N
Gradient Calculation |

@ For convolutional layers, recall we had

vec(S™)
= (Cb(Pad(Zm’i))T ® Lyme1) vec(W™)+
(]lam pm & Idm+1)bm

conv ~conv
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Thus

85,- . 85, 8V€C(5m’i)
dvec(Wm)  dvec(S™) T dvec(Wm)"

_ 85, m,i\\T i1
“avec(omiy” (NPT @ Tarn)

—vec ( 8855,,’;,,¢(pad(zmv")f) T (1)
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where (1) is from
vec(AB)T = vec(B)T(Z ® AT) (2)
— vec(A)T(B ®T) (3)

@ We applied chain rule here
@ Note that we define

[4A%% Oy1

Ox U Oxig
dy o >
il IR N O
(x) M| Iyl

oxy 8X|X|
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where x and y are column vectors, and |x|, |y| are
their lengths.

@ Thus if
y = Ax
then
y1 = Auxi + -+ Agx X«
and
A A
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e Similarly
0%i 0§, Ovec(S™)
mT Y m\T
o(b™) dvec(S™) a(b™)
agi
B ]lam m Q) Lym+
avec(Sm/)T ( oooooooo d )
T
=vec < aig,,l,,,-]laggmvbggnv> : (5)

where (5) is from (3).
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e To calculate (1), ¢(pad(Z™')) has been available
from the forward process of calculating the function
value.

e In (1) and (5), 9¢;/0S™! is also needed

@ We will show that it can be obtained by a backward
process.
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@ What we will do is to assume that
&
aZm—i—l,i

is available
@ Then we show details of calculating

0§, and OE;
aSm,i 6Zm,i

for layer m.
@ Thus a back propagation process
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@ We have the following workflow.

Z™' ¢ padding < convolution < (S™")

(6)

+ pooling « Z™ 1,
@ From chain rule,

0&; B 0&; Ovec(a(S™))
Ovec(S™NT — dvec(a(S™))T Ovec(Sm™)T
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@ If o is a scalar function, then

Ovec(a(S™))
Ovec(Sm™T

is a squared diagonal matrix of

|vec(5m’i)| X \vec(S’"’i)|
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@ We further assume that the RELU activation
function is used. Recall that we assume

o) — {1 if x > 0

0 otherwise

though o(x) is not differentiable at x = 0
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@ We can define

. 1 ifS™ >0
[[S™ — (p.q) :
[ ](p’q) {0 otherwise,
and have
& &

Ovec(Sm™N)T - dvec(a(S™))T © vec(/[S™])

where ® is Hadamard product (i.e., element-wise
products)
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@ Q: can we extend this to other scalar activation
functions?

@ Yes, the general form is

85,- . afi
Ovec(S™N T dvec(a(S™))

- ® vec(a'(S™))"

@ Next,
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%3
Ovec(Sm™N)T
B IE; Ovec(Z™ 1) Ovec(o(S™))
~ Ovec(Zm+LNT dvec(a(S™)) T Ovec(Sm™i)T

_ 0§, Ovec(Zm™H11) .
= <8Vec(zm+1’i)T8vec(0(5m»/))T) © vec(I[S™])

0 i m,i m,i
- <8V€C(Z§7+1’i)7— Ppo7ol> © VeC(I[S 7])7— (7)
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@ Note that (7) is from

Zm-l—l,i — mat(Pg(’)’(’;lvec(o'(Sm’l)))dm+1 % gm+1 pm+1

@ If a general scalar activation function is considered,
(7) is changed to

O&;
Ovec(Sm™N)T

agi m,i recm,i
N <8vec(2m+1,i)T Ppol)|> ® vec(o'(S™))T
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@ In the end we calculate 0¢;/0Z™ and pass it to the
previous layer.
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0¢;
Avec(Zmi)"
dE; Ovec(S™") dvec(¢(pad(Z™))

:(9vec(5m”') T dvec(p(pad(Zmi)))" Ovec(pad(Z™))T
Ovec(pad(Z™"))
dvec(Zmi)"

23
= (T oy ® WT) PP 8
aveC(Sm7l)T ( conv “conv ) ¢ p d ( )

m af/ ! mpm
—=vec ((W )" 5 5m7f> PP, (9)
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where (8) is from

vec(S™)
= (Zag,, bm,, ® W™) vec(¢(pad(Z™)))+

(]lam pm ® de+1)bm

conv “conv

and (9) is from (2).
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