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Abstract. This paper presents a method to construct a smooth seamless confor-
mal surface for the genus-0 manifold. The constructed surface is both smooth and
continuous. This method is developed from the conformal self-organizing map [14].
The mapping between the model surface and the sphere surface is one-to-one and
onto. We show experiments in texture mapping and compare it with other methods.
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1. Introduction

The goal of surface reconstruction is to obtain a continuous surface that
can represent a cloud of pattern points [3]. These cloud patterns are
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usually obtained from 3D laser scanners and medical scanners. These
patterns may also be collected by various vision techniques, such as
correlated viewpoints, voxel carving, stereo range images. Let X denote
the set that contains all point patterns, X = {(z;,v;, 2)*,l = 1,.., P}.
The conformal self-organizing map (CSM) [14][13] derives a continuous
surface for the cloud patterns using a collection of connected simplices
including points, edges, and triangles. It is a kind of self-organizing
map [11] with conformal contents [12]. Since these triangles are flat,
the surface constructed by these flat triangles will give a continuous
surface but not give a curved smooth surface. In this paper we show
how to construct a curved smooth seamless surface based on the derived
surface by the CSM. We will also discuss the global conformal surface
given in [6][5].

Let the surface of a collection of all triangles inside a unit sphere
be S&, S8 = {Ar, r = 1,..., R}, see Fig. 1(b). Let the collection of
all vertices (nodes) be N = {n;,i = 1,..., N}, where n; is a 3D column
vector in the network space and contains the position of the i*" mesh
vertex on the unit sphere surface. Each triangle is a mesh hole that
can be represented by its three vertices, that is, A} = [n], n’, ny]. An
icosahedron dome is used to represent this sphere surface [10]. Each A],
is a face of the icosahedron and an equilateral triangule. The basic type

of an icosahedron has 12 vertices, 30 edges, and 20 equivalent equilateral
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Smooth Conformal Surface 3

triangular faces. It is varied by combining more icosahedrons into a
single body. We use the term f (frequency) to denote its multiplicity.

The formula of the icosahedron is

R = the number of faces = 2012,

N = the number of vertices = % +2. (1)

Review the CSM

In the CSM, the sampled 3D patterns are the training patterns and
the mesh is configured by neurons. These neurons are the vertices of the
mesh. Each neuron has two vectors, one is the weight vector, w;, in the
pattern space and the other is the position vector, n;, in the network
space. The weight vectors contain the locations of the mesh vertices
in the pattern space. The position vectors contain the locations of the
neurons on the sphere surface. Figure 1 shows the relationship of these
two vectors. In the CSM, w; is evolved to match its corresponding
pattern and n; is fixed to preserve the sphere topology.

The CSM constructs a mapping from S® to M [14], where M*
is the manifold of the cloud patterns. M2 is the constructed model
surface or the manifold surface to represent the cloud X. M2 is the

surface formed by a collection of the flat triangles, M> = {A”  r =
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(a) data pattern space (b) network space

Illustration of the pattern space X and the network space in the CSM.
(a) The patterns and the model surface are in the same space. (b) The
position vectors are fixed as the vertices (or neurons) and arranged
uniformly on the unit sphere surface. The weight vector and the posi-
tion vector of the ¥ neuron are marked with black dots in both space.
w; and n] are these two vectors. Each flat triangle A7, on the model
surface can be mapped to its corresponding triangle A7 on the sphere

surface. The triangular domes A] and Al of these two flat triangles
are marked with thick blue arcs.
Figure 1.
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1,...,R}. By using the CSM, each equilateral triangle A} is mapped
to its corresponding triangle A7 . A7 is an irregular triangle and a
mesh hole that can be represented by its three vertices, that is, Al, =
[w;,w;?,wﬂ, where w] is a 3D column weight vector in the pattern
space and contains the position of the i*” mesh vertex in M?, see Fig.
1(a). The vertex w; is mapped to the vertex n]. Both A7 and Al are
flat triangles. In the CSM, the parameterization domain is the surface
S which is suitable for the genus zero manifold. The set N contains
all joint points between S® and the unit sphere surface, S.

There are ways to construct a smooth dome over the A7 . such

w>
as fitting a triangular surface spline. Since the sphere surface is both
continuous and smooth, these beautiful properties are useful in building
other surface. We show how to map (borrow) the sphere surface, S, to
its corresponding model surface based on the derived M*. The detailed

method is in the next section. Experiments and discussions will be given

in the Section 3.

2. Smooth conformal surface parameterization

By using the CSM [14], we can derive the M* and obtain the mapping

between each triangle A7 and its corresponding triangle A7 . Let the
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portion of the sphere surface right above the flat triangle, A7, be A7,

see Fig. 1(b). The triangular dome A] can be obtained by cutting

~ T T To T T T 3 ) 3
the three arc curves, {n] nj, ning, n; n},}, on the sphere surface right

above the three edges, {nfng, ninyg, niny }, of the triangle A7,. Each arc
point is the intersection of the sphere surface and the line that passes
through the sphere center, ¢ = (0,0,0)7, and an edge point. The arc

—~

nin;, edge W, and center c are in the same plane. &; is the geodesic
dome of A} and has a triangular tent shape. The sphere surface, S, is
the collection of every &;, S = {&17 r=1,...,R}. Since the dome &L
is beautiful that is both smooth and continuous, we want to borrow
and fit (deform) the dome to construct a smooth model surface for the
cloud X. In the following algorithm, we show how to map each AA;
to its corresponding dome, AAZ}, to obtain a smooth model surface, M,

where M = {AA:U, r=1,..,R}.

The algorithm to accomplish the AAZ} is in below.

Smooth Algorithm
Input: new dense mesh N"¢%, sphere mesh S2, model mesh M2.

Output: smooth surface M.

1. For each triangle A7 A" € S2, find the center ¢, of the triangle

A7 and its conformal mapping point, cj,, in A}, see Fig. 2.
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A, in complex plane complex A, in complex plane
unit disk

Conformal mapping between the two triangles A7 and A7, . Each train-
gle in 3D is translated to the complex plane. Then their conformal
mappings to a unit disk can be computed by the Schwarz—Christoffel
method [15] to build the point correspondence.

Figure 2.

2. Separate A, A € M?, into three subtriangles, {let, wi, wil,

[ W}, wil, [cy,, wi, wi]}, by using the three line sections, {cj,wy,

T T T T ol TonT T ol
cpw?, cwi}, and the three edges, {wjw?, wjwy, wiwy}.

.

3. Calculate the unit normal vector of the triangle plane AJ:

-l ) x (wf — w))

4. Let the triangle next to A7 in M* that shares the edge wi wy s

ATwl, that shares the edge wjwy is ATWZ, that shares the edge wjwy,
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is Azf. Calculate the unit normal vectors of the three neighbor-

hood triangles, A:Ul, A”J, AZ?, by using the same equation in the
2 -

ny, , and ny,

above step. Let the obtained normal vectors be n nw ,

respectively.

5. Calculate the unit normal vectors of the edges, wlw’ Jwy, w}fw};, and
T T .
Wy Wy,
~p ~p2 ~p ~pr3
ol 71 +n ﬁ¢2 o 71 +n 3 n, +n
€ = T=r 1] e and e, = ———5. (3)
R O e "

Note that e” J_ wi W

s € J_wwk,ande J_wwk

6. Select a point p on A, p € N*™¥. Find its projection, p’, on the

flat triangle A7 :

p=pcnA;. (4)

Here ¢ = (0,0,0)” is the center of the unit sphere and p’ is the

intersection point of the line p¢ and AJ, see Fig. 3(a).

7. For the point p', calculate its conformal mapping point ¢’ in Al .

¢ = Mat @) (5)
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Mﬁzﬂ is the conformal mapping [14] from the flat triangle A], to
the flat triangle A7, see Fig. 3(b). ¢’ may fall in any one of the

w

three subtriangles. Suppose ¢’ is in the subtriangle [c],, w}, w;]

8. Calculate the projection point by of ¢ on the line section w; Wy
This means that wjw? L byq'. Calculate the intersection point ay

of the line b,¢" and one of the other two edges of the subtriangle

[chy> wi, wi]. The locations of ay and by are shown in Fig. 4.

9. Calculate the unit direction 7y at the point ¢’ :

T
T
q — ay 1 R
Ty = ﬁ (e — ) + 7l (6)

Note that ¢/, a4, by, and Ny are in the same plane. The two vectors

~1

e, and ny, in Fig. 4 which pass the points by and ay separately

are also in this plane.

10. In this step we plan to determine a point ¢, ¢ € M , for the dome
A7 that is correspond to p. ¢ is obtained from the dome height

|p — p'| and the unit direction 7ig/. ¢ can be obtained by

ga=d +|p—1|ny.
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¢, sphere center

(a) sphere surface

w; wi
“— UV, “—
conformal conformal
mapping mapping
wT' .
J V; J
A, in complex plane complex unit disk A, in complex plane

(b) conformal mapping

Mlustration of the relations among the points p, p’, ¢’ and c. (a) The
intersection point p’ on A? is the joint point between the line pc and
A" . (b) The point p’ is then mapped to the point ¢’ in A .

Figure 3.

The whole construction is shown in Figs. 3 and 4.

11. Go to step 6 and select another point, p € N iteratively.
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(a) mapped point q on A,

(c) profile

Illustration of the relations betweerll the points p and ¢. The direction
of T is a linear combination of €], and n7,. The height of the section

¢'q is the same as the height of p/p.
Figure 4.
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We operate this algorithm triangle after triangle for all R triangles.
We may map any number of surface points for each triangle dome. This
mapping is bijection which maps between the triangular sphere surface,
Aﬁfw to the triangular geodesic model surface, AAZ] A point on the three
boundary arc curves of AAZ] is continuous but may not be smooth. In
all experiments, the surface point p on &Z is a vertice of a new denser
mesh N"¢* where N™" > N. N may be an icosahedron with more

vertices. N™ may have dense vertices in an area with fine texture.

3. Experiments

There are two models used in experiments including the Stanford bunny
[20] and the Igea head [19]. Each one of them is used as the raw pattern

cloud X4 The whole operation is in below.

1. Prepare pattern cloud of a model in {(x;,y;,2)%,,, € Xraw} and

prepare S = {A” r = 1,.., R}. Normalize this cloud in a unit

cube by the formula

T
1, Y1, 2
(zr,y2)" = (7){%,

raw

where X702% = max{z;,y;, 2, =1,..,P}.
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2. Operate the CSM and obtain the model surface with flat triangles

MA ={A" r=1,..,R}.

3. Construct a smooth model surface. Prepare a dense mesh N"¢%
on the sphere surface and apply the smooth algorithm to map its

vertices on the model surface.

In certain case, such as the bunny data has long extrude parts,
the ears, it is difficult for the CSM to learn those concave ear shapes.
An edge swap with multi-resolution learning [18] and a growing neural
mesh [8] may be used to overcome this difficulity. Since they change the
regular mesh connection, we will not use them in the CSM. We solve
this difficult learning by giving the priority to those extrude parts dur-
ing the CSM learning. This priority can resolve those parts and keep the

regular connection.

Smooth model surface

Figure 5 shows the constructed surface using the Igea head data.
The total number of patterns is P = 134345. The mesh parameters in
Figs. 5(a,b) are R = 25920, f = 36, and N = 12962. The model
surface M obtained by the CSM is plotted in 5(a). In the CSM,
we set the number of training epoch be epoch = 80. In each epoch,
8000 random sample patterns are used in the learning. The parameters

for the neighborhood variance are set as g = 0.4 and 71 = 20. The
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parameters for the learning rate are set as ag < 0.01 and 79 < 60.
The training parameters epoch, oo, T1, ap, and 7o are defined in [14].
We apply the shading method in [16] to the the mesh in Fig. 5(a) and
obtain the image in Fig. 5(b). Figure 5(c) is the surface, M, constructed
by using the proposed smooth algorithm. In Fig. 5(c) we map the
vertices of a new mesh N**% with parameters R = 128000, f = 80, and
N™ = 64002. All 64002 vertices are mapped to the model surface by

using the smooth algorithm.

Texture mapping

Part of the reason for building the smooth surface is to facilitate
the texture mapping. One can trace the texture details equally on the
smooth surface without any ambiguous correspondence. Figure 6(a)
shows the smooth surface, M, using the Stanford bunny data. In this
figure, the total number of patterns is P = 35947. We use the same
training parameters and mesh parameters as those used in Fig. 5 to
obtain the surface in Fig. 6(a). In Fig. 6(b), the checkerboard texture
is mapped on the surface. This checkerboard, which is in a 2D plane, is
first projected to the unit sphere surface, S, by using the stereographic
projection [2]. Then, its sphere projection is mapped to the smooth
model surface. The stereographic projection will generate serious dis-

tortion near the center of the projection. We use this projection is
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(b)

(©)

(a) The Igea model surface M* obtained by the CSM using R = 25920
faces. (b) The shading method in [16] is applied to M“. (c) The smooth
algorithm is applied to M2 with a denser mesh N = 64002 nodes.

Figure 5.
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because it is a conformal mapping and is very regular near the point of
tangency. A facial makeup of Chinese operas in Fig. 6(c) are mapped

to the smooth surface by the same projection, see Fig. 6(d).

Figure 7 shows two texture mapping cases. Figures 7(a,b) show the
checkerboard texture on the smooth Igea surface in Fig. 5(c). A facial
makeup in Chinese opera in Fig. 7(c) is mapped on the smooth Igea

surface, see Fig. 7(d).

Comparison with the global conformal mesh

The method in [6][5] introduced a method, abbreviated as GCM, to
accomplish the global conformal parameterization for the genus zero
surface. The accomplished meshes are very uniform. The proposed
smooth surface can be applied to the GCM meshes. The GCM devised
an iteration procedure to optimize a conformal energy function to derive
the global mesh. The GCM has two phases in its procedure. The first
phase is to apply the barricentric mapping algorithm and the second
phase is to apply the conformal mapping algorithm. The procedure
starts with a given mesh with all acute angles in its all mesh holes.
With any obtuse angle, the string constant in its energy function will
be negative and the constructed harmonic map is not bijective. This

given mesh must have all acute triangles in its all mesh holes. It cannot
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(c) (d)

(a) The model surface M by the smooth algorithm. (b) The checker-
board texture mapping on M. (¢) The 2D facial makeup in Chinese

opera. (d) The facial texture mapping on M.
Figure 6.
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(¢c) (d)

Texture mapping on the Igea’s head. (a,b) The checkerboard texture
mapping. (¢) The 2D facial makup in Chinese opera. (d) The facial
makeup mapping on the Igea’s head.

Figure 7.
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start with the unorganized cloud patterns X. The GCM requires an
explicit given mesh to start its procedure. Another difficulty is that
during the optimization procedure, certain triangle may be deformed
to a line shape. This will introduce a zero denominator in the formula
of the string constant. This constant will approach to infinity and the
procedure will not work. To avoid such situation, an extra effort is
created to sense a zero denominator and prevent it from happen.

Figures 8 and 9 show the mesh surfaces derived from the obtuse
triangulation (a) and the acute triangulation (b) by using the GCM.
Figures 8(a) and 9(a) show difficult mappings with obtuse angles in
the given meshes. The given obtuse mesh is obtained directly from
the pattern cloud X. The acute meshes in Figs. 8(b) and 9(b) are
obtained by using the Laplacian smoothing method [4]. The Laplacian
smoothing may not derive a mesh with all acute angles. We check the
two Laplacian meshes to ensure that they meet the acute criterion and
are usable as the given meshes in the GCM. We apply the smooth
algorithm to the GCM meshes in Figs. 8(a,b) and 9(a,b) and obtain
their smooth surfaces in Figs. 8(c,d) and 9(c,d) respectively. The
checkerboard textures in these two figures are obtained by using the
same stereographic projection as that used in Fig. 6.

The meshes in Figs. 8(a,b) have N = 12963 vertices and R = 25922

faces. The meshes in Figs. 9(a,b) N = 12963 vertices and R = 25921
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faces. The step length, dt, in the GCM is set to a value 0.01 in bar-
ricentric phase and to a value 1076 in conformal mapping algorithm.
The total number of the learning epoch is roughly epochy == 900000
for the barricentric mapping and epoch, =~ 90000 for the conformal
mapping. With this epoch number the harmonic energy can reach the
minimum. The GCM meshes in Figs. 9(a,b) have serious distortions in
the bunny’s ears. See Fig. 9(e) for the detailed parameterization at the
ears. Figures 8(c,d) show a dense mesh with N™*" = 128000 vertices
by using the smooth algorithm. Figures 9(c,d) show a dense mesh with
N = 128000 vertices by applying the smooth algorithm. Note that
parts of the ear in Figs. 9(c,d) are deformed. This is because the ears are
shrinking in the parameterization where the dense mesh N  shown

in red grid in 9(e), cannot cover (make up for) the parts).

4. Summary

The smooth algorithm accomplishes the curved smooth surface instead
of the flat triangle surface obtained from the CSM. The CSM in [11] was
designed, originally, to trace the system state which changes continu-
ously and to resolve various severe competitions among finite neurons in

the self-organizing map (SOM). The SOM with finite neurons cannot be
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(b)

Igea model surface by the GCM. (a) The given mesh contains obtuse
triangles and the constructed mapping has serious distortion. (b) The
given mesh has all acute triangles and the constructed mapping is very
uniform. (c¢) The smooth surface, M, applied to the GCM mesh in (a).
(d) The smooth surface, M, applied to the GCM mesh in (b).

Figure 8.
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Bunny mesh by the GCM. (a) The given mesh contains many obtuse
triangles and the constructed mapping has serious distortion. (b) The
given mesh has all acute triangles and the constructed mapping is very
uniform. (c¢) The smooth surface, M, applied to the GCM mesh in (a).
(d) The smooth surface, M, applied to the GCM mesh in (b). (e) The
parameterization of (b) on the sphere. Right side of (c) is a detail view
of bunny’s ears and the red grid is a portion of N™"¢%,

Figure 9.
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used for monitoring the continuous state. The folded mesh in the SOM
can be indicated and resolved by the negative values of the Jacobian of
the mapping function [12]. The CSM can save and accommodate fine
textures in the map. The CSM with flat triangle surface in 3D [14] has
ambiguous resolution on the triangle edges. So, the 3D surface S® and
M?A are not suitable for tracing the continuous state. The surface S
and M will do. Note that the CSM [11] in 2D flat seamless plane does
not have such ambiguous problem.

Instead of a surface with flat triangles, a curved smooth parame-
terization for unorganized data patterns is accomplished for the model
surface. This smooth surface is mapped from the sphere surface and
serves as a kind of interpolation for the CSM mesh. Since the sphere
surface possesses well behaved smooth properties, we expect such map-
ping can carry the full extent of these beautiful properties to the model
surface.

Texture mapping is a direct application of it. The proposed algo-
rithm can be additively applied to many meshes obtained by existing
methods. Potential applications are the brain-to-brain registration, con-
sistent parameterization [1][17], facial expression synthesis, deformable
object simulation, and computing geodesic path on a model surface.

The parameterization for higher genus is also under our study [5][6].
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A refined model surface can be obtained by further determining a
convex type or a concave type shape for each A7 instead of mapping
only a convex type &"L to the part of the model surface AAZ} This means
that one can determine the type from the data patterns belong to each
A7, and use this type and the types surrounding A7, to decide a smooth
type for the A7,. We can isolate an area on M A which contains the same
type in its all A7 . The border triangles between two different type areas
will be set flat triangles, that is, A/:’:U = AJ,. A concave surface can be
obtained by reversing the unit normal vectors of the triangles. The

boundary curves should be kept continuous in this refine construction.
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