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Abstract—A mesh model is implemented on cellular neural
networks. We devise a new energy function for the mesh model in
the form of cellular neural network. By operating the parameters
of the cellular neural networks, the mesh guided by this energy
function will behave as in.

Index Terms—Hopfield model, cellular neural network,
meshed snakes

I. INTRODUCTION
Mesh generation has been studied for object modeling,

nonuniform sampling, visual data reconstructing, etc. A mesh
is designed to represent an image with a small number of nodes
conveying most of the information about the image. There are
several works which focus on these topics, e.g., Weiss[15],
Terzopoulos[6][11], Wang and Lee[14]. In [8] and [10], mesh
is used to emulate soap film and solve the Steiner Tree
Problem[3]. [9] proposes a method that uses mesh to solve
the minimal surface problems. They use Potts neural network
to minimize a three-dimensional mesh. In this paper, we
implement the neural mesh discussed in [7] on cellular neural
networks[2]. We use a similar approach in [7] but ours is more
suitable for cellular neural networks to implement mesh. We
define an energy function for mesh and then minimize it using
cellular neural networks.

II. MESH ON THE HOPFIELD NETWORK
A. The Snake
Kass et al.[6] proposed an energy-minimizing active contour

model (snake) which could drive a set of points to lie on
features of interest, e.g. edges, in a image. Representing the
position of a snake parametrically by v (s) = (x (s) , y (s)),
the energy function can be written as:

E∗snake =

Z 1

0

Esnake (v (s)) ds (1)

=

Z 1

0

[Eint (v (s)) +Eimage (v (s)) +Econ (v (s))] ds.

Where, Eint represents the internal energy of the spline due to
bending or discontinuities, Eimage represents the image forces,
and Econ is the external constrained forces. The internal spline
energy can be written as:

Eint =
¡
µ (s) |vs (s) |2 + ν (s) |vss (s) |2

¢
/2.

In the above equation, the first-order term causes the snake
to behave like a string(i.e. resists stretching) and the second-
order term causes the snake to behave like a rod (i.e. resists
bending). Adjusting the weights, µ (s) and ν (s), controls the
relative importance of the string and rod terms. The image
force in equation (1) comes from various events such as lines
or edges.
Many methods have been proposed to minimize this en-

ergy function[1,6,7,12,16]. Liou and Chang[7] proposed an
approach that is more suitable for evolving mesh. Discretizing
equation (1) and ignoring Econ for simplicity, the energy
function can be written as:

Esnake =
nX
i=1

µi|vi−vi−1|2+νi|vi−1−2vi+vi+1|2+Eimage(vi).

(2)
Where, Eimage (vi) = −γi|∇I (vi) |2 denotes the negated
intensity gradient at point vi. They use a two-dimensional
Hopfield neural network to minimize equation (2). The net-
work consists of n ∗ m mutually interconnected neurons
where n is the number of points of the snake and m is the
number of neighbors around each point of the snake. The
energy function is computed at vi and each of its neighbors,
as shown in Fig. 1. The position which minimizes the energy
function is chosen as the new position of vi. Let vi,p denote
the binary state of the (i, p)th neuron (1 for firing and 0
for resting). Let xi,p and yi,p be the x and y coordinates,
respectively, of the neighboring point (i, p), and let gi,p be
the negated intensity gradient at the neighboring point (i, p)
defined as gi,p = −γi|∇I (xi,p, yi,p) |2. The Hopfield type
energy function for equation (2) is

Esnake =

nX
i=1

{w1αi,i−1[(
mX
p=1

xi,pvi,p −
mX
p=1

xi−1,pvi−1,p)
2 +

(
mX
p=1

yi,pvi,p −
mX
p=1

yi−1,pvi−1,p)
2] + w2βi−1,i+1[
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(
mX
p=1

xi−1,pvi−1,p − 2
mX
p=1

xi,pvi,p +
mX
p=1

xi+1,pvi+1,p)
2

+(
mX
p=1

yi−1,pvi−1,p − 2
mX
p=1

yi,pvi,p +
mX
p=1

yi+1,pvi+1,p)
2]

+w3γi(
mX
p=1

gi,pvi,p) + w4εi[(1−
mX
p=1

vi,p)
2]

+w5τ i

mX
p=1

vi,p(1− vi,p)}. (3)

This energy function includes the fourth term to imply that
only one point can be selected from the neighboring points
(i,1), (i,2), ..., (i,m) for each i. The last term is called self-
connection eliminating term, which will change the diagonal
value of the interconnection matrix of the Hopfield network.
The µi and νi in equation (2) are substituted by αi,i−1 and
βi−1,i+1 respectively. αi,j and βi,j are defined as:

½
αi,j = 1− (gi,5 + gj,5)/10
βi,j = (15 + gi,5 + gj,5)/40

¾
.

The choices of αi,j and βi,j are not limited. Different
choices produce different results. The value of gi,j are nor-
malized to range from 0 to -255. The constants w1 ,w2 ,w3
,w4 and w5 are used to weight the five terms.
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Fig. 1. Position of a Neuron

Each node in the snake has eight neighbors. Thus, m=9
in this case(including itself). The energy function is com-
puted at vi and each of its eight neighbors. The location
v
0

i ,which minimizes the energy function, is selected as the
new position of vi.

B. The Mesh

The neural mesh in [7] is composed of many snakes(Fig.
2(a)). The energy function of the mesh is:

Emesh =

SnX
s=1

Esnake(s). (4)

And, the Lyapunov function of a two-deimensional Hopfield
network is written as:
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Fig. 2. Composition of Neural Mesh and their relation

(a): The mesh is composed of many snakes. Each snake
has four nodes. (b): The snake has the tendency to shrink
if there are no constraints imposed upon it. The internal
nodes in the mesh are influenced by eight forces.

EHopfield = −1
2

NX
i=1

mX
p=1

NX
j=1

mX
q=1

Wi,p;j,qvi,pvj,q

−
NX
i=1

mX
p=1

Ii,pvi,p. (5)

Where, N is the number of nodes of the mesh. Rearranging

equation (5) and comparing it with equation (3) we obtain:

Wi,p;j,q = (T1(i, j) + T2(i, j) + T3(i, j))

∗(xi,pxj,q + yi,pyj,q) + T4(i, j). (6)

Where,

T1(i, j) = (2− δp,q)δi,j [
NX
k=1

−4φ2(i, k)(w1αi,k + w2βi,k)

−8
NX
l=1

w2βk,lφ1(i, k)φ1(i, l)φ2(k, l)]

T2(i, j) = 8w1αi,jφ2(i, j)

T3(i, j) = 8w2{
NX
k=1

[βi,kφ1(j, k)φ2(i, k) +

βj,kφ1(i, k)φ2(j, k)]φ1(i, j)− βi,jφ2(i, j)}

T4(i, j) = [
NX
k=1

(−2w4εi(2− δp,q) + 2w5τ iδp,q)φ2(i, k)]δi,j

Ii,p =
NX
k=1

[(−w3γigi,p + 2w4εi − w5τ iδp,q)φ2(i, k)

respectively. δi,j is the Kronecker delta function. φ1(i, j) and
φ2(i, j) are the neighborhood functions defined as (Fig. 2(b))
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φ1 (i, j) =

½
1, if i and j are parallel neighborhood
0, otherwise

¾
φ2 (i, j) =

½
1, if i and j are diagonal neighborhood
0, otherwise

¾
.

The (i, p)th neuron in the network receives input weighted
by Wi,p;j,q from the (j, q)th neuron for each neighboring
neuron, and a bias input Ii,p. The total input, neti,p, of the
(i, p)th neuron is computed as:

neti,p =
NX
j=1

mX
q=1

Wi,p;j,qvi,p + Ii,p. (7)

Then, the (i, p)th neuron is updated as follows:

vi,p =

½
1, if neti,p ≥ 0
0, if neti,p < 0

¾
.

The rule described above for updating the neuron is applied
in an asynchronous fashion. This means that for a given time,
only a single neuron (which is selected randomly) is allowed
to update its output.

III. MESH ON CELLULAR NEURAL NETWORK
L. O. Chua and L. Yang [2] proposed a new circuit archi-

tecture, called cellular neural networks, which can perform
parallel signal processing in real time. It shares the best
features of neural network and cellular automata, and its
local dynamic seems useful to realize mesh which also have
constraint for each neuron over their neighbors. Rather than
directly apply above works, we slightly modify the energy
function of mesh (equation (3)), and make it more suitable for
cellular neural network.
We implement m ∗ n points mesh using two parallel, size-

equaled cellular neural networks, denoted as Cx and Cy, with
m ∗n neurons arranged in m rows and n columns. Let c(i, j)
denote the (i, j) th neuron in a cellular neural network, and
cNr(i, j) denote the neighbors of c(i, j). We use the four
parallel neighbors of c(i, j) as cNr(i, j). By the dynamic
characteristic of cellular neural network (ouputs are either -
1 or 1), we redefine the energy function of the mesh as

Eintx =
X

c(i,j)∈Cx

X
c(k,l)∈cNr(i,j)

{

αi,j

h
(xi,j + vx,i,j − xk,l)

2
i
+X

c(p,q)∈cNr(i,j)
c(p,q)/∈cNr(k,l)

βi,j

h
(xk,l − 2 (xi,j + vx,i,j) + xp,q)

2
i
}

Eimagex =
X

c(i,j)∈Cx

γi,j

⎡⎣ g−1,x,i,j
³
1− (vx,i,j + 1)2

´
+g+1,x,i,j

³
1− (vx,i,j − 1)2

´ ⎤⎦
Emeshx = Eintx +Eimage. (8)

Where, vx,i,j is the output of c (i, j) ∈ Cx, xi,j , yij(mentioned
later) and ga,x,i,j are the x, y coordinates and negative
intensity gradient, respectively, of the (i, j)th neuron in mesh.
ga,x,i,j is defined as ga,x,i,j = −γi,j |∇I (xi,j + a, yi,j) |2
and ga,y,i,j(mentioned later) is defined as ga,y,i,j =
−γi,j |∇I (xi,j , yi,j + a) |2 . The energy function for Cy,
Einty and Eimagey are defined similarly by substituting all
x in Eintx and Eimagex into y; in the following we only
consider the case for Cx, because Cy is similar. The values of
vx,i,j and vy,i,joutput of c (i, j) ∈ Cy) are used to update the
new position of (i, j)th neuron in mesh as follows:
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(x
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i,j , y
0

i,j)

-6

Fig. 3. The Movement of a Mesh Node.

The outputs of Cx and Cy serve as the movement of
mesh nodes. Because energy functions of Cx and Cy are
minimized separately, xij and yij are updated in turns,
not synchronously.(

x
0

i,j = xi,j + vx,i,j
y
0

i,j = yi,j + vy,i,j

)
.

One can think of vx,i,j and vy,i,j as the movement for
(i, j)th neuron in the mesh. The Lyapunov function of a
cellular neural network with m ∗ n neurons is:

Ecnn = −1
2

X
(i,j)

X
(k,l)

A (i, j; k, l) vi,jvk,l

−
X
(i,j)

X
(k,l)

B (i, j; k, l) vi,jvu,k,l

+
1

2Rx

X
(i,j)

v2i,j −
X
(i,j)

Ivi,j . (9)

Where, Rx is an adjustable parameter, vi,j and vu,i,j is the
output and input, respectively, of the (i, j)th neuron in the
cellular neural network. Let I , A (i, j, k, l) and B(i, j, k, l) be
zero for all i, k < m , j, l < n where i 6= k, j 6= l and let
vu,i,j be 1 for all i < m, j < n, we can write the Lyapunov
function in a more simple form:

E
0

cnn = −1
2

X
(i,j)

A (i, j; i, j) v2i,j +
1

2Rx

X
(i,j)

v2i,j

−
X
(i,j)

B (i, j; i, j) vi,j . (10)
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By rewriting equation (10) in this way, the Lyapunov function
of Cx now becomes:

ECx = −1
2

X
(i,j)

Ax (i, j; i, j) v
2
x,i,j +

1

2Rxx

X
(i,j)

v2x,i,j

−
X
(i,j)

Bx (i, j; i, j) vx,i,j . (11)

Rearranging and comparing Emeshx to ECx , we have:

Ax(i, j; i, j) =
1

Rxx
− 8αi,j − 32βi,j

+2γi,j (g−1,x,i,j + g+1,x,i,j) (12)

Bx (i, j; i, j) =

X
c(k,l)∈cNr(i,j)

αij2 (xk,l − xi,j) +X
c(k,l)∈Cx

X
c(p,q)∈Cx

4βi,j (xk,l + xp,q − 2xi,j)

∗φ1 (i, j; k, l)φ1 (i, j; p, q)φ2 (k, l; p, q)
+2γi,j (g−1,x,i,j − g+1,x,i,j) . (13)

Where, φ1 (i, j; k, l) and φ2 (i, j; k, l) are the neighborhood
functions redefined as:

φ1 (i, j; k, l) =

⎧⎨⎩ 1, if c (i, j) and c (k, l) are parallel
neighborhood

0, otherwise

⎫⎬⎭
φ2 (i, j; k, l) =

⎧⎨⎩ 1, if c (i, j) and c (k, l) are diagonal
neighborhood

0, otherwise

⎫⎬⎭ .

Ay(i, j; i, j) and By (i, j; i, j) for Cy are similar.

Finally, we can use Cx and Cy to obtain vx,i,j and
vy,i,j for the (i, j)th neuron in mesh, respectively, by set-
ting Ax(i, j; i, j), Bx (i, j; i, j), Ay(i, j; i, j) and By (i, j; i, j)
properly[2].
The x and y coordinates can be updated in an asynchronous

fashion, so one cellular neural network is sufficient for imple-
menting the mesh. This means that for a given time, only the
x or y coordinate of the neural mesh is updated to a new value
but not both. The experimental results are showed below(Fig.
4 and 5).

Figure 4. The Final Mesh.

Figure 5. The coverged mesh only

IV. CONCLUSION
In this paper we implemented mesh on cellular neural

networks. The method is to employ the cellular neural network
to solve the energy-minimizing problem of the mesh. There
are several ways to write the energy function of cellular neural
network for the mesh, e.g., [7] uses 9 neurons for each mesh
point. We choose an elegant one which is easy to implement
on cellular neural networks which uses only one cell in one
cellular neural network for each mesh point.
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