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I List of Symbols

Notation Description

vy The label vector of the th training instance.

Z1 The input image of the ith training instance.

l The number of training instances.

K The number of classes.

7] The model vector (weights and biases) of the neural network.

13 The loss function.

& The training loss of the ith instance.

f The objective function.

C The regularization parameter.

L The number of layers of the neural network.

L The number of convolutional layers of the neural network.

L The number of fully-connected layers of the neural network.

N The number of neurons in the mth layer (L¢ < m < L 4 1).

n The total number of weights and biases.

a™ Height of the input image at the mth layer (1 < m < L°).

Apad Height of the image after padding at the mth layer (1 < m < L°).

aje. Height of the image after convolution at the mth layer (1 < m < L°).

b™ Width of the input image at the mth layer (1 < m < L°).

Diad Width of the image after padding at the mth layer (1 < m < L°).

by Width of the image after convolution the mth layer (1 < m < L°).

dam Depth (or the number of channels) of the data at the mth layer (1 < m <
L°).

h™ Height (width) of the filters at the mth layer (1 < m < L°).

wm The weight matrix in the mth layer.

b™ The bias vector in the mth layer.

S The result of (W™)T ¢(pad(Z™?)) + b™12,,,.. in the mth layer for the ith
instance (1 < m < L°).

Zmtla The output matrix (element-wise application of the activation function on
S™:%) in the mth layer for the ith instance (1 < m < L°).

s The result of (W™)1 2™ + b™ in the mth layer for the ith instance (L¢ <

m < L).




Notation Description

zm—i—l,i
s™%) in the mth layer for the ith instance (L¢ < m < L).

The output vector (element-wise application of the activation function on

The activation function.

T+1;

The Jacobian matrix of z with respect to 6.

An identity matrix.

Step size in taking a direction to update 6.

The ratio between the actual and the predicted function value reduction.

SSIEIGRE

A parameter in the Levenberg-Marquardt method.

II Implementation Details

We show that with a careful design, a Newton method for CNN can be implemented
by a simple and short program. A MATLAB implementation is given as an illustration
though modifications for other languages such as Python should be straightforward.
For the discussion in Section[3] we check each individual data. However, for practi-
cal implementations, all instances must be considered together for memory and compu-

tational efficiency. In our implementation, we store Z™*, Vi = 1, ..., [ as the following
matrix.
(zmt zm2 o Zmi] e RTTeTT (IL1)
Similarly, we store 9¢; /Ovec(S™)T | Vi as
m—+1 am pm
[2 ... %] e RIMTTxalnbind, (IL.2)

For 0251 /ovec(S™)T | Vi, we consider

L+1,1 L+1,1 m m
|:8Z1L+171 az"jﬂrl az"z:rl] c Rd L+1><ac<>anbg)annL+1l (113)
asmI ot Tggmi e Tpgmil

and will explain our decision. Note that (II.1)-(II.3) are only the main setting to store
these matrices because for some operations they may need to be re-shaped.
For an easy description in some places we follow Section [2.1]to let

Zin,i and Zout,i

be the input and output images of a layer, respectively.

II.1 Details of Padding Operation

To implement zero-padding, we first capture the linear indices of the input image in the
padded image. For example, if the size of the input image is 3 X 3 and the output padded
image is 5 X 5, we have
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Listing I: MATLAB implementation for the index of zero-padding

function [idx_pad] = find_index_padding (model, m)

a = model.ht_input (m);
b = model.wd_input (m) ;
P model .wd_pad_added (m) ;

newa = 2*p + aj;
idx_pad = reshape( (ptl:p+ta)' + newax (p:pt+tb-1), [1, 1);

where “1” values indicate positions of the input image. Based on the column-major
order, we derive

pad_idx = {7, 8, 9, 11, 12, 13, 16, 17, 18}.

This index set, obtained in the beginning of the training procedure, is used in the fol-
lowing situations. First, pad-idx contains row indices in P, of that correspond
to the input image. We can use it to conduct the padding operation in (14). Second,
from (56) and (66) in gradient and Jacobian evaluations, we need

T pm

v’ Pl

This can be considered as the inverse of the padding operation: we would like to remove
zeros and get back the original image. We give details of finding pad_idx below.

Assume the input image is
7 c Raxb

We would like to add p zeros on each dimension so that the resulting image is as Figure
We notice that Z corresponds to the following elements in the output image:

(p+1,p+1) ... (p+1,p+0)

(p+a,p+1) ... (p+a,p+Db)
The size of the new image is
(2p+a) x (2p +b).

The linear indices in the new matrix are

p+1 p+1 p+1
pa+ | ¢ |, (p+Da+| + |,...,(p+b=—1Da+| : |,
p+a p+a p+a
where
a=2p+a. (IL.4)

Together they can be obtained by applying MATLAB’s ‘+’ operator on the following
two arrays:
p+1
and alp -+ p+b—1].
p+a
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Figure II.1: A padding example.

IL2 Generation of ¢(pad(Z™"))

MATLAB has a built-in function im2co1 that can generate ¢(pad(Z™")) for s = 1 and
s = h. For general s, we notice that ¢(pad(Z™")) is a sub-matrix of the output matrix
of using MATLAB’s im2col under s = 1. Therefore, we can apply MATLAB’s
im2col with s = 1 and extract a sub-matrix as ¢(pad(Z™")). See a detailed procedure
in Section

The above setting is not ideal because first in other languages a subroutine like
MATLAB’s im2col may not be available, and second, generating a larger matrix un-
der s = 1 causes extra time and memory. Therefore, here we show an efficient im-
plementation without relying on a subroutine like MATLAB’s im2col. For an easy
description we follow Section [2.1]to consider

pad(ZmJ,) _ Zin,i N Zout,i _ Cb(Zin’i).

Consider the following linear indice{] (i.e., counting elements in a column-oriented
way) of Zmi:

1 dv+1 ... (b"a™ —1)d" +1

2 d"+2 ... (b"a™—1)d" +2 o inpin

. . , ( . ) € RI"xa, (IL5)
din 2din L (binain)din

Because every element in
¢( Zin,i) c thdi“xa"“‘b"“‘
Y
is extracted from Z™, the task is to find the mapping between a linear index of Z™"*
and each element in ¢(Z™%). Consider the following example.

a"=3,b"=2 d"=1,s=1, h=2.

ILinear indices refer to the sequence of how elements in a matrix are stored. Here we consider a
column-oriented setting.



Because d™ = 1, we omit the channel subscript. In addition, we omit the instance index

1, so the image is

211?12
291 %22
231 <32

By our representation in (3)),

in
Z :[211 221 31 212 222 232]

and the linear indices from (II.5)) are

1 23 4 5 6].

From (9),

211
221
212
222

¢(Z") =

221
<31
222
<32

Thus we store the following vector to indicate the mapping between linear indices of
Z™ and elements in ¢(Z™).

1245235 6], (IL6)

It also corresponds to column indices of non-zero elements in P;".
To have a general setting we begin with checking how linear indices of Z™ can
be mapped to the first column of ¢(Z™*). For simplicity, we consider only channel j.

From (9)) and (IL.3), we have

g 2]
d™ +j 231 4
(h — 1‘>din +_] Z};’Lj
a"d™ +j 2ol (IL7)

(h=1)+ ain)din +J 2}22,3‘
[((h—=1)+ (h— 1)ain)din +7J Z;?,h,j-

where the left column gives the linear indices in Z'™, while the right column shows the



corresponding values. We rewrite linear indices in (II.7) as
0+ 0a™

(h — 1) + 0a™
0+ la™

1) t1an |4 (IL8)

0+ (h—1)a™
[(h— 1)+ (h—1)a™
Clearly, every linear index in can be represented as
(p + qa™)d™ + j, where p, ¢ € {0,...,h — 1} (I1.9)

correspond to the pixel position in the convolutional ﬁlter

Next we consider other columns in ¢(Z™%) by still fixing the channel to be j. From
(), similar to the right column in (I1.7)), each column contains the following elements
from the jth channel of Z™™.

in,i _ out
2 prasitqibsg o a=0,1,...,a 1,

b=0,1,...,0°" —1, (I1.10)
where (1 + as, 1 + bs) denotes the top-left position of a sub-image in the channel j of
7™ From ([I.3), the linear index of each element in (I[.10)) is
(I+p+as—1)+ (14+q+bs—1)a™)d" +j
= (a + ba™)sd"™ + (p + qa™)d"™ + j . (IL.11)
see@

Listing [lI| shows our implementation about finding the mapping of the linear indices
of each element and Listing [[V|shows the generation of ¢(pad(Z™")). First, we com-
pute elements in with 7 = 1 by applying MATLAB’s ‘+’ operator, which has the
implicit expansion behavior, to compute the outer sum of the following two arrays.

1
din +1 o o
. and [0 a™d™ ... (h — 1)a‘“d‘“} .
(h —1)d™ + 1
The result is the following matrix
1 a™d™ + 1 o (h —1)a™d™ + 1
dm"+1 (1+a™)d™+1 . (1+ (h—1)a™)d"+1
(h—1d™+1 (h—=1)+ad")d"+1 ... (h—1)+(h—1a")d"+1

(I1.12)

More precisely, p + 1 and g + 1 are the pixel position.
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Listing II: MATLAB implementation for finding the mapping between the linear indices
of Z™" and elements in ¢(Z™")

function idx = find_index_phiZ(a,b,d, h,s)

O:h-1]+xaxd;

first _channel idx = ([0:h-1]1*xd+1)"' + [
:) + [0:d-17;

first_col_idx = first_channel_ idx(
a_out = floor((a — h)/s) + 1;
b_out = floor((b - h)/s) + 1;
column_offset = ([0:a_out-1]"' + [0O:b_out—-1]+a) *s+d;
idx = column_offset (:)' + first_col_idx(:);

idx = idx (:);

whose columns, if concatenated, lead to values in (IL.8]) with j = 1; see line [3| of the
code. To get for all channels j = 1,...,d", we compute the outer sum of the

vector form of (II.12) and
0 1 ... d"—1],

and then vectorize the resulting matrix; see line E}

To obtain other columns in ¢(Z™™?), we first calculate a® and bt by (@) in lines
[5H6L In the linear indices in (IL.IT)), the second term corresponds to indices of the first
column, while the first term is the following column offset

(a+ba™)sd™, Ya=0,1,...,a"" — 1,
b=0,1,... b —1.

This is the outer sum of the following two arrays.

0
x sd™ and [O R 1] x a"sd™;

aout _ 1

see line [/|in the code. Finally, we compute the outer sum of the column offset and the
linear indices in the first column of ¢(Z™%); see line (8 In the end what we keep is the
following vector

Column index of non-zero

in each row of P’ (IL.13)

hhdingoutpout
Note that each row in the 0/1 matrix PJ" contains exactly only one non-zero element.

We also see that is an example of (IL.13).

The obtained linear indices are independent of the values of Z™¢. Thus the above
procedure only needs to be run once in the beginning. For any Z™¢, we apply the indices
in to extract ¢(Z™); see line 6{7]in Listing

For the pooling operation ¢(Z™") is needed in (T5). The same implementation can
be used.




Listing III: An alternative implementation by using MATLAB’s im2col for finding
the mapping between the linear indices from Z™* and elements in ¢(Z™*)

function output_idx = find_index_phiZ(a,b,d, h,s)

input_idx = reshape(([l:axb]-1)xd+1l,a,b);
output_idx = im2col (input_idx, [h,h], 'sliding");
a_bar = a-h+1;

b_bar = b-h+1;

a_idx = l:s:a_bar;

b_idx = l:s:b_bar;

select_idx = a_idx'+a_bar* (b_idx-1);

output_idx = output_idx(:,select_idx)"';

output_idx = reshape (output_idx(:)+[0:d-1]1, [],hxhxd)"';

Listing IV: MATLAB implementation for generating ¢(Z™")

function phiZ = padding_and_phiZ (model, net, m)

num_data = net.num_sampled_data;
phiZz = padding (model, net, m);

% Calculate phiZz

phiZ = reshape (phiZ, [], num_data);

phiZ = phiZ (net.idx_phiZ{m}, :);

h = model.wd_filter (m);
d = model.ch_input (m);
phiZ = reshape (phiZ, hxhxd, []1);

IL2.1 Generation of ¢(Z™") with MATLAB’s im2col

For the alternative method here, we use MATLAB’s im2col with s = 1 and extract a
sub-matrix as ¢(Z™%). The program is presented in Listing

We now explain each line of the program. To find ", from (©) what we need is
to extract elements in Z™. In line |3} we start with obtaining the linear indices of the
first row of Z™! which corresponds to the first channel of the image. In line 4, we use
im2col to build ¢(Z™) under s = d™ = 1, though contents of the input matrix are
linear indices of Z™™ rather than values. For ¢(Z™%) under s = d™™ = 1, the matrix size
is

hh x ab,

where from (@), ' o
a=a"—h+1,0=0"-h+1

From (9), when a general s is considered, we must select some columns, whose column




indices are the following subset of {1, ..., ab}:

0 0
Tyou ® : s+ Toou | + : s|le|: , (I.14)
aout _ 1 bout _ 1

Ql

aOUl X 1

where ¢ and 0°" are defined in (@)). More precisely, comes from the following
mapping between the first row of ¢(Z™) in @) and {1, ..., ab}:

[ (1,1) ] - _ _
(1+s,1) 0
S + ]]_aoul + anutsd
(1 ‘l‘ (aout _ 1)8, 1) -&out _ 1-
(1,1 + ) B
(1+s,1+59) : s+ Lgon + 1gousa
a®t — 1
(14 (a®™—1)s,1+ ) ) ) .

Next we discuss how to extend the linear indices of the first channel to others. From
(@), each column of Z in contains values of the same pixel in different channels. There-
fore, because we consider a column-major order, indices in Z'™ for a given pixel are a
continuous segment. Then in (9) for ¢(Z™%), essentially we have d™ segments ordered
vertically and elements in two consecutive segments are from two consecutive rows in
Z™i Therefore, the following index matrix can be used to extract all needed elements
in Z™ for ¢(Z™?).

+ : @ Lpp | @ 1hgou. (1115)

linear indices of Z™¢ for
]].din
thanutbnut dln o 1

1st channel of ¢(Z™?)

The implementation is in line[l 1} Since OCTAVE does not have the function repelem[]
we use different approach to calculate (II.15). First we calculate

. . . in,7 T . out pout in
({lmear indices of Z for} )+ [0 dn — 1] € Rk (11 16)

1st channel of ¢(Z™?)

Then, to obtain the desired matrix, we reshape into R0 *hhd™ and transpose
it.
Similar to the previous section, we apply the indices in line [11|to extract ¢(Z™%);

I1.3 Construction of P;” X

0ol
Following (T8)), we use Z™ and Z°""" to represent the input

O—(S"”ﬂ) c Rderlxaggnvbgnmw

3The repelemin MATLAB is syntax incompatible with the repelems in OCTAVE.
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and the output

derl % aerl berl

Zmtie R

of the pooling operation, respectively. We need to store P;Z(;f because, besides function
evaluations, it is used in gradient and Jacobian evaluations; see (54) and @ﬂ From
(19), we need both P * and W™ Because Py " is for partitioning each image to non-
overlapping sub-regions in and ((16)), it is iteration independent. We obtain it in the
beginning of the training procedure by the method in Section

For W™+ it is iteration dependent because the maximal value of each sub-image is

not a constant. Therefore, we construct

m+1bm+1 de+1am pm

Pm,i Wm,iP;nai c Rderla conv “conv

pool =
at the beginning of each Newton iteration. .
In Section [II.3, we have discussed why P is needed to be constructed. Here we

pool
give Listing |V|with explanation in details. To begin, we get

Zmi g =1,...,1, (I1.17)

which are stored as a matrix in ([L.I). Because may not hold with ¢°* and b
being integers, we consider a setting the same as (). In line [IT} we extract the linear
indices of Z™ to appear in vec(¢(Z™")), which as we mentioned has been generated
in the beginning of the training procedure. The resulting vector P contains

hhdm-‘rlam-‘rlbm-i-l

elements and each element is in the range of

1 ..., d™ e b7
In line [12H13] we use P to generate
[Vec(¢(zin,1)> . Vec(¢(zin,l>)j| c thdm+1am+1b7’n+l ><l. (1118)

Next we rewrite the above matrix so that each column contains a sub-region:

m,1 m,1 m,l

L1 FLL2 Al (amHl—1)xs 14 (bt —1) xs,dm+1
m—+1, m+1m+1
. . . ethXd a b l' (1119)
m,1 m,1 m,l
Fhhl P2t Pl (amtl—1)xs hh (B —1) xs,dm+

We apply a max function to get the largest value of each column and its index in the
range of 1, ..., hh. The resulting row vector has d™*1a™15™*1] elements; see line[14]
In line [T5] we reformulate it to be

dm+1 % CLm+1bm+1l

“Note that we do not really generate a sparse matrix ngo’f in (I8). We only store column indices of

. m,i
non-zeros in PPOOl .

10



as the output Z°%*, Vi,

Next we find linear indices that correspond to the largest elements obtained from
(IL.19). Because of operations discussed in Section [[1.4.3]and[[T.4.4] we decide to record
linear indices in each Z™ corresponding to the selected elements, rather than linear
indices in the whole matrix of all Z™, Vi. We begin with obtaining the following
vector of linear indices of Z™:

1
: (11.20)
A" Doy
Then we generate
¢((L20)), (L.21)

which has hhd™tla™ 1™+ elements; see line 22l Next, we mentioned that in line
not only the maximal value in each sub-region is obtained, but also the corresponding
index in {1, ..., hh} is derived. Therefore, for the selected max values of all instances,
their positions in the range of

1, ..., hhd™FlgmHipmtt

are

0

ma < [ row indices of 217 |

. + hh :
O .
max ValueS m ‘m' )dm+1am+1bm+1 x1 dm+1am+1bm+1 . 1

(11.22)
see line[I9] Next in line 23| we use ([1.22)) to extract values in (II.2T)) and obtain linear
indices of the selected max values in each Z'™*. To be more precise, the resulting matrix
is

. 1 . .
in each row of P in each row of P™!

{Column index of non-zero Column index of non-zero € RA™Ham
pool

pool

(I1.23)

The reason is that because P;;(;f is a 0/1 matrix and each row contains exactly only one

value “1” to indicate the selected entry by max pooling, we collects the column index
of the non-zero at each row to be a vector for future use.

IL4 Evaluation of (v')" P;" and (v')" I:Z(’fl in Gradient and Jaco-
bian Evaluations

We show that several operations in gradient and Jacobian evaluations are either
T T pmi
()" Pyt or (v') P;;Oi,

where v° is a vector. Here we give Listing [VI| with details explained.

11



Listing V: MATLAB implementation for P!

pool

function [Zout, idx_pool] = maxpooling(model, net, m)
a = model.ht_conv (m);

b = model.wd_conv (m);

d = model.ch_input (m+1);

h = model.wd_subimage_pool (m);

% Z input: sigma (S_m)

Z = net.Z{m+1};

P = net.idx_phiZ_pool{m};

Z = reshape (Z, dxaxb, [1);

Zz = 7P, :);

[Z, max_id] = max(reshape(Z, hx*h, []1));
Zout = reshape(Z, d, [1);

outa = model.ht_input (m+1l);
outb = model.wd_input (m+1);

max_id = reshape (max_id, dxoutaxoutb, []) + hxhx[0:dxoutaxoutb
_1] 'r

idx_pool = [l:dxaxb];

idx_pool = idx_pool (P);

idx_pool = idx_pool (max_id);

I14.1 Evaluation of (v')" P in Gradient Evaluations

For (56) and (66)), the following operation is applied.

(v")" Py, (I1.24)
where ot
i wm T i '
v’ = vec (( ) —85”“)
for (56) and
' 9yL1i
v = vec <(Wm)Tw) cu=1,...,n1 (I1.25)

for (66).

Consider the same example in Section[[.2] We note that
(P v = [v1 va+v5 v6 v va+v7 vs]", (11.26)

which is a kind of “inverse” operation of ¢(pad(Z™")): we accumulate elements in
¢(pad(Z™")) back to their original positions in pad(Z™*). In MATLAB, given indices
in (IL.6)), a function accumarray can directly generate the vector (I1.26).

12




To calculate (56) over a batch of instances, we aim to have

Gl
: (I1.27)
(Py)o!

We can manage to apply MATLAB’s accumarray on the vector
5 (I1.28)

by giving the following indices as the input.

(LL.13)
- + a’padb aad™ Lpmpmamam pm
([L13) + 2%adbpadd Lpmpmamag b | (I1.29)

" + (l ) db dd 1hmhmdmag}nva()ﬂV
where from Section[2.1.3]
ap by d™ is the size of pad(Z™"), and
R™h™d™a™ b is the size of ¢(pad(Z™")) and v;.

COI]V conv

That is, by using the offset (i — 1)ali;bit,d™, accumarray accumulates v* to the
following positions:

To obtain (II.28)), we can do a matrix-matrix multiplication as follows.

(T28) = vec (W™ [52 ... z54]). (IL31)

From (IL31), we can see why 9¢;/dvec(S™%)T over a batch of instances are stored in
the form of (I.2). In line [26] the indices shown in are generated and the variable

V(:) in line[31]is the vector calculated by (TL3T).

I1.4.2 Evaluation of (v')" P}" in Jacobian Evaluations

To calculate (66) over a batch of instances, similar to (I.27) we conduct

(11.32)

13

RGN
m ’1.1 1 ) m TaZL—i_Li M pMgmgm  pm
(P ) nL+1 5 Whel‘e ’Uu = VeC (W ) W - R Qcony Ocony X LU= 1’ L
T l
(Pm) co

yNNL+1-



Similar to (II.31]), we can calculate the vector

R
1
I (I1.33)
K
REPEEN
by
vec <(Wm)T |:8Z1L+1’1 82#;};: 8z£zr}r'f :|> ) (1134)
DS o ggma o gl
The formulation in leads us to store
aZL—i-Li .
—, Vi
Ovec(S™?)

in the form of (I1.3]).

From ([[.32)), because each vector v’ is accumulated to the following positions:
(i — Dnpq + (u— 1))a$dbpmaddm +1, ..., (= Vnp + u)agjdbgddm,

we can apply accumarray on the vector (II.33]) with the following input indices.

[ (LL.13) ]
1113 + (TLL+1 — ]_)dmagdbgdﬂhmhmdmaggmbggm . (1135)

|(L13) + (npil — 1)dmagﬁdbgﬁdﬂhmhmdmaggnvbggm_

The implementation is the same as that for evaluating (56)), except that (I.32)) involves
nr1l vectors rather than /.

I1.4.3 Evaluation of (vi)TPI;Z(;f in Gradient Evaluations

Similar to (II1.27]), we calculate

(PmhTet] "
: c Rdm“aé"g'nvbﬁﬁnlel (I1.36)
(Pm,l

pool

to have (82)). In Section[[I.3|we have obtained the linear indices of (II.I) that correspond
to the max values without considering the instance offset

)T,Ul
(d™tam bm )i,

conv “conv

14



By adding the instance offset, we have the correct mapping to the linear indices of (II.1)
for the selected max values. In other words, similar to (I1.29)), we calculate

vec ( + ]ldm+1am+1bm+1 X [0, dm+1a$nvbgnv, RN (l — 1)dm+1a$nvb$nv})

O]ld?rz+lam+1 pm+1
dm+1 a™ pm

conv conv]ld"”flaerl pm+1

=vec ((IL.23)) + (I1.37)

(l — 1)dm—‘rlagnvbgnv]ldm+1am+1bm+1

before applying accumarray. Note that in Listing |VI we use matrix operations in
line [14] to perform the summation in (I1.37)) and then produce the whole vector in line

I1.4.4 Evaluation of vTngj in Jacobian Evaluations

We would like to have (63) by calculating

71 7 T
(Pljgol )TU%
(Pl | @ R atinbimrniall, (I1.38)
Iy

_(P[ZL01>TU’IFLL+1_

where
. azL+1’i . dm+1 m+lbm+l
()" = (aVeC(Zm+1,i)T © (1”L+1VCC<I[Zm+MDT>) e R e ;
U,

izl,...,l,u:l,...,nL+1,

and the subscript “u, :” indicates the uth row of the matrix. The calculation of (I1.38])
is the same as the calculation of (II.32). Thus, similar to (II.35]), we need the following
indices as input of accumarray:
i 0dm+1anb+lbm+l

dm+1am bm

conv Conv]ldm+1a'm+1 b'm+1

1 ® vec + '
nr41 |M' (,',LL+1 _ ]-)dm+1azgnvbzgnv]ldm+lam+lbm+l

_(nL+1l — 1)dm+1a/ggnvbggnv]ldm-‘rlam-ﬁ-lbm-&-l_

I1.5 Evaluation of Gauss-Newton Matrix-Vector Products

From (72)), we conduct the Gauss-Newton matrix-vector products in two subroutines.
The first subroutine is to evaluate (75)). The second subroutine is to evaluate

l

> (g (I1.39)

=1
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IL.5.1 Details of Evaluating

To take advantage of the fast computation in matrix form, we arrange (/5) of all in-
stances into
ZL Jm,l,vm

m=1

€ Rre+lxd, (I1.40)

ZL 'Jm,l,vm

m=1
From (74), for a particular m, we have

Jm,l,vm

Jm,l,vm

§xL+1.1

82L+1,l

— 6ZL+1’1

Avec(S™1

Avec(Sm™l

jTvec (mat('vm)

jTvec (mat(vm)

m,1

'¢(pad(2m’1)>} )

]]- g‘m bm

— conv “conv

'¢(paTd(Zm”))1 )

m_ hm
conv “conv

Bvec(Sm’l)Tp
- : (I1.41)

dz L1l m,l
L Ovec(S™H)T

where
mat(v™) € R XA+

P = vec (mat('vm) V(pa}d(z m’i”D |

am b

We present our MATLAB implementation in Listing and explain the details
here. Given v™, we calculate

and
(I1.42)

m m
conv “conv

d Zm71 d ZmJ m+1 m  pm
R A e
Ao i o A Bl
see line 24] Next, we calculate
) azL+1,i ]
JM"m = ————p"™' i =1,..., L 11.44
v aVeC(Sm7Z)Tp Y 1 Y ) ( )

Because involves [ independent matrix-vector products, we consider the fol-
lowing trick to avoid a for loop in a MATLAB script. We note that (11.44) can be
calculated by summing up all rows of the following matrix

L+l L1,
azl . 827”‘*1 ® [pm,i .. .pm,z]
dvec(S™%)  Ovec(S™?) Al b x|

dm+1 Any bgrolnv XNp+1

(IL.45)
The result will be a row vector of 1 X ny,, which is the transpose of J™‘v™. To do the
above operation on all instances together, we reformulate (I1.3) and ([T1.43) respectively
to the following three-dimensional matrices:

derl am bm

m+1_m m
conv “conv d a b

conv “conv

Xnrpyp X1 and x 1 x1.
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We then apply the . » operator in MATLAB and sum results along the first dimension;
see line[25] The resulting matrix has the size

].XTLL+1><Z

and can be aggregated to the vector in (IL4T)); see line 26

I1.5.2 Details of Evaluating (IL.39)

After deriving (IT.40), from (76)), we must calculate
ql B! an:l Jrmlgym
g=|:|= : (I1.46)
q B> Jml

From (77), can be derived by multiplying every element of by two.
Next, for each layer m, from (72)) and (78)) we calculate (I.39) by

ozl \T T
ZVGC mat (aVCC(SmZ) ) qZ [(b(pad(Zm’l)) ]lag)lnvbmnv]

m—+1 m_ pm
am+ ><a(.onvb<,onv

¢(pad(Z2™))" Lag, bz,

= vec [mat(u Dam+tsaqm ym ... mat(u™ )dmﬂx%mbmv] : :
¢(pad(Z™")" Lag, b,
(I1.47)
where

. Oz L+l T
U™ = —————— ’
(8V€C(Smﬂ)T) K
A MATLAB implementation is shown in Listing [VIII} To begin, we have the matrix
(TL.3)) and the vector q in (IL.46). We reshape (TL3)) to

82L+1’1 8Z£+1’1 8ZTL7:+1Z ] dm+1a$nvb$nv><nL+1l
[W W% W% €ER . (I1.48)
Then we calculate
[wm™t o wm™l (11.49)
together by reshaping
[@} @ (]]-dm+1aggnvbconvq ) E Rdm+laggnvbggnvan+ll (II.SO)
to

Rdm+1 am bm o xnp 1 x1

conv rconv

and summing along the second dimension; see line After having ([L49), we

reshape it to
Rdm+ ! X ag)bnv bg:)lﬂvl

and calculate (I1.47) by a matrix multiplication in line @
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Listing VI: MATLAB implementation to evaluate (v')” P and (v')" P

pool

function vTP = vTP (param, model, net, m, V, op)

% output vIP: a row vector, where mat (vIP) is with dimension $
d_prev a_prev b_prev \times num_vS$.

nL. = param.nlL;
num_data = net.num_sampled_data;

switch op
case {'pool_gradient', 'pool_ Jacobian'}
a_prev = model.ht_conv (m);
b_prev = model.wd_conv(m);
d_prev model.ch_input (m+1);
if strcmp(op, 'pool_gradient')
num_v = num_data;
idx = net.idx_pool{m} + [0O:num_data-1]+d_prevx
a_prevx*b_prev;

else
num_v = nL*num_data;
idx = reshape (net.idx_pool{m}, [], 1, num_data)
+ reshape ([0:nLxnum_data-1]+d_prevxa_prevx
b_prev, 1, nL, num_data);
end

case {'phi_gradient', 'phi_Jacobian'}
model .ht_pad(m) ;
b_prev = model.wd_pad(m);
d_prev model.ch_input (m);

a_prev

if strcmp(op, 'phi_gradient'); num_v = num_data; else;

num_v = nL*num_data; end
idx = net.idx_phiZ{m} (:) + [0O:num_v-1]xd_prev*a_prevx
b_prev;
otherwise
error ('Unknown operation in function vTP.'");
end
vIP = accumarray (idx(:), V(:), [d_prevxa_prev*b_prevsnum v 1])

T .
4
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Listing VII: MATLAB implementation for Jv

function Jv = Jv(param, model, net, v)

nL. = param.nlL;
L = param.L;
LC = param.LC;

num_data

var_ptr
zeros (nLxnum_data, 1);

Jdv =

for m

end

for m

end

= net.num_sampled_data;
= model.var_ptr;

L : -1 : LC+1
var_range = var_ptr(m) : var_ptr(m+l) - 1;
n_m = model.full_neurons (m—-LC) ;

p = reshape (v (var_range), n_m, []) * [net.Z{m}; ones (1,
num_data) ];

p = sum(reshape(net.dzdS{m}, n_m, nL, []) .x reshape(p,
nm 1, []),1);

Jv = Jdv + p(:);

LC : -1 : 1

var_range = var_ptr(m) : var_ptr(m+l) - 1;

ab = model.ht_conv (m) xmodel.wd_conv (m) ;

d = model.ch_input (m+1);

p = reshape (v (var_range), d, []) * [net.phiZ{m}; ones
(1, abxnum_data)];

p = sum(reshape (net.dzdS{m}, dxab, nL, []) .* reshape(p
, dxab, 1, [1),1);

Jv = Jv + p(:);
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Listing VIII: MATLAB implementation for .J7q

function u = JTg(param, model, net, q)
nL = param.nL;
L = param.L;
LC = param.LC;
num_data = net.num_sampled_data;
var_ptr = model.var_ptr;
n = var_ptr(end) - 1;
u = zeros(n, 1);
form =1L : -1 : LC+1
var_range = var_ptr(m) : var_ptr(m+l) - 1;

u_m = net.dzdS{m} .x g';

u_m = sum(reshape(u_m, [], nL, num_data), 2);
u_m = reshape(u_m, [], num_data) =* [net.Z{m}' ones(
num_data, 1)];
u(var_range) = u_m(:);
end
for m = LC : -1 : 1
a = model.ht_conv (m);
b = model.wd_conv (m);
d = model.ch_input (m+1);
var_range = var_ptr(m) : var_ptr(m+l) - 1;
u_m = reshape(net.dzdS{m}, [], nLxnum_data) .*» g';
u_m = sum(reshape(u_m, [], nL, num _data), 2);
u_m = reshape(u_m, d, []) * [net.phiZ{m}' ones (axbx*
num_data, 1)];
u(var_range) = u_m(:);
end
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