| in out \ / |
| vy notaAndb I
| out / I
I b And I
b ——0 |
|
- |

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor {
IN a, b; "

OUT out; m
PARTS:

Not (in=a, out=nota);

Not (in=b, out=notb);

And (a=a, b=notb, out=aAndNotb);

And (a=nota, b=b, out=notaAndb);

Or (a=aAndNotb, b=notaAndb, out=out);




Design: Implementation

3 I o a I
1 out |
I b | And I
— \ |
: in out / aAndNotb I
| \ hotb \ I
: \/ \a |
% t
| / ) b ou : out
| /o
Not nota |
| - /
| in out \ / |
| vy nota}Andb I
| out / I
I b And I
b ——0 |
|
-_ |
r

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */
gate < CHIP Xor {

interface IN a, b A logic gate has:
\_ OUT out; .
; oARTS - ® One interface
Not (in=a, out=nota); .
gate Not (in=b, out=notb); = Many pOSSIbI.e
Implement < And (a=a, b=notb, out=aAndNotb); lmplemen’ra’nons
-ation And (a=nota, b=b, out=notaAndb);

\ Or (a=aAndNotb, b=notaAndb, out=out);




Hardware description languages

Observations:

« HDL is a functional / declarative language

« An HDL program can be viewed as a textual specification of a chip diagram

« The order of HDL statements is insignificant.

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor {
IN a, b;
OUT out;

PARTS:

Not (in=a, out=nota);

Not (in=b, out=notb);

And (a=a, b=notb, out=aAndNotb);

And (a=nota, b=b, out=notaAndb);

Or (a=aAndNotb, b=notaAndb, out=out);




Hardware description languages

Common HDLs Our HDL

H VHDL  Similar in spirit to other HDLSs

® Verilog  Minimal and simple

I  Provides all you need for this course

Our HDL Guide / Documentation:
The Elements of Computing Systems / Appendix 2: HDL

[** Sets out = (a And Not(b)) Or (Not(a) And b)) */

CHIP Xor {
IN a, b;
OUT out;

PARTS:

Not (in=a, out=nota);

Not (in=b, out=notb);

And (a=a, b=notb, out=aAndNotb);

And (a=nota, b=b, out=notaAndb);

Or (a=aAndNotb, b=notaAndb, out=out);



https://drive.google.com/file/d/1dPj4XNby9iuAs-47U9k3xtYy9hJ-ET0T/view

Multi-bit bus

e Sometimes we wish to manipulate a sequence of bits as a single entity

 Such a multi-bit entity is termed “bus”

Example: 16-bit bus

15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

1 %) 9 %) 1 0 % 0 1 1 % 1 1 1 0 1

MSB = Most LSB = Least
significant bit significant bit



Working with buses: Example

/* Adds two 16-bit values. */ 16

CHIP Adder { a—+4~>» 16-bit
IN a[16], b[16]; 16 adder
OUT out[16]; b —4<»

PARTS:
}
15 ... 1 0
a 1 111
b 0 1|0
C 0 011
out:|1|...|11]60

16

+—~£p out

/* Adds three 16-bit inputs. */

CHIP Adder3wWay {
IN a[16], b[16], c[16];
OUT out[16];



Working with buses: Example

/* Adds two 16-bit values. */ 16
CHIP Adder { a—+4> lebit |
IN a[16], b[16]; 16 +—4£—p out
adder
OUT out[16]; b —4<»
PARTS:
}
/* Adds three 16-bit inputs. */
5 ... 1 0 CHIP Adder3Way {
a:| 1 1 1 IN a[16]) b[16], C[16];
OUT out[16];
b:| o 1|60
PARTS:
ctlef--|e]1? Adder(a= , b=, out= );

Adder(a= , b=, out= );

out:|1|...|11]60 }




Working with buses: Example

/* Adds two 16-bit values. */ 16
CHIP Adder { a—+4>» lepit |
IN a[16], b[16]; I A Y
16 adder
OUT out[16]; b —4<P
PARTS:
}
/* Adds three 16-bit inputs. */
15 ... 1 0 CHIP Adder3Way { .
I B o IN a[16], b[16], c[16]; n-bit value (b_us) can t_)e
OUT out[16]; treated as a single entity
b:| o 11|60
PARTS:
clefl---jef1 Adder(a=a , b=b, out=ab); i
» b=b, ; Creates an internal
Adder(a=ab, b=c, out=out); i
out:(11|...]1 1| @ } bus pin (ab)




Working with individual bits within buses

/* Returns 1 if a==1 and b==1,
* @ otherwise. */

CHIP And {
IN a, b; /* 4-way And: Ands 4 bits. */
OUT out; CHIP And4Way {
IN a[4];
} OUT out;
2 1 0




Working with individual bits within buses

/* Returns 1 if a==1 and b==1,
* @ otherwise. */

CHIP And {
IN a, b; /* 4-way And: Ands 4 bits. */
OUT out; CHIP And4Way {
. IN a[4];
} OUT out;
2 1 0 PARTS:
And(a= b= out= ;
a:le 1|11 ( ’ ’ )3
And(a= , b= , out= )
A = = = *
out: g } nd(a , b , out )5




Working with individual bits within buses

/* Returns 1 if a==1 and b==1,
* @ otherwise. */

CHIP And {
IN a, b; /* 4-way And: Ands 4 bits. */
OUT out; CHIP And4Way { )
e IN a[4]; Input bus pins can
} OUT out; be subscripted.
2 1 0 PARTS:

And(a=a[@], b=a[1], out=andol);
And(a=and@l, b=a[2], out=andel2);
And(a=and@12, b=a[3], out=out);




Working with individual bits within buses

/* Returns 1 if a==1 and b==1,
* @ otherwise. */

CHIP And {

IN a, b; /* 4-way And: Ands 4 bits. */

OUT out; CHIP And4Way { )

e IN a[4]; Input bus pins can
} OUT out; be subscripted.

3 2 1 0 PARTS:

And(a=a[@], b=a[1], out=andol);
And(a=and@l, b=a[2], out=andel2);
And(a=and@12, b=a[3], out=out);

/* Bit-wise And of two 4-bit inputs */
CHIP And4 {

IN a[4], b[4];

OUT out[4];

out:{ | o001




Working with individual bits within buses

/* Returns 1 if a==1 and b==1,

* @ otherwise. */
CHIP And {
IN a, b;
OUT out;

out:{ | o001

/* 4-way And: Ands 4 bits. */

CHIP And4Way {
IN a[4];
OUT out;

PARTS:

And(a=a[@], b=a[1], out=andol);
And(a=and@l, b=a[2], out=andel2);
And(a=and@12, b=a[3], out=out);

Input bus pins can
be subscripted.

/* Bit-wise And of two
CHIP And4 {

IN a[4], b[4];

OUT out[4];

PARTS:

And(a= , b= ,
And(a= , b= ,
And(a= , b= ,
And(a= , b= ,

4-bit inputs */

out=
out=

out=.

out=

)5
)
)5
)




Working with individual bits within buses

/* Returns 1 if a==1 and b==1,
* @ otherwise. */

CHIP And {

IN a, b; /* 4-way And: Ands 4 bits. */

OUT out; CHIP And4Way { )

e IN a[4]; Input bus pins can
} OUT out; be subscripted.

3 2 1 0 PARTS:

And(a=a[@], b=a[1], out=andol);
And(a=and@l, b=a[2], out=andel2);
And(a=and@12, b=a[3], out=out);

}
3 2 1 0 /* Bit-wise And of two 4-bit inputs */
SN I I I CHIP And4 { _
' IN a[4], b[4]; Output bus pins

OUT out[4]; can be subscripted

b:fef|ef|1]1
PARTS:

out:|elelel1 And(a=a[@], b=b[@], out=out[@]);

And(a=a[1], b=b[1], out=out[1]);
And(a=a[2], b=b[2], out=out[2]);
And(a=a[3], b=b[3], out=out[3]);




Hardware simulator (demonstrating Xor gate construction)

E%%Hardware Simulator - D hack

psiProject 1 Xor.hdl

=l0lx]

E 9

T

Animate: Farmat: ey

|Prngram flow

LI |Decima| LI |Script

[

Slow Fast
Chip Mame | Firna . I—D load Xor,
cutput-£file Xor.out,
compare-to Xor.cmp,
Input ping Output pins output-list a%E3.1.3 b:E3.1.3 oucsB3.1.3;
Mame Yalue Mame Value 0
a o out ] et & b,
set b 0,
h 1]
eval,
output;
set a 0,
set b 1, teSt
HDL eval, Scrlpt
outpuL;
program
set a l,
et b 0O,
eval,
outpuL;
HDL Internal pins set a 1,
- et b 1,
A/ Xor (exclusive or) gate Mamea Walue p—
,
A4 1f adx=bh out=1 else out=0 nota 1| |output:
CHIP Xor { noth I .
IN a,h: X o
OuT ourc; ¥ 0
PARTS:
Mot [(in=a,cut=nota);
Not [in=b,out=noth):
And (a=a,b=noth,out=x);
And [{a=nota,b=b,out=y)!
O0r [(a=x,b=y,out=out]:;
'
KT — ol 4 | o

|Script restarted




Hardware simulator

Hardware Simulator - D: hac ips",Project 1%Xor.hdl

File W%iew Run__Help

=l0lx]

m » . ? — Animate: Farmat: et
11 [ - -
— Slow - |Prngramﬂow L”DemmalL”Scrlpt LI
e
Chip Name : | Timen ID Taad oL,
cutput-£file Xor.out,
compare-to Xor.cump,
Input ping Output pins output-list a%E3.1.3 b:E3.1.3 oucsB3.1.3;
Mame Yalue Mame Value T
a 1] out 0 R Df
,
b o eval,
outpur;
set a 0O,
set b 1,
HDL eval,
outpuat;
program
set a l,
et b 0O,
eval,
outpuat;
HDL Internal pins set a 1,
- et b 1,
A/ Xor (exclusive or) gate Mamea Walue p—
,
A4 1f adx=bh out=1 else out=0 nota 1| f|ouepur:
CHIP Xor { noth I '
IN a,h: X o
OuT ourc; ¥ 0
PARTS:
Mot [(in=a,cut=nota);
Not [in=b,out=noth):
And (a=a,b=noth,out=x);
And [{a=nota,b=b,out=y)!
O0r [(a=x,b=y,out=out]:;
'
KT — ol 4 | o

|Script restarted




Hardware simulator

E%%Hardware Ssimulator - D% hack’ Chips',Project 1%Xor.hdl

File W%iew Run Help

=l0lx]

m oD EL

?Slimv_l

I
- |Prngram flow

Animate: Farmat: ey

L”Decimal LI Seript LI

Seript

Chip Name - I}-{Dr Tirres IEI
Input pins Qutput pins
Mame Yalue Mame Value
a 1 out 0
h 1
program
HDL Internal pins
A/ Xor (exclusive or) gate Mamea Walue
A4 1f a<xb out=1 else out=0 nota i
CHIP Xor { noth ]
IN a,h: X o
OuT ourc; ¥ 0
PARTS:
Mot [(in=a,cut=nota);
Not [in=b,out=noth):
And (a=a,b=noth,out=x);
And [{a=nota,b=b,out=y)!
O0r [(a=x,b=y,out=out]:;
'
I I— 2

load Xor,
output-file Xor.out, Compare
compare-to Xor.cmp, Mone

output-list a%B3.1.3 b%B3.1.3 outi¥BE3.1.3;

set a 0,
set b 0,
eval,

output;

set a 0,
set b 1,
eval,

outpuL;

set a l,
et b 0O,
eval,

outpue;

set a l,
set b 1,

eval,
outpuL;

H ~ o O m
= o - O B

= ~ = O

[End of script - Comparison ended successfuly




Project materials: www.nand2tetris.org

Cool Stuff

I Background

Project 1: Logic Gates <::I Project 1 web site

A typical computer architecture is based on a set of elementary logic gates like &nd, Or, etc., as well as their bit-wise
versions &ndlé, Orlé, etc. (in a 16-bit machine). This project engages you in the construction of a typical set of
elementary gates. These gates form the elementary building blocks from which more complex chips will be later

constructed.

I Objective

Build all the logic gates described in Chapter 1 (see list below), yielding a basic chip-set. The only building blocks that
you can use in this project are primitive Nand gates and the composite gates that you will gradually build on top of

them.

| chips
Chip (HDL) Function Test Script Compare File
MNand Nand gate (primitive)
Mot Mot gate Mot.tst Not.cmp
And And gate And.tst And.cmp
Or Or gate Or.tst Or.cmp
Xor Xor gate Xor.tst Xor.cmp
Mux Mux gate Mux. tst Mux.cmp
DMux DMux gate DMux. tst DMux.cmp
MNot16 16-bit Mot MNot16.tst Not16.cmp

And.hdl ,
And. tst ,
And.cmp files




Project 1 tips

B Read the Introduction + Chapter 1 of the book
B Download the book's software suite

B Go through the hardware simulator tutorial

B Do Project O (optional)

B You're in business.



Gates for project #1 (Basic Gates)




in

out
a
b

sel
0
1

Gates for project #1

sel



Gates for project #1 (Multi-bit version)




Gates for project #1 (Multi-way version)




Gates for project #1 (Multi-way version)

sel[1l] sel[0] out a———»
b —»
0 1 b ¢ ’
1 0 c d > a,b,c,d and
out are each
1 1 d 16-bit wide

sel[1] sel[0]

Figure 1.10 4-way multiplexor. The width of the input and output buses may vary.

—

sel[l] sel[0] a b C d

0 0 i 0O 0 0 in 4-way

1n DMux L

0 1 in 0 0
—

1 0 0 0 in 0

1 1 0 0 0 in

sel[1] sel[0]

Figure 1.11 4-way demultiplexor.



Gates for project #1 (Multi-way version)




Gates for project #1 (Multi-way version)




