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Abstract�This paper uses Neural Mesh to model deformable
objects. The energy of Neural Mesh is minimized using a mod-
i�ed Hop�eld neural network. In order to model deformable
objects, the energy function of Neural Mesh is approximated
by a second-order Taylor series expansion. Experiment results
are given on �ying �ags.

I. INTRODUCTION
Snake[21] is originally used to retrieve information about

an image. Liou and Chang[7] extended the idea of snake
into meshed snake and used Hop�eld neural network to
solve the minimization problem. The meshed snake is then
called Neural Mesh and is used to solve other problems, such
as Steiner Tree Problem[8], Minimial Surface Problem[6].
In this work, a special application of Neural Mesh, the
deformable mesh, is developed. This deformable mesh can
be used to model deformable objects, such as �ying �ag. To
this goal, a modi�ed Hop�eld neural network that is more
suitable for this problem is proposed.

II. NEURAL MESH

Neural Mesh proposed by Liou and Chang[7] is a mesh
which can capture information of image in the process of
mesh evolution. The process of mesh evolution is driven
by process of energy minimization. The energy function of
Neural Mesh, which has a quadratic form, is de�ned by each
point of the mesh:

E =
X

(i;j)2M

(Pi � Pj)2; (1)

whereM is a mesh having n points, Pi is the ith point in the
mesh, and Li;j is an edge between Pi and Pj in the mesh (we
ignore the bending term in the original work for simplicity.)
To evole the mesh, Neural Mesh �nds a new con�guration

of points P
0

i = Pi + Di for the mesh which has smaller
energy value than the original con�guration:

argmin
D

�
(Pi +Di)� (Pj �Dj)

�2
; (2)

where D = [D1; D2; :::Dn] is the displacement matrix for
the mesh. Additional constraints may be imposed on D,
according to different designs.
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The quadratic property and the energy minimization prop-
erty let it possible to minimize the energy function of Neural
Mesh by Hop�eld neural network.
The energy function of Hop�eld neural network is de�ned

as:

EHopfield = �
1

2

X
i;j

Wi;jViVj �
X
i

IiVi: (3)

Let E = EHopfield by appropriately setting Wi and Ii,
the minimization of the Hop�eld network will be equivalent
to the minimization of the energy function of Neural Mesh.

III. DYNAMICS OF THE MESH

To model deformable objects in Neural Mesh, the mesh
is treated as the surface of an object. Analogous to mass-
spring model in computer graphics, each edge of the mesh
is treated as a spring. First, by extending Neural Mesh into
three-dimensional, we have a 3D neural mesh. Consider a
3D neural mesh Q which consists of n points represented by
Pi; i = 1 � n and edges between points represented by Li;j
if there is an edge between point i and point j. Next, every
edge Li;j in Q is treated as a spring with natural length �Li;j .
The original Neural Mesh now becomes a special case of this
3D neural mesh with �Li;j = 0 and two-dimension only.

Analogous to (1), an energy function of the mesh Q which
represents the potential of springs is de�ned as

EQ =
X

Li;j2Q
�i;j(jPi � Pj j � �Li;j)2; (4)

where �i;j is the weighting factor for Li;j .
Then, similar to (2), the dynamics of the mesh is a

minimization process of EQ. Every spring minimizes its
potential and the lost potential is transformed into kinetic
energy. Now the deformation of the object, in theorically,
can be simulated.

Since acceleration is involved in the deformation, the
original Hop�eld neural network used in Neural Mesh is not
suitable to minimize EQ, because the output of the Hop�eld
neural network is binary. Furthermore,a sophisticated energy
function which involved acceleration should be considered.

Let xi(t) = [xi;1(t); xi;2(t); xi;3(t)] be the coordinate
vector, vi(t) = [vi;1(t); vi;2(t); vi;3(t)] be the velocity vector,



ai(t) = [ai;1(t); ai;2(t); ai;3(t)] be the acceleration vector of
Pi at time t, respectively. Then for any time t1, t2 such that
t2 = t1 +�t, we can approximate xi(t2) by

xi(t2) = xi(t1) + vi(t1)�t+
1

2
(ai(t1) +�ai(t1))�t

2; (5)

where �ai(t1) = [ai;1(t1); ai;2(t1); ai;3(t1)] is the change of
acceleration from time t1 to t2.

Rewrite (4) by substituting Pi with xi(t2) and Pj with
xjt2:

EQ(t2) =
X

Li;j2Q
�i;j

�
jxi(t2)� xj(t2)j � �Li;j

�2

=
P

Li;j2Q

"
�i;j

���xi(t1) + vi(t1)�t+ 1
2 [ai(t1) + �ai(t1)]�t

2

�(xj(t1) + vj(t1)�t+ 1
2 [aj(t1) + �aj(t1)]�t

2)
��� �Li;j�2#

=
X

Li;j2Q
�i;j

"
s X

p=1�3

�
Ci;j;p(t1)) +

1

2
�t2

�
�ai;p(t1)��aj;p(t1)

��2
��Li;j

#2
;

where EQ(t) represents the potential energy of mesh Q at
time t and Ci;p(t) is de�ned as:

Ci;p(t) = xi;p(t) + vi;p(t)�t+
1

2
(ai;p(t))�t

2;

and Ci;j;p(t) = Ci;p(t)� Cj;p(t).

The problem of choosing the next con�guration of the
mesh Q which minimize EQ(t2) is now becomes an min-
imization problem that, �nding a parameter matrix

A(t1) =

26664
�a1(t1)
�a2(t1)

...
�an(t1)

37775
which minimize EQ(t2).

In order to simulate the deformation more precisely and
speed up the minimization process, �ai(t) is used for
probing only and is constrained into an unit vector, that is,
�a2i;1(t)+�a

2
i;2(t)+�a

3
i;3(t) = 1. After �ai(t) is obtained,

an energy change �Ei(t1) from time t1 to t2 corresponding
to every point Pi in Q is calculated:

�Ei(t1) =
X

Lk;j2Q
�k;j

"
�
jxk(t1) + vk(t1)�t+

1

2
[ak(t1) + �(i; k)�ak(t1)]�t

2 �

(xj(t1) + vj(t1)�t+
1

2
[aj(t1) + �(i; j)�aj(t1)]�t

2)j � �Lk;j
�2

�
�
jxk(t1)� xj(t1)j � �Lk;j

�2#
; (6)

where �i;j is the Kronecker delta function. �Ei(t1) rep-
resents the energy change from t1 to t2 assuming that
acceleration change only occurred in Pi.

From the idea of energy conservation, �Ei(t1) is trans-
formed into kinetic energy of Pi. Thus, the acceleration at
time t2 is obtained by

ai(t2) = ai(t1) + �ai(t1)
p
j�Ei(t1)j; (7)

where  is a weighting parameter. The velocity vi(t2) and
position xi(t2) can then be obtained from ai(t2).

After velocity is obtained, energy lose due to various
frictions is introduced by multipling vi with a ratio Rfriction.
Additionally, all external forces are directly applied on ve-
locity each iteration. More precisely, the followings are used
to update vi(t2) and ai(t2):

vi(t2) = vi(t2)Rfriction;

ai(t2) = ai(t2) + external force:

The dynamics of the mesh is now well-described.

Because �ai;p(t) 2 R, it is hard to minimize EQ(t) using
a traditional Hop�eld neural network. In the next section, a
modi�ed Hop�eld neural network is proposed. The modi�ed
Hop�eld neural network is more suitable for this situation.

IV. MODIFIED HOPFIELD NEURAL NETWORK

In this section, we extend Hop�eld neural network with
the capability to handle real number.

At �rst, we check the convergence and energy-
minimization properties of Hop�eld neural network[15]:

�E = �[
X
j 6=i

Wi;jVj + Ii]�Vi

� 0:
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Fig. 1. A neuron of the modi�ed Hop�eld Neural Network.

This result guarantees the convergence and energy-
minimization properties of Hop�eld neural network. But,
in order to guarantee these properties, the outputs of this
model are constrained to be binary. This constraint enforces
following inequation to be true:

�Vi
�X
j 6=i

Wi;jVj + Ii
�
� 0: (8)

In order to keep (8) true and make input/output of neurons
be real, a neuron in Hop�eld neural network is divided into
two parts: input part and output part. The input part collects
inputs from other neurons and sends them to the output
part. The output part modi�es and produces the output of
this neuron according the inputs provided by the input part.
The modi�ed neuron can be viewed as a neuron with self-
loop, although such neuron is not extactly the same with the
modi�ed neuron. Figure 1 depicts the modi�ed neuron.

From this idea, we modify the updating rule of Hop�eld
neural network by

�V
0

i =

P
j 6=iWi;jVj + IiP
j 6=i jWi;j j+ jIij

(9)

and

�Vi = R�V
0

i ; (10)

where R is de�ned as

R =

�
1� Vi; if �V

0

i � 0;
1 + Vi; if �V

0

i < 0:
(11)

The output is adjusted by

V 0i = Vi +�Vi (12)
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Fig. 2. The Updating Rule. One can think of the updating rule as the
inputs in�uence the output in a biased way, but not directly decide the output.
Previous output still has in�uence on the future output.

where V 0i is the new output and Vi is the old output. Notice
that for this updating rule to work, at least one of Ii andWi;j

must be nonzero.

The divisor in (9) normalizes the dividend, keeping �1 �
�V 0i � 1 . It is then served as the ratio of R. Obviously, R in
(10) is always positive(from (11)), thus �Vi = R�Vi always
has the same sign with

P
i 6=jWi;jViVj . Figure 2 shows how

output is modi�ed by this updating rule.

Now, check the energy function of the modi�ed Hop�eld
neural network:

E = �1
2

XX
i 6=j

Wi;jViVj �
X
i

IiVi

�E = �[
X
j 6=i

Wi;jVj + Ii]�Vi

= �[
X
j 6=i

Wi;jVj + Ii] �R�V
0

i

= �R
[
P

j 6=iWi;jVj + Ii]
2P

j 6=i jWi;j j+ jIij
� 0: (13)

Thus the modi�ed Hop�eld neural network preverses
the convergence and energy-minimization properties of the
original Hop�eld neural network. Inputs for neurons affect
neurons in a less direct way.

To further examine the property of the modi�ed Hop�eld
neural network, notice that the diagonal weight (Wi;i) of the
original Hop�eld neural network, in fact, needs not to be zero



to satisfy the convergence property. It is necessary whenWi;i

is positive[13].

To verify the same property in the modi�ed Hop�eld neural
network, rede�ne the updating rule and energy function to
include diagonal terms, then

�Vi = R

 P
j=1�nWi;jVj + IiP
j=1�n jWi;j j+ jIij

!

and

E = �1
2

X X
i;j=1�n

Wi;jViVj �
X
i

IiVi

�E = �[
X
i 6=j

Wi;jVj + Ii]�Vi �
1

2
(2Wi;iVi�Vi +Wi;i�V

2
i )

= �[
X

j=1�n
Wi;jVj + Ii] ��Vi �

1

2
Wi;i�V

2
i

= �R
[
P

j=1�nWi;jVj + Ii]
2P

j=1�n jWi;j j+ jIij
� 1
2
Wi;i�V

2
i

� 0:

if Wi;i � 0.

Thus, the same property is also true in a modi�ed Hop�eld
neural network.

Furthermore, to satisfy �E < 0,

�R
[
P

j=1�nWi;jVj + Ii]
2P

j=1�n jWi;j j+ jIij
� 1
2
Wi;i�V

2
i � 0

1

2
Wi;i�V

2
i � �R

[
P

j=1�nWi;jVj + Ii]
2P

j=1�n jWi;j j+ jIij
Wi;iR

2

2

[
P

j=1�nWi;jVj + Ii]
2

(
P

j=1�n jWi;j j+ jIij)2
� �R

[
P

j=1�nWi;jVj + Ii]
2P

j=1�n jWi;j j+ jIij

Wi;i � � 2
R
(
X

j=1�n
jWi;j j+ jIij)

for R 6= 0, (
P

j=1�n jWi;j j + jIij) 6= 0, and
(
P

j=1�nWi;jVj + Ii) 6= 0. But this is always true for
any Wi;i by observing that Wi;i appears in two sides of
the inequation. Thus, in a modi�ed Hop�eld neural network,
there is no constraint on Wi;i. The value of Wi;i only
affects the convergence speed of the modi�ed Hop�eld neural
network.

V. THE DEFORMABLE MESH

The modi�ed Hop�eld neural network is used to minimize
the energy function of 3D neural mesh, just as the original
Hop�eld neural network is used to minimize the energy
function of the Neural Mesh. The modi�ed Hop�eld neural
network consists of n � 3 mutual interconnected neurons,
where n is the number of points of the mesh.
Let Vi;p be the output of the (i; p)th neuron in the network

and Wi;p;j;q be the synaptic weight from the (j; q)th neuron
to the (i; p)th neuron, the energy function of the modi�ed
Hop�eld neual network , E0Hopfield, can be written as

E0Hopfield = �
1

2

nX
i=1

3X
p=1

nX
j=1

3X
q=1

Wi;p;j;qVi;pVj;q�
nX
i=1

3X
p=1

Ii;pVi;p:

(14)
Next, every neuron is used to represent the change of

acceleration de�ned previous. Hence, replace �ai;p in(6) by
Vi;p and plus it by a constrained energy which is minimized
when (Vi;1; Vi;2; Vi;3) forms an unit vector: (Here we write
EQ instead of EQ(t) for simplicity)

EQ =
X

Li;j2Q
�i;j

"
X
p=1�3

�
Ci;p � Cj;p +

1

2
�t2(Vi;p � Vj;p)

�2
�2�Li;j

s X
p=1�3

�
Ci;p � Cj;p +

1

2
�t2(Vi;p � Vj;p)

�2
+ �L2i;j

#

+
X
i2Q

�i

 
1�

s X
p=1�3

V 2i;p

!2
: (15)

Replace the square root terms with the second-order taylor
series expansion of them about these points (V 0i;1; V 0i;2; V 0i;3)
and (V 0j;1; V 0j;2; V 0j;3) :

s X
p=1�3

�
Ci;p � Cj;p +

1

2
�t2(Vi;p � Vj;p)

�2

= B�1i;j +
X
p=1�3

(Vi;p � V 0i;p)(
1

2
Di;j;pBi;j)

+
X
p=1�3

(Vj;p � V 0j;p)(�
1

2
Di;j;pBi;j)

+
X
p=1�3

(Vi;p � V 0i;p)2
 
1

8

�
�t4Bi;j �D2

i;j;pB
3
�!

+
X
p=1�3

(Vj;p � V 0j;p)2
 
1

8

�
�t4Bi;j �D2

i;j;pB
3
�!



+
X
p=1�3

(Vi;p � V 0i;p)(Vj;p � V 0j;p)
�D2

i;j;pB
3
i;j ��t4Bi;j
4

�
+

X
p6=q
(Vi;p � V 0i;p)(Vj;q � V 0j;q)

�Di;j;pDi;j;qB3i;j
4

�
+

X
p6=q
(Vi;p � V 0i;p)(Vi;q � V 0i;q)

��Di;j;pDi;j;qB3i;j
4

�
;

where

Bi;j =

s X
p=1�3

�
Ci;p � Cj;p +

1

2
�t2(V 0i;p � V 0j;p)

�2�1
and

Di;j;p = �t
2(Ci;p � Cj;p) +

�t4

2
(V 0i;p � V 0j;p):

The second square root is expanded as:

s X
p=1�3

V 2i;p = Fi +
X
p=1�3

(Vi;p � V 0i;p)
V 0i;p
Fi

+
1

2

X
p=1�3

(Vi;p � V 0i;p)2
�F 2i � (V 0i;p)2

F 3i

�
�
X
p=1�3

X
q 6=p
(Vi;p � V 0i;p)(Vi;q � V 0i;q)

�V 0i;pV 0i;q
F 3i

�
where

Fi =

s X
p=1�3

(V 0i;p)
2:

Finally, solve EQ = E0Hopfield, Wi;p;j;q will be

Wi;p;j;q = T1(i; p; j; q)+T2(i; p; j; q)+T3(i; p; j; q)+T4(i; p; j; q)

where

T1(i; p; j; q) = �2�i�i;j�p;q + �i;j
X

Li;k2Q

 
1

2
(2� �p;q)�i;k �Li;k

�
�p;q�t

4Bi;k �Di;k;pDi;k;qB3i;j
�!

T2(i; p; j; q) = �(1� �i;j)
X

Li;j2Q

 

�i;j �Li;j

�
�p;q�t

4Bi;j �Di;j;pDi;j;qB3i;j)
�
� 2�i;j�t2

!

T3(i; p; j; q) = �i;j�p;q

�
� 2�i;j

�t4

4
+ 2�i

F 2i � (V 0i;p)2

F 3i

�
T4(i; p; j; q) = �i;j4�i

V 0i;pV
0
i;q

F 3i

and

Ii;p =
X

Li;j2Q

(
� �i;j�t2 + 2�Li;j

"
1

2
Di;j;pBi;j � V 0i;p

h
�t4Bi;j �D2

i;j;pB
3
i;j

i
+

1

2
V 0j;p

h
�t4Bi;j �D2

i;j;pB
3
i;j

i
+

X
q 6=p

1

2
(V 0j;q � V 0i;q)

h
Di;j;pDi;j;qB

3
i;j

i#)

+ �i

 
�
V 0i;p
Fi

+
F 2i � (V 0i;p)2

F 3i
�
X
q 6=p

V 0i;q
V 0i;pV

0
i;q

F 3i

!
:

After Wi;p;j;q is obtained, the modi�ed Hop�eld neural
network can be used to minimize the energy function of the
deformable object to obtain Vi;p. From (7), acceleration ai,
velocity vi and position xi can also be obtained.
The whole algorithm is described as follow.
� Initial the mesh and network.
� Run modi�ed Hop�eld neural network until the network
reaches one of stable states.

� Update the acceleration, velocity and position of points
in the mesh.

� Update Wi;p;j;q .
� Repeatedly do above three operations.

VI. EXPERIMENT RESULTS
The experiment results are shown in Figure 3 and Figure

4. Table I shows the parameters used in these experiments.

TABLE I
EXPERIMENTS PARAMETERS

Figure �T Rfriction  elapsed time node #
3 0.05 0.99 4000 93 mins 400
4 0.05 0.99 8000 54 mins 225

VII. CONCLUSION

This paper has implemented deformable objects on Neural
Mesh. Similar to other mass-spring or energy solution, this
method suffer from accuracy problem. Different  and time
step �t lead to different outcomes. Another disadvantage
is that the formula for Wi;p;j;q is very complicated. It
takes many calculations, both for computer and human. This
approach also can only handle quadratic energy function;
otherwise, Taylor series expansion must be introduced which
brings more complicated calculations and the possibility of
error.



Fig. 3. The badge of National Taiwan University on a �ying �ag.

Fig. 4. Another Experiment Result.

On the other hand, it is a nice attempt to use neural
network as a computational tool. Hardware supports and
more sophisticated neural network model can speed up the
computation and reduce the approximation error.
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