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A Introduction

This document presents some materials not included in the paper. In particular, we

provide more details of some methods and give additional experimental results.

B More Details about GLMNET

Let U_Jj = w¥ 4+ d; and L;(z) = §A2* + Bz. GLMNET obtains the optimal solution z
of g;(2) in - by the following closed-form solution:
(|u|jlu) sgn(u) iflul—1>0
w;+z=4 O el = 12 (@)
0 otherwise,
where u = L(0)w; — L}(0). We prove that is equivalent to (27). From (27),
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The last equality then leads to ().
Next, we discuss the implementation of evaluating Ej (0) as it is the main operation

at each inner iteration. As we mention in Section GLMNET explicitly normalizes

x; by (6.2). Here we use L}(0; X) to denote L/;(0) on the scaled data. If we define

o1 ify=1,
vi= 0 if Y; = —1,

then L/(0; X) can be computed by
E;(O;X) = Az+ B |,—0=B

= V;L(w" X) + ) V3 L(w"; X)d,
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To reduce the computational effort, GLMNET maintains a vector r[1 ...I] and two
scalars o and svr:

n

ad
flil = 7(w” ;) — §i+ Dy o,
Ot
t=1
" Zd
o= —, (11)
= Ot
l n n
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and evaluates L’ (0; X) by

L(0; X) (ij t[i] — Dy;0) svr:zj>. (I11)



Notation in the paper Variables in GLMNET code

[ no

n ni
D“,’Lzll V(].ZI"IO)
T(wT.i'i),i: 1...1 q(]_:no)
wj,j=1...n b(1:ni)
T(whE;) — G + Dy >y xi%tdt r(1:no)
Z?:l x;_ft o

Sy (P ) = g+ D Yy 2 — Dy T, ) s
E}(O;X) gk
Li(0;X),j=1...n xv(1:ni)
Zizl Dz, j=1...n xm(1:ni)

To maintain 7[1...1], o and svr, at each inner iteration, GLMNET updates

Dii 1) — .
fi] < rfi] + = 7 v,
0j
Tj_
04 0+ —2,
0j
XmU]Z’

SVr <— svr +
0j

where Z is the optimal solution of min, g;(2) and
!
i=1
At the end of each outer iteration, GLMNET computes 7(w?;), Vi, by @D, and
ali] + 7(w'2,);
and then updates
Di; « q[i](1 — q[i]),
tli] < qli] — @,
l
svr > (alil — %)
i=1
and xm[j] by (IV).

In section [6.2] we discuss the shrinking technique applied in GLMNET. Algorithm
[ shows the details.



Algorithm 1 GLMNET with a shrinking technique
1. Given w!.
2. For k=1,2,3,...
o Let d" + 0.
e While (TRUE)
— Let Q = ¢.
—foryj=1,....n
x Solve the following one-variable problem by :

z=argmin q(d" + ze;) — q(d").

x If Z £ 0, then
Q—QuU{j}.
* df —df + Z.
— If d" is optimal for minimizing ¢ (d), then BREAK.
— While d” is not optimal for minimizing gx(d) on Q

x for j € Q
- Solve the following one-variable problem by ([27)):

Z=argmin g (d" + ze;) — qu(d").

cdb = dh oz
o whtl = wk + d”.

C More Details on the Comparison Results

C.1 The Time of Each Solver to Reach a Specified Stopping
Criterion

In Table[A] we show the time of each solver to reduce the function value to be within
1% and 0.01% of the optimal value. When 0.01% is used, we have almost reached the
final sparsity pattern. From the result, CDN is still the fastest for most data sets. To
provide more information, in Table Bl we show the time of each solver to reduce the
scaled 2-norm of the projected gradient to be less than 0.01 and 0.0001. Note
that Eq. < 0.0001 is a very strict condition, which most of the solvers in our

experiments can not meet. In such a strict condition, IPM outperforms CDN.

C.2 Number of Iterations

In Table [C], we show the number of iterations of each solver to reduce the norm of
the scaled project gradient norm to be less than 0.01.



C.3 Average Cost per Iteration

In Table[D] we show the average cost per iteration of CDN, CDN-NS, TRON and BBR.
We run the programs until the scaled norm of the projected gradient is below
0.01.

D Comparison of L1 and L2 Regularized Logistic
Regression

We show the comparison of L1 and L2 regularized logistic regression in Figure [A]
We use CDprimal to indicate the primal coordinate descent method in |(Chang et al.
(2008) and CDdual for the dual coordinate descent method in Yu et al| (2011). For
document data used here, our results indicate that L1’s accuracy is only similar to
L2’s (or even slightly lower). However, for some other types of data (e.g., KDD Cup
2009), we find that L1 is better. Therefore, whether L1 or L2 gives better accuracy
deserves further investigations.

Training time is another issue. From Figure [A] L2-regularized logistic regression
by CDdual is faster than L1-regularized logistic regression by CDN. For practitioners,
we recommend them to try L2 first for classification and L1 for feature selection; see
also the description in our LIBLINEAR FAQF]

E Convergence Rate of CDN: Logistic Regression

In this section, we show that CDN converges at least linearly if the logistic loss
function L(w) is strictly convex. We can check whether X has full column rank or
not beforehand to ensure the strict convexity. In the following proof, shrinking is not
considered.

To apply the linear convergence result in (Tseng and Yun| (2009), we show that
L1-regularized logistic regression satisfies the conditions in their Theorem 2(b) if the
loss term L(w) is strictly convex (and therefore w* is unique).

From Appendix [D]of the paper, we know L1-regularized logistic regression has the
following properties.

1. VL(w) is Lipschitz continuous; see of the paper.

2. The level set is compact, and hence the optimal solution w* exists.

3. Amin = VELL(w") < A, Vj = 1,...,n, Vk; see (95)).

*http://www.csie.ntu.edu.tw/~cjlin/liblinear/FAQ.html
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Figure A: The testing accuracy versus the training time (log-scaled) A comparison of
L1 and L2 regularized Logistic regression without using the bias term.

In addition to the above three conditions, Tseng and Yun| (2009, Theorem 2(b))
require that for all ¢ > min,, f(w), there exists T' > 0,¢ > 0, such that

Tldz(w)]| = [[w —w?, vVw e {w]| f(w) <Cand |[dr(w)]| <€}, (V)

where dz(w) is the solution of CGD-GS’s sub-problem (Equation of the paper)
at w with H = Z (Tseng and Yun, 2009, Assumption 2). For logistic loss, Yuan et al.
(2011, Appendix B) has shown that is satisfied if the loss function is strictly
convex.

Therefore, all conditions in Tseng and Yun| (2009, Theorem 2(b)) are satisfied, so

linear convergence is guaranteed.

F Convergence Rate of CDN: L2-loss SVM

We prove that CDN converges at least linearly if L2-loss function L(w) is strictly
convex. Similar to the discussion in Section [E] we show that all conditions in [Tseng
and Yun| (2009, Theorem 2(b)) are satisfied.

We only need to check condition because Appendix |F|of the paper has checked
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all the other conditions. The proof of condition in [Yuan et al.| (2011, Appendix
B) is independent of the loss function and only requires the loss function L(w) to be
strictly convex, VL(w) to be Lipschitz continuous, and the level set to be compact.
As a result, the proof in [Yuan et al.| (2011, AppendixB) can be applied to L2-loss

SVM directly. Therefore, linear convergence is guaranteed.
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Logistic regression w/o bias (f — f*)/f* < 0.01

leu  duke a%9a real-sim news20 rcvl yahoo-japan yahoo-korea
BBR 0.61 1.12 0.14 2.80 17.01 69.72 11.71 157.80
CDN-NS 0.05 0.13 0.08 1.50 8.72 34.61 8.08 78.60
SCD 11.68 * 5.47 * * * * *
TRON 0.38  1.00 0.21 4.78 147.15  1419.92 503.75 33656.71
BMRM 3.22 20.32 * * * * * *
OWL-QN | 141 2.65 0.29 2.23 55.26 62.18 36.33 951.20

Logistic regression w/o bias (f — f*)/f* < 0.0001

leu  duke a%a real-sim news20 rcvl yahoo-japan yahoo-korea
BBR 3.08 11.90 * 10.17 261.43  1605.06 503.56 16647.06
CDN-NS 0.35 1.14 52.78 3.66 34.45 118.21 64.44 250.99
SCD * * 0 648.26 * * * * *
TRON 0.50 1.13 7.37 12.15 195.97  2851.32 1405.42  147227.69
BMRM 14.11 57.86 * * * * * *
OWL-QN | 4.01 924 1141 5.85 193.60 168.79 105.81 4305.01

Logistic regression w/ bias (f — f*)/f* < 0.01

leu  duke a%a real-sim news20 rcvl yahoo-japan yahoo-korea
CDN-NS 0.27  0.05 0.08 1.55 10.02 82.58 36.52 92.97
CGD-GS 248  1.02 0.36 7.73 572.71 485.90 119.49 1833.33
IPM 0.46  0.51 0.18 5.93 169.55 204.54 81.08 1014.91
GLMNET | 0.03 0.04 27.21 *12302.44  34261.79 * *
Lassplore | 0.29  0.28 0.91 41.71 445.76  1329.36 456.69 7789.72

Logistic regression w/ bias (f — f*)/f* < 0.0001

leu  duke a%a real-sim news20 rcvl yahoo-japan yahoo-korea
CDN-NS 0.48 0.58 53.72 6.94 40.79 524.35 117.93 1432.64
CGD-GS 295 194 * 16.93  1433.38  1211.45 * 8444.67
IPM 0.62 0.76 0.75 10.35 247.69 296.23 218.26 3329.53
GLMNET | 0.04 0.06 34.90 * * * * *
Lassplore | 0.40  0.40 7.54 133.93 1612.33  4444.23 1502.42 28098.40

L2-loss SVM (f — f*)/f* <0.01

leu  duke a%a real-sim news20 rcvl yahoo-japan yahoo-korea
CDN-NS 1.30 1.02 0.02 0.24 48.81 6.32 3.30 14.61
TRON 6.04 10.00 0.15 3.06  2911.90 124.14 589.02 12651.89
BMRM 34.17 * * * * * * *

L2-loss SVM (f — f*)/f* < 0.0001

leu  duke a%9a real-sim news20 rcvl yahoo-japan yahoo-korea
CDN-NS | 21.78 * 9.78 0.88 331.13 40.51 24.62 64.84
TRON 7.92 13.10 9.32 8.83  6331.49 346.89 1854.07 37424.07

Table A: Time in seconds to reduce the relative difference to the optimal function
value to be less than 0.01 and 0.0001. We boldface the best approach. The asterisk
symbol (*) indicates that a solver is unable to reach the target in a reasonable amount

of time.



Logistic regression w/o bias, <0.01

leu duke a%9a real-sim news20 rcvl yahoo-japan yahoo-korea
BBR 1.57  0.41 3.38 7.35 132.08 111.74 1027.90 *
CDN-NS 0.13 0.05 1.46 2.24 9.40 39.94 94.83 378.59
SCD 27.48 31.05  55.52 * * * * *
TRON 0.43 0.89 0.65 7.46 158.14  621.00 1460.28  123535.11
BMRM 11.36  14.24 * * * * * *
OWL-QN | 245 2.03 3.84 3.81 68.03 79.72 141.51 6725.46

Logistic regression w/o bias, < 0.0001

leu  duke a%9a real-sim news20 rcvl yahoo-japan yahoo-korea
BBR 7.06 12.04 * 29.80 1117.76 5577.84 3563.41 *
CDN-NS 0.95 0.75 226.78 11.67 78.11  336.09 799.53 5600.84
TRON 0.51 1.13 13.10 24.27 243.74  3217.27 1820.74  164513.18
BMRM *78.91 * * * * * *
OWL-QN *10.16 * 15.21 400.71  308.78 * *

Logistic regression w/ bias, <0.01

leu  duke a9%a real-sim news20 rcvl yahoo-japan yahoo-korea
CDN-NS 0.45 0.40 1.62 5.50 32.12  285.85 185.13 2902.26
CGD-GS 295  1.02 6.59 15.21  3730.23  580.16 * *
IPM 0.04  0.08 0.31 5.11 136.23  101.42 84.74 947.67
GLMNET | 0.04 0.06 34.90 *16309.71 * * *
Lassplore | 0.34  0.37 3.17 87.34 726.63 1998.81 1574.16 32368.17

Logistic regression w/ bias, < 0.0001

leu  duke a9%a real-sim news20 rcvl yahoo-japan yahoo-korea
CDN-NS 0.77 1.61 126.05 18.55 105.81 1188.64 882.12 6524.33
CGD-GS 3.80 3.84 * 55.11 * * * *
IPM 0.04  0.08 1.06 10.67 205.79  250.01 214.59 2992.82
GLMNET | 0.04 0.08 * * * * * *
Lassplore o 1.04 * * * * * *

L2-loss SVM, < 0.01

leu  duke a%a real-sim news20 rcvl yahoo-japan yahoo-korea
CDN-NS 0.19 0.30 0.29 0.41 17.92 8.40 35.97 93.46
TRON 4.12  5.75 2.92 5.65 666.21  102.44 1886.07 36186.20
BMRM 46.79 * * * * * * *

L2-loss SVM, < 0.0001

leu  duke a%9a real-sim news20 rcvl yahoo-japan yahoo-korea
CDN-NS 8.67 572  26.82 3.40 467.84 91.22 192.05 904.64
TRON 8.07 12.42 13.12 10.79  6495.44  534.13 2034.20 49897.53

Table B: Time in seconds to reduce the scaled norm of the projected gradient to
be less than 0.01 and 0.0001. We boldface the best approach. The asterisk symbol
(*) indicates that a solver is unable to reach the target in a reasonable amount of
time.



Number of iteration #nHv
Data set CDN-NS BBR TRON | TRON
leu 34 59 41 373
duke 8 11 60 581
a%a 62 81 16 175
real-sim 8 20 23 250
news20 13 147 181 2179
rcvl 7 15 63 739
yahoo-japan 55 440 684 8732
yahoo-korea 26 * 4883 | TTT97

Table C: The number of iterations of each solver and the number of Hessian-vector
products (#nHv) of TRON. We run the programs until the scaled norm of the pro-
jected gradient is less than 0.01.

Data set CDN CDN-NS TRON BBR
leu 0.00 0.00 0.01 0.03
duke 0.00 0.01 0.01 0.04
a%a 0.02 0.02 0.04 0.04
real-sim 0.25 0.28 0.32 0.37
news20 0.41 0.72 0.87 0.90
rcvl 5.61 5.71 9.86 7.45
yahoo-japan | 1.31 1.72 2.13 2.34
yahoo-korea | 12.43 14.56  25.30 *

Table D: The average cost (in seconds) per iteration.
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