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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Convolutional Layer |

@ For an instance / the Jacobian can be partitioned
into L blocks according to layers

So= [ RN m=1, L (1)

where

aZL—&-Li 8zL+1,i

I = vecwmT a6™)T

@ The calculation seems to be very similar to that for
the gradient.
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Convolutional Layer

@ For the convolutional layers, recall for gradient we

have /
of 1. 1. o
own ~ ¢V T 2w

and
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Convolutional Layer

@ Now we have

aZ]-L+1,i
zL+Li 3veC(W'")T
Ovec(Wm)T Sl iLi
NE+1
Ovec(Wm)T

vec(2Z gb(pad(Z”")) )’

L+1,i

Oz, 1 m,i
vec( gt d(pad(Z™))T)T
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Convolutional Layer

IV

o If b™ is considered, the result is

aZH-l,i aZL+1,i
{8vec( Wm)T o(b™) T]

gzt m.i\\T T
vec (%0 [6(pad(Z™) L s, ]

L+1,i

. T
0 .
vec ( St [g(pad(Z2™))7 ]1a£zmvb£2nv})
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Convolutional Layer

Vv

@ We can see that it's more complicated than
gradient.

@ Gradient is a vector but Jacobian is a matrix
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Backward Process |

@ For gradient, earlier we need a backward process to

calculate
&
é)f;rn,i
@ Now what we need are
L+1,i L+1,i
0z, 82,,L+1
Qsm.i 7T gSmii

@ The process is similar
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Backward Process ||

o If with RELU activation function and max pooling,
for gradient we had

%3
dvec(Smi) "

— 0% _T®vec(l[Zm+1”’])T P”;’c';l.
Ovec(Zm+1.7) P
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Backward Process |l

@ Assume that

8ZL+LI
Ovec(Zm+1.7)
are available.
69234%-1,i
Ovec(Sm™N)T
Ozt . .
_ i m+1,i1\T m,i
. (avec(zmwv oveclllZZD ) Poca

J=1.. . n.
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Backward Process IV

@ These row vectors can be written together as a
matrix

8ZL—|—1,I'

Hvec(Smi)T

azH—l,i LT .y
= 8vec(Z’"+1»’)T © (]l,,LHvec(l[Z ’ ]) ) 'Dpool'

Chih-Jen Lin (National Taiwan Univ.) 13 /81




SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Backward Process V

e For gradient, we use

6925i
oSsmi
to have
afi ( T af/ )T
=vec | (W™ . P pM
8vec(Zm»")T ( ) oSmi ¢ pad

and pass it to the previous layer
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Backward Process VI

@ Now we need to generate

aZL—i—l,i
Ovec(Zm)T

and pass it to the previous layer.
@ Now we have

N T
m TaZLH” mpm
vec ((W ) S& | PYPoLg

azH—l,i
dvec(Zm)T —

Tale:H,i T
m NL+1 m m
_vec <(W ) DSmi > P¢ Ppad-
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Fully-connected
Layer |

@ We do not discuss details, but list all results below

8ZL+1’i

Hvec(Wm)T N

oz 07y )|
[VGC (W(Z ’)T> ... Vve <(‘3sm' ( )
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Fully-connected
Layer |l

OzL+Li 9zL+L
a(b™T - a(smT’

0zt 0z m+1,i1T
o(smi)T - d(zm+1)T © (]lnm/[z " '] )
azu—l,i aZH_Li

m

3(Zm,i)T o 8(sm,i)T
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SEIWETCREC -l Jacobian evaluation

Jacobian Evaluation: Fully-connected
Layer Il

@ For layer L + 1, if using the squared loss and the
linear activation function, we have

3ZL+1’i

a(SL,i)T o I”LH'
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SEIWETCREC -l Jacobian evaluation

Gradient versus Jacobian |

@ Operations for gradient

%3
Hvec(Smi) T
— % — O vec(I[Z™H)T | P
Ovec(Zm+1.1) P
agi - 65/ m,ix\T
23

= vec (Wm)T (95,-. TPm o
)T 0Smi ¢ " pad>

Ovec(Z™
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SEIWETCREC -l Jacobian evaluation

Gradient versus Jacobian Il

@ For Jacobian we have

8zL+1,i
dvec(Smi)"
0zt m+1,i\ T m,i
— <6vec(Z’"+17")T ® (]1,,L+1vec(l[Z ) ) P ool
az{_HJ m,i
L +Li vec(g&mr ¢(pad(Z NHT
8vec(W’")T: AL :
vec(Tpist d(pad(Zm))T)T
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SEIWETCREC -l Jacobian evaluation

Gradient versus Jacobian llI

8ZL+1’i
Ovec(Zm™N)T

vec ((W'")T

vec ((Wm)T
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L+1,i
821+ 5
85m,i

L+1,i
z, T h
0 o

a5m

Tm
)

|
s

m
Ppad

m
Ppad
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Implementation |

@ For gradient we did
A + mat(vec(A)TPT)
IE;
owm
A « vec (W™TA) PrPD,
A+ AGI[Z™]

@ Now for Jacobian we have similar settings but there
are some differences

Chih-Jen Lin (National Taiwan Univ.) 22/81
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SEIWETCREC -l Jacobian evaluation

Implementation |l

@ We don't really store the Jacobian:

vec(%+¢(pad(Z™))T)T

oL+
Ovec(Wm)T - oAl T
vec(5ai-(pad(Z™))T)

@ Recall Jacobian is used for matrix-vector products

G bt BT UV (BU) Q)
ieS
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SEIWETCREC -l Jacobian evaluation

Implementation Il

@ The form
8Zf+1J m,i
Ozl +L vec(g&mr¢(pad(Z NHT
Ovec(Wm)T B HlHLi '
vec( —ent (pad(Z’"’)) )

is like the product of two things
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Implementation IV

@ If we have

aZ]_L—I—]_,I aZL+1”

HGmi 7 Homi and ¢(pad(Z™'))

probably we can do the matrix-vector product
without multiplying these two things out

o We will talk about this again later
@ Thus our Jacobian evaluation is solely on obtaining

aZL+1,i aZL+1,i
1 N4l
oSm.i 7T HSmii
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Implementation V

@ Further we need to take all data (or data in the
selected subset) into account

@ In the end what we have is the following procedure

@ In the beginning

A c Rdm+1am+1bm+1XnL+1X/
This corresponds to

aZL—l—l,i ]
— — (L., vec(/[Z™H)T) Vi=1,...,1
Ovec(Zm+1.1)
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Implementation VI

@ We then calculate

(P

pool) VeC(A )

A < mat

(PPOO|) VeC(A:’:’/) dmtixag, bl e+l

@ Recall that the pooling matrices are different across
instances
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Implementation VII

@ The above operation corresponds to

HzL+Li
dvec(Smi)T

ozt m+1L,i T m,i

B 8veC(Zm+1,i)TQ(]ln“lvec(/[Z i) ) Pocol-

@ Now we get

L+1,1 L1,
{ﬂ aZ"L+1 aZ”L+1 }
gsmI . smI cc ggml
m—+1 m m '
c Rd ><aconvbconvr’L-H/ @
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Implementation VIII

@ Next
V < VeC((Wm)TA) E thdmag)nvbcl:gnan+1/><1

@ This is same as

L+1,1 L+1,1 L+1,/
vec (W7 oo oman),

asm’l e asm’l .. aSmJ

Chih-Jen Lin (National Taiwan Univ.)
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SEIWETCREC -l Jacobian evaluation

Implementation X

@ Now V' is a big vector like

Note that “v" here is not the vector in

v

Ny

matrix-vector products. We happen to use the same

symbol

Chih-Jen Lin (National Taiwan Univ.)
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Implementation X

@ We then calculate

[ ( )T'Dm pad ]
A<+ mat]| |(v nLH)T PIP,

/ T m
_(v”L+1) P pad dmambmxnp x|

This corresponds to

OzL+Li

— =1 ...,/
8vec(Zm»’)T’l Y
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Implementation X

e Finally,
A —AO
nzmy-- iz izm -z G)
AL+l N1
This means
T © (L eellIZ7 ) i L
@ Let's check the code
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Implementation XI|

dzdS{m} = vTP(model, net, m, num_data,
dzdS{m}, ’pool_Jacobian’);
dzdS{m} = reshape(dzdS{m},

model.ch_input(m+1), []);
V = model.weight{m}’ * dzdS{m};

dzdS{m-1} = vTP(model, net, m, num_data,
V, ’phi_Jacobian’);

% vTIP_pad
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SEIWETCREC -l Jacobian evaluation

Implementation XII|

dzdS{m-1} = reshape(dzdS{m-1},
model.ch_input(m), model.ht_pad(m),
model.wd_pad(m), [1);

p = model.wd_pad_added(m);

dzdS{m-1} = dzdS{m-1}(:, p+1l:p+model.ht_inp
p+l:p+model.wd_input(m), :);

dzdS{m-1} =
reshape (dzdS{m-1}, [], nL, num_data)
.* reshape(net.Z{m} > 0, [], 1, num_data)
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Implementation XIV

@ In the last line for doing (3), we don't need to
repeat each /[Z™'] n;41 times. For .*, MATLAB
does the expansion automatically
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_ Becverd serine SRR
Discussion |

@ For doing several CG steps, we should store

L+1,i L+1,i
az1 aZnL-H
aSmi T T gSmi

The memory cost is

L L
m+1_m m
X1 X E : d aconvbconv + E , Nm+1
m=1 m=Lc+1

@ It is proportional to
o Number of classes

Chih-Jen Lin (National Taiwan Univ.)
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Discussion |l

o Number of data for the subsampled Hessian

@ The reason is that it's used for all CG steps
(Jacobian matrix remains the same)

@ Recalculating them at each CG is too expensive
@ We will show some complexity analysis later

@ Thus subsequently we will consider a different
approach to reduce the memory consumption
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Backward setting Gauss-Newton Matrix-vector products

@ Backward setting

@ Gauss-Newton Matrix-vector products
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Gauss-Newton Matrix-Vector Products |

@ We check
Gv

though the situation of using G (i.e., a subset of
data) is the same

@ The Gauss-Newton matrix

Chih-Jen Lin (National Taiwan Univ.)
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Gauss-Newton Matrix-Vector Products I

@ The Gauss-Newton matrix vector product

Gv

) . / '(Jl,i)T' V1
=—v+- - W LU

C /,-z_l: (JL,/)T [ } vl

A S A
==v+5) | (B’ZJ'"”V’") ,

i=1 _(JLJ)T_ m=1
(5)
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Backward setting Gauss-Newton Matrix-vector products

Gauss-Newton Matrix-Vector Products IlI

where

@ Each v m=1,..., L has the same length as the
number of variables (including bias) at the mth
layer.
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Gauss-Newton Matrix-Vector Products |V

@ For the convolutional layers,

Jm,ivm

L+1,i

) T
vec (G [0(pad(Z™))T Tag iz, ] ) V™

8ZL+1,i . T
vec ( ssmr [¢(pad(Z™))7 ]lasz,nvbgz,nv]) v
E_ R”L+1X1 i

@ This formulation is fine, but we need
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Backward setting Gauss-Newton Matrix-vector products

Gauss-Newton Matrix-Vector Products V

o a for loop to generate n; .1 vectors
o the product between a matrix and a vector v

@ Is there a way to avoid a for loop?

@ For a language like MATLAB/Octave, we hope to
avoid for loops

@ Also we hope the code can be simpler and shorter

@ We use the following property

vec(AB)vec(C) = vec(A)vec(CBT)
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Gauss-Newton Matrix-Vector Products VI

@ The first element is

T
821L+1,i .
\T/ B vec(C)
§LtLi
1

2]

m
vec (mat(v )dm+1x(hmhmdm+1) [ ]17' ,
am m

conv ~conv
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Gauss-Newton Matrix-Vector Products VI

o If all elements are considered together

Jm,ivm
azH—l,i
¢<pad<zm"’>>]> |

vec (Illat(v )d’"+1><(/7 hmdm+1) ‘ 1., bpm
a

conv ~conv

This involves
o One matrix-matrix product
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Gauss-Newton Matrix-Vector Products

VIII

o One matrix-vector product
@ After deriving (6), from (5), we sum results of all

layers
L .
ZJm,lvm
m=1
@ Next we calculate
. . L .
q/ _ B/(Z Jm,lvm). (7)
m=1
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Backward setting Gauss-Newton Matrix-vector products

Gauss-Newton Matrix-Vector Products IX

@ This is usually easy
@ We mentioned earlier that if the squared loss is used

2
B' =

is a diagonal matrix
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auss-Newton Matrix-vector products

Gauss-Newton Matrix-Vector Products X

e Finally, we calculate
(Jm,i)T

a L+11 ) \
e ( s [o(pad(Z™ ) L] ) -

azre—i—ll 1 .
vec | o= [o(pad(Z™)) " Mo i, | || @
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auss-Newton Matrix-vector products

Gauss-Newton Matrix-Vector Products Xl

N4 8ZL+1I
= quvec < SomT [9(pad(2™))" ag;nvbggm]>

np4+1 a L+1,i '
= Vvec Z qJ ( aSm/ (pad(ZmJ))T ]lagg)nvbgg)nv}>

N4 L+1 i

= vec qu Fomr | [6(pad(Z7™)) " Tan n ]
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Gauss-Newton Matrix-Vector Products Xl|

7L+ r
- () 7)o

m m
a(iOI'1V bconv

o532 Loz ) (6)

A matrix-vector product and then a matrix-matrix
product
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Backward setting Gauss-Newton Matrix-vector products

Gauss-Newton Matrix-Vector Products

XIII

@ Similar to the results of the convolutional layers, for
the fully-connected layers we have

aZL—i-l,i [zm,i]

Jm7IVm = Wmat(vm)nm_,_lx(nm—l-l) ]11

(J™)Tq" = vec ((%) ' q [(z™)7 111]) :
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Implementation |

@ As before, we must handle all instances together
@ We discuss only

L m1l.,,m
Zmzl J v
. 6 Rn[_+1/><1
ZL Jmilym

m=1

@ Following earlier derivation
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Implementation |l

Jm7lvm

Jm,/vm

9zL+11

Ovec(Sm™1)T vec

8ZL+17/

dvec(S™NT vec

- 8ZL+1,1

Bvec(S’"vl)Tp

azL+1,I

_ Bvec(S’"”)Tp

Chih-Jen Lin (National Taiwan Univ.)

m,1

m,/

(¢(pad(Z2™*))

T
]]-am bm

conv ~conv

L

conv ~conv

)

o [dled(zm)
(reen 222
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Implementation Il

@ We have
mat(v™) € RA™ L x(hmhmd™4-1)
and
) d Zm,i
p™' = vec <mat(v’") [(ﬁ(?ﬁm(bm ))]> . (9)
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Gauss-Newton Matrix-vector products

Implementation IV

o All

m,i

p™. i=1,....1

can be calculated by a matrix-matrix product

m ¢(pad(Z™1)) -+ ¢(pad(Z™'))
1 T . ]H-T

m m m m
aCOnV bCOn\/ aconv bconv

mat(v

m+1 m m
E Rd ><aconvbconv/-
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Implementation V

o To get

azL+1,1

8vec(5’"’1)7p

m,1

HzHL! m,l

8vec(5m=’)Tp ’
we need / matrix-vector products

@ There is no good way to transform it to
matrix-matrix operations

Chih-Jen Lin (National Taiwan Univ.)
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Implementation VI

@ At this moment we calculate

m,i . ,m aZL—HJ m,i
J™v :Wp’,lzl,...,/. (10)

by summing up all rows of the following matrix

oz DzLrLi )
dvec(S™)  Bvec(S™)

1
dmt ag;l)nv bcl:gnv XNy

myi M,
|:p p ] dm+1agnvb$nVXnL+1 )
and extend this to cover all instances together
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Backward setting Gauss-Newton Matrix-vector products

Implementation VII

@ The code (convolutional layers) is like
form=1C : -1 : 1
var_range = var_ptr(m) : var_ptr(m+1l) - 1
ab = model.ht_conv(m)*model.wd_conv(m) ;
d = model.ch_input(m+1);

p = reshape(v(var_range), d, []) *
[net.phiZ{m}; ones(1l, ab*num_data)];
p = sum(reshape(net.dzdS{m}, d*ab, nL,

(1) .x
reshape(p, d*ab, 1, [1),1);
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Implementation VIII

Jv = Jv + p(:);
end

Chih-Jen Lin (National Taiwan Univ.)
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Outline

@ Forward + backward settings
@ R operator
@ Gauss-Newton matrix-vector product
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Forward + backward settings R operator
Outline

@ Forward + backward settings
@ R operator
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Forward + backward settings R operator

Reverse versus Forward Autodiff |

@ We mentioned before that two types of autodiff are
forward and reverse modes
@ For the Jacobian evaluation, at layer m,

azL+1,i azLJrl,i

I = avectwmyT a6

naturally we follow the gradient calculation to use
the reverse mode

@ But this may not be a good decision
@ We will show a solution of using the forward mode
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Forward + backward settings R operator

R Operator |

e Consider g(0) € R**!. Following Pearlmutter
(1994), we define

Vgl(H)Tv
0g(6
Ru(g(0)) = £ = | (1)
ng(e)TV
o Note that
Vgl(O)T
ng(O)T
is the Jacobian of g(8)
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R Operator |l

@ This definition can be extended to a matrix
M(0) Rkxt by

Ru{M(0)} = mat (Ry{vec(M(0))}) 1

—mat (%)k _

o Clearly,

RAM(0)} = (R {M(6)T})]

Chih-Jen Lin (National Taiwan Univ.)

MLy -

VMLv -

VM/.v

VM v

(12
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Forward + backward settings R operator

R Operator Il

@ If h(-) is a scalar function, we let

h(M(9)) =

and

H(M(8)) =

Chih-Jen Lin (National Taiwan Univ.)

h(M1)

h(My) -

h/(Mll) cee

(M) -
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R Operator 1V

@ Because

V(h(M;(6)))"v = h'(My)V(My) v,
we have
Ru{h(M(0))} = H(M(0)) ®© R,{M(6)}, (13)

where © stands for the Hadamard product.
e If M(6) and T(0) have the same size,

R {M(8) + T(8)} = R,{M(8)} + R.{T(6)}.
{M(6) + T(6)} {M(6)} {()(}14
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R Operator V

o Lastly, we have

R {U(O)M(6)} = 72./{U(9)}M(9)+U(9)7€v{/\(41(59))}

Proof: Note that
(R{U(BIM(0)}); = V (U()M(8))5)" v. (16)
With

(U(O)M(0)), Z UipM,;, (17)
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Forward + backward settings R operator

R Operator VI

we have both Uj, € R' and M,; € R'. Then,
\% (Uipij)T V= ((VUip)TV) Mpj+Uip ((Vij)Tv) :

@ For simplicity, subsequently we use R{g(0)} to be
Rv{g(6)}

Chih-Jen Lin (National Taiwan Univ.)
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Forward + backward settings R operator

R Operator for J'v |

o We have _ _
J'v =R{z1.
@ Now assume _
R{Zm,l}
is available from the previous layer

@ We consider the following forward operations
e From (15), we have

R{g(pad(Z™))}
—mat (P]PTIR {vec (Z")})

mpmAAm m m
h h d X aconV bCOnV
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Forward + backward settings R operator

R Operator for J'v |l

e From (14), (15), we have

R{S™"}
=R{W"¢(pad(Z™")) + b" 1, ,n }

conv - conv

=R{W"$(pad(Z™))} + R{b™L 3 1n }

—R{W™ $(pad(Z™)) + W”’R{cbcznr;acén(vz ™))}
R{b™}1., ..

conv “conv

=VTé(pad(Z™)) + WMR{$(pad(Z™))}+

T
me]la’" bm_

conv Yconv
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R Operator for J'v Il

where we use

R{W™} =V,
R{b™} =v].
@ Note that
1
v=|:|,
vl
and each v m=1,..., L has the same length as
the number of variables (including bias) at the mth
layer.
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Forward + backward settings R operator

R Operator for J'v IV

e We further split v to V|j) (a matrix form) and v}
e From (13), we have

R{c(S™)} =o' (S™) ® R{S™'}. (18)
e From (15), we have

R{Zm—&-lj}
=R{PI! (5™}

pool

=mat (P;glR{vec (O’(Sm’i)) }>

dm+1 s gmt1pm+l
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L o bacard setine: IR
R Operator for J'v V

@ We can continue this process until we get
JiV — R{ZL+1’i}.
@ Clearly, we do not need to store

L+1,i L+1,i
0z, 82,,L+1

oSmi T gSm

as before

Chih-Jen Lin (National Taiwan Univ.)
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Forward + backward settings Gauss-Newton matrix-vector product
Outli

@ Forward + backward settings

@ Gauss-Newton matrix-vector product
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Gauss-Newton matrix-vector product
Gauss-Newton Matrix-vector Product |

@ From the above discussion, we have known how to
calculate
J'v

o Calculate o
B'(J'v)

is known to be easy

Chih-Jen Lin (National Taiwan Univ.)
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Forward + backward settings Gauss-Newton matrix-vector product

Gauss-Newton Matrix-vector Product I

@ Now for _ o
(JI)T(BIJIV)7
if we define o
u=B'"Jv,
then -
i aZL—i-l,i
(J)Tu:( 207 ) u.

@ But earlier the gradient calculation is

(Ji)Tsz+1,i£(ZL+1’i;_yi, Zl,i) _ (
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Gauss-Newton Matrix-vector Product Il

@ Thus the same backward procedure can be used
@ All we need is to replace

85/'

aZLJrl,i

with
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Complexity Analysis |

@ We have known from past slides that matrix-matrix
products are the bottleneck (though in our cases
some slow MATLAB functions are also bottlenecks
in practice)

@ For simplicity, in our analysis we just count the
number of matrix-matrix products

@ Approaches solely by backward settings: if

L+1,i L+1,i
aZl aZ”L+1
dSmi T gSmi
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stored, then

N1 X 34 #CG x 2
If not, then

#CG x (41 X 3+42)

@ Note that “3" comes from one product in the
forward process and two in the backward process
(the same as the situation in Gradient calculation)
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Complexity Analysis Il
o If using R operators, then
#CG x (34 2),
where “3" are from the forward process
W™ ¢(pad(Z™)),
and
Viyo(pad(Z™)), WR{¢(pad(Z™))},

and “2" are from the backward process
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Discussion |

@ At this moment in the Python code we are not
using the forward mode for Jv

@ It was not available before

@ However, since version 2.10 released in January
2020, this functionality is provided:

https://www.tensorflow.org/api_docs/
python/tf/autodiff/ForwardAccumulator

@ It will be interesting to do the implementation and
make a comparison
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