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Introduction

We found that existing software may use different
momentum update rules.

Here we summarize the differences.

Both simpleNN/MATLAB/opt/sgd.m and
tf.keras.optimizers.SGD use one update rule, which
is the same as the paper (Polyak, 1964; Sutskever et
al., 2013).

PyTorch and
tf.compat.v1.train.MomentumOptimizer use
another.
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https://github.com/cjlin1/simpleNN/blob/master/MATLAB/opt/sgd.m
https://www.tensorflow.org/api_docs/python/tf/keras/optimizers/SGD
https://pytorch.org/docs/stable/optim.html
https://www.tensorflow.org/api_docs/python/tf/compat/v1/train/MomentumOptimizer


Two Update Rules

Suppose g is the gradient, η is the learning rate,
and the parameter α ∈ [0, 1) are introduced.

Update rule in simpleNN/MATLAB/opt/sgd.m:

v ← αv − ηg

θ ← θ + v

PyTorch update rule in torch.optim.SGD:

v ← αv + g

θ ← θ − ηv
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First Rule: v ← αv − ηg;θ ← θ + v

v 1 = αv 0 − η1g 1 = −η1g 1

θ1 = θ0 − η1g 1

v 2 = −αη1g 1 − η2g 2

θ2 = θ0 − (η1 + αη1)g 1 − η2g 2

v 3 = −α2η1g 1 − αη2g 2 − η3g 3

θ3 = θ0 − (η1 + αη1 + α2η1)g 1 − (η2 + αη2)g 2 − η3g 3

v 4 = −α3η1g 1 − α2η2g 2 − αη3g 3 − η4g 4

θ4 = θ0 − (η1 + αη1 + α2η1 + α3η1)g 1

− (η2 + αη2 + α2η2)g 2 − (η3 + αη3)g 3 − η4g 4
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Second Rule: v ← αv + g;θ ← θ − ηv

v 1 = αv 0 + g 1 = g 1

θ1 = θ0 − η1g 1

v 2 = αg 1 + g 2

θ2 = θ0 − (η1 + αη2)g 1 − η2g 2

v 3 = α2
g 1 + αg 2 + g 3

θ3 = θ0 − (η1 + αη2 + α2η3)g 1 − (η2 + αη3)g 2 − η3g 3

v 4 = α3
g 1 + α2

g 2 + αg 3 + g 4

θ4 = θ0 − (η1 + αη2 + α2η3 + α3η4)g 1

− (η2 + αη3 + α2η4)g 2 − (η3 + αη4)g 3 − η4g 4
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Compariton of the Fourth Iteration

Rule 1: weight for g k depends only on ηk .

v 4 = −α3η1g 1 − α2η2g 2 − αη3g 3 − η4g 4

θ4 = θ0 − (η1 + αη1 + α2η1 + α3η1)g 1

− (η2 + αη2 + α2η2)g 2 − (η3 + αη3)g 3

− η4g 4

Rule 2: weight for g k depends on ηk , ηk+1, · · ·
v 4 = α3

g 1 + α2
g 2 + αg 3 + g 4

θ4 = θ0 − (η1 + αη2 + α2η3 + α3η4)g 1

− (η2 + αη3 + α2η4)g 2 − (η3 + αη4)g 3

− η4g 4
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First Update Rule: from θk−1 to θk

Update rule

v ← αv − ηg

θ ← θ + v

θk = θk−1 + v k

= θk−1 − ηkgk + αv k−1

= θk−1 − ηkgk + α(αv k−2 − ηk−1gk−1)

= θk−1 − ηkgk − αηk−1gk−1 + α2
v k−2

= θk−1 − ηkgk − αηk−1gk−1 − α2ηk−2gk−2
− α3ηk−3gk−3 − · · ·
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Second Update Rule: from θk−1 to θk

Update rule

v ← αv + g

θ ← θ − ηv

θk = θk−1 − ηkv k

= θk−1 − ηk(αv k−1 + gk)

= θk−1 − ηkgk − αηkv k−1

= θk−1 − ηkgk − αηk(αv k−2 + g k−1)

= θk−1 − ηkgk − αηkgk−1 − α2ηkgk−2
− α3ηkgk−3 − · · ·
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Differences I

Rule 1’s ηk affects the importance of g k , while ηk−1
affects the importance of αg k−1 and so on

θk = θk−1 − ηkgk − αηk−1gk−1 − α2ηk−2gk−2 − · · ·

Rule 2’s ηk affects g k , αg k−1, α2
g k−2 · · ·

θk = θk−1 − ηkgk − αηkgk−1 − α2ηkgk−2 − · · ·
= θk−1 − ηk(g k + αg k−1 + α2gk−2 + · · ·

For rule 2, if ηk is decreased from ηk−1, weights for
past gradients are immediately affected
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Differences II

For rule 1, weights of past gradients changed only
because of α?

Both formulas are the same if NO learning-rate
scheduling

Chih-Jen Lin (National Taiwan Univ.) 10 / 12



References I

Polyak, B.T. Some methods of speeding up the
convergence of iteration methods. USSR
Computational Mathematics and Mathematical
Physics, 4(5):1–17, 1964.

Sutskever, Ilya, Martens, James, Dahl, George, and
Hinton, Geoffrey. On the importance of initialization
and momentum in deep learning. In Proceedings of
the 30th International Conference on Machine
Learning (ICML), pp. 1139–1147, 2013.

https://github.com/pytorch/pytorch/issues/1099

Chih-Jen Lin (National Taiwan Univ.) 11 / 12



References II

https://medium.com/the-artificial-impostor/sgd-
implementation-in-pytorch-4115bcb9f02c

tf.keras.optimizers.SGD

tf.compat.v1.train.MomentumOptimizer

simpleNN/MATLAB/opt/sgd.m

PyTorch

Chih-Jen Lin (National Taiwan Univ.) 12 / 12

https://www.tensorflow.org/api_docs/python/tf/keras/optimizers/SGD
https://www.tensorflow.org/api_docs/python/tf/compat/v1/train/MomentumOptimizer
https://github.com/cjlin1/simpleNN/blob/master/MATLAB/opt/sgd.m
https://pytorch.org/docs/stable/optim.html

