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Data Classification

@ Given training data in different classes (labels
known)

Predict test data (labels unknown)
@ Training and testing
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Support Vector Classification

@ Training vectors : x;,i=1,...,/

@ Feature vectors. For example,
A patient = [height, weight, ...]"

@ Consider a simple case with two classes:
Define an indicator vector y

o 1 if x;inclass 1
Yi= -1 if X; in class 2

@ A hyperplane which separates all data
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@ A separating hyperplane: w/x +b =0

(Wwix)+b>1 ify,=1
(WTX,') +b< -1 |if yi=—1

@ Decision function f(x) = sgn(w'x+ b), x: test data
Many possible choices of w and b
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_ Basic concepts: SVM and kernels
Maximal Margin

@ Distance between w'x + b =1 and —1:
2/[lw| =2/VwTw

@ A quadratic programming problem (Boser et al.,

1992)
1
min  —w’'w
w,b 2
subject to Yi(wa,- +b) > 1,
=1 .
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Data May Not Be Linearly Separable

@ An example:

@ Allow training errors
@ Higher dimensional ( maybe infinite ) feature space

¢(x) = [¢1(x), P2(x), - - ]
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e Standard SVM (Boser et al., 1992; Cortes and
Vapnik, 1995)

w,b,&

/
1
min EWTW + Cz;ff

subject to  yj(w'o(x;) +b) > 1— ¢,
£>0 i=1,...1

o Example: x € R3 ¢(x) € R

¢(X) - [1? \/§X1? \/§X27 \/§X37 X12a
X227 X327 \/§X1X27 \/§X1X3, \/§X2X3] T
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_ Basic concepts: SVM and kernels
Finding the Decision Function

@ w: maybe infinite variables
@ The dual problem: finite number of variables

1
min EaTQa—eTa
subjectto 0<a; < C,i=1,...,1
y o =0,

where Q; = yiy;0(xi)"é(x;) and e =[1,...,1]"
@ At optimum
w = > aiyid(x;)
@ A finite problem: #variables = #training data
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Kernel Tricks

o Q; = yiyid(x;)Td(x;) needs a closed form
e Example: x; € R3, ¢(x,;) € R

d(xi) = [1, V2(x)1, V2(x:)2, V2(xi)3, (x7)3,
(x)3, ()3 V2(xi)1(xi)2, V2(xi)1(xi)s, V2(xi)2(x)3]
Then ¢(x;)"d(x;) = (1 +x/x;)*.
o Kernel: K(x,y) = ¢(x)"¢(y); common kernels:

e””xi*"f"'z, (Radial Basis Function)

(x/x;/a+ b)? (Polynomial kernel)
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Can be inner product in infinite dimensional space
Assume x € R! and v > 0.

e‘”“x"_xf||2 = e"V(Xf—Xj)2 = e_'YX-2+2’YXin_’YX-2

_e—vx —7x (1 T 27XIXJ + (27XIXJ) + (27X1XJ)

it 1+ﬁ, [ 27 m
(27)3 (27)
oy [Be \/%xﬁ---) — 0(x) 0(x),

where
o 2y [(29)? (27)3 '
d)(X) =€ v [17 an 91 X27 3l X37"'
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_ Basic conce pts: SVM and kernels
Decision function

@ At optimum

w =S aiyio(x;)
@ Decision function

w’p(x) + b

/
= Z aiyip(xi)  (x) + b
=1

/
= Z ;yiK(xi,x) + b
i=1

@ Only ¢(x;) of a; > 0 used = support vectors
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_ Basic concepts: SVM and kernels
Support Vectors: More Important Data

Only ¢(x;) of a; > 0 used = support vectors
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Deriving the Dual

@ Consider the problem without &,

_ 1
min —WTW
w,b 2

subject to  yi(w'(x;)+b)>1,i=1,...,1.
@ |ts dual
mn -a'Qa-—e'«

o

subject to 0 < «, i=1,...,1,




Lagrangian Dual

r(?%((mln L(w, b, ),

where

/

Lw, b.e) = 2wl = 3" o (y(wTo(x;) + b) 1)

i=1
Strong duality
Primal = L
min Prima r(‘g%((wlg (w, b, @)
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@ Simplify the dual. When « is fixed,

migl L(w, b, ) =

—0
min iww — S0 aslyi(w 6(x) 1

o If Zf-zl a;y; # 0,
decrease

/
—b> aiy;
i—1

in L(w, b, &) to —o0
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o If Zle a;y; = 0, optimum of the strictly convex

lwTw — Y0 aiyi(wT¢(x;) — 1] happens when

%L(w, b,a) = 0.
@ Thus,

/
w =) aiyig(x).
i=1
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SVM primal/dual problems

@ Note that
I T, 1
whe = (Samolx)) (L amotx))
i—1 =1
= ) aiyyiyo(xi) o(x))
iJ
@ The dual is
I
i — 33 ajagyiyid(xi) To(x;) i Sy iy = 0.
e AT
I 'S if Zle a;y; # 0.
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SVM primal/dual problems

o Lagrangian dual: maxaso(minws L(w, b, &)
@ —oo definitely not maximum of the dual
Dual optimal solution not happen when

I
> aiy; #0
i=1
@ Dual simplified to

max Z aj — = Z Z oo yiyio(x; )T¢(XJ)

eR/
* /111

subject to  y'a =0,

a>0,1=1,...,1
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@ Our problems may be infinite dimensional
@ Can still use Lagrangian duality
See a rigorous discussion in Lin (2001)
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