Quantum Computers
Final Exam Solution

1. Define du = p(0, ¢)dfde = - sin 0dOdep.
(a) For [¢(0,¢)) and |@(6', &),
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Or, using density operators p(6,¢) and p(0', ¢'),
(F) = [[ (o0 000, ") dpdit
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In the third equality terms involving cos ¢, sin ¢, cos¢’, or sin ¢’
vanish after integration. Also note that tr (c3) = 0 and o303 = 1.
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Notice that the chosen [¢) and |¢) is independent, hence (pyp,) =
(py) (py), that is, we can consider the two states separately. Since
the probability of p(6, ¢) is p(d, ¢), we have
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(c¢) The difference represents the information gained by making a mea-
surement in terms of fidelity.

2. The state after rearrangement is
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5.

(b) The eigenvalues are A, = § + % and A_ =1 — ?, with corre-
sponding eigenstates | 1,) = %(|O)+|1>) and | |,) = %(|O)—|1>)

()
1®) a5 = Asl Todal Ta)s + VA Lodal La)s.

W= e )

= ((1 = p)p1, (1 — p)p2, p3).

Ulp1)alB)s = |¢1)alBi)B
U|902>A‘5>B = |<,02>A|ﬁ2>3 ’

since U is unitary, we have

(a1l B(B]) (lg2)alB)B) = (ale1lB(Bil) ([p2)al B2) B)
= alp1lw2)a = alwilp2) ap(B1|52) B
= 1=5(6|6)5

because a{p1|w2)a # 0. That is, |51)p = |52)B.

(b) With 4(p1|p2)a = 0, there is no restriction on g(f;|52)p. This
reflects the fact that orthogonal states can be distinguished with
perfect accuracy.
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Perror = P1tr (p1E2) + potr (p2Ey)
= tr(pp1(I - E1) + papoEn)
= tr(pp1 + (p2p2 — p1p1)E1)
= tr(pip1) + tr ((p2p2 — p1p1)E1)
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6. (a) Since p is a density operator, all its eigenvalues A, > 0. Then
p2p2 = p1p1 = (P2 = pr)p = (p2 — p1) D N[i) il = D Aili) il

So )\Z = (pg _pl))\; for all 4.
When ps; > py, the \;’s are all non-negative, so

(perror ) optimal = P1-

When ps < py, the \;’s are all negative, so

(perror)optimal =p1+ Z/\z =p1+ (pQ - pl) = D2.

(b)
3
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1
= tr <[(p§p% + p1p1p2p2 + p2p2p1p1 + P?P%)] 2)

)
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= tr ([(P2P2 + p1p1)(P2p2 + p1p1)]
= tr (p2p2 + p1p1)

= p2+p
=1
So we have
1 1 1 1
(perror)optimal — 5 - §||p2p2 — p1p1||tr = 5 — 5 =0.

(¢) When p; = po, there is no way to distinguish between the two,
hence the best we can do is guess the one with the higher proba-
bility, so

Perror = min(pl»pZ)-

When p; and p, are orthogonal, they can be distinguished with
no error, hence
Perror = 0.



