Numerical Methods 2026 — Midterm 1

Solutions

Problem 1 (10 pts). Consider the following matrix

4 2 8 12
2 10 10 9
8§ 10 36 34
129 34 45

A:

Show every step of performing Cholesky factorization on A with the outer product form. Hint: the
resulting L contains only integer values.

Solution.

Step 1: Calculate /o = v/4 = 2, so that

2 000 9
1100
1) — _
LY = 4010 and v = 182
6 0 0 1
in this step. Also, we calculate
v ol 10 10 9 1 4 6 9 6 3
B — =110 36 34| — |4 16 24| = |6 20 10
@ 9 34 45 6 24 36 310 9
Thus, we have
21 4 6
1 9 6 3
1) —
AT = 4 6 20 10
6 3 10 9

Step 2: Now we re-do the calculation on AM, we have vVa) = /9 = 3,

2000
=5 g s []
6 1 0 1

in this step. Then, calculate

R G {20 10} - [4 2] _ {16 8] |

a) |10 9 2 1 8 8
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Therefore,

21 4 6
1 3 2 1
2 _
AT = 4 2 16 8
6 1 8 8
Step 3: Similarly, we have Va2 = /16 = 4,
3000
1400
3) _ @) _
L 61 4 0 and, v [8}
9 3 21
in this step. Furthermore,
@) . (@)
2y Y (v )
B® — —— 5 —— = [8] - [4] = [4]
Therefore,
21 4 6
1 3 21
(3) _
A = 4 2 4 2
6 1 2 4
Step 4: In the final, Va® = /4 = 2, so that
2 0 00
1 3 00
4) —
L 4 2 4 0
6 1 2 2
Problem 2 (30 pts). Consider the following matrix:
2 3 12
A= |4 5 20 (1)
1 2 5

(a) (5 pts) In pivoted LU factorization, please give

P17M17P27M27U

such that

M2P2M1P1A - U
Note that you should choose the pivot which has the largest absolute value. Hint: The resulting U

has only one fraction value.

(b) (5 pts) Following (a), what are the P and L such that PA = LU?

(c¢) (10 pts) Recall that in pivoted LU factorization, we

choose the largest absolute value in the column

and swap two rows. Here, we consider an extension of the pivoted LU factorization method that
selects the largest absolute value in both row and column. If the largest absolute value occurs in the
column, swap the two rows. Otherwise, swap the two columns. Thus, at each step we have PAQ),

where



e one of Por (@ is [.
e If P is not I, it is a permutation matrix to swap the two rows.

o If () is not I, it is a permutation matrix to swap the two columns.

For example, consider the matrix

1 3 9
5 20 10
8 2 5

To choosing the first pivot, we compare the entries in the first row and first column, and select the
element with the largest absolute value. The entry at position (1,3) has the largest absolute value
among all entries in the first row and the first column. Therefore,

O = O

1 1
0 and P{ = |0
0 0

S = O

0 0
Q=10 0
1 1

Follow the similar idea of (a). For the matrix A in (1), please find
Py, Qu, My, Py, Qa, M, and U
so that
MyP My Py A Q@2 = UL (2)

Note that you should choose the pivot which has the largest absolute value. If there are more than
two candidates of pivot, we choose the one that is the closest to the diagonal part.

Hint: Note that the resulting
Uyl Uiz U13

U= 0 U922 1/6
0 0 Us33

(d) (5 pts) Earlier, we were able to find P and L such that PA = LU in (b). Now, consider the same
matrix A in (1) and set @ = Q1Q2. For the example in (¢), can you find P such that (2) can be
written as PAQ = LU?

(e) (5 pts) Following (d), solving the linear system
Ax =0b

is equivalent to solve
P'LUQ 'z =b.
Therefore, we can get the solution «* by the following steps.
(i) Solve Ly = Pb to get y*, where y* = UQ 'x.
(i) Solve Uz = y* to get z*, where z* = Q~'a.

(iii) Solve @'z = z* to get x*.



Now, we have

Please solve
Ax =0

by the aforementioned steps. Note that you can verify your solution «* by checking whether Ax* is
equal to b.

Solution.

(a) Step 1: The pivot is 4, so we have

010
P=1100
01
such that
4 5 20
PA=1(2 3 12
1 2 5
Then, we can calculate
1 00
My=|-1/2 1 0],
—-1/4 0 1
so that
—4 =5 20
MiPA=1|0 1/2 2
0 3/4 0
Step 2: The pivot is 3/4, so
100
P=10 0 1
010
and P2M1P1A is
-4 -5 20
0 3/4 0
0 1/2 2

Thus, M; is calculated by

and
4 5 20
M2P2M1P1A: U: 0 3/4 O
0 0 2



(b) We have

010
P:P2P1: O 0 1
1 00
and
1 0 0
L=PM*'P;'M; P =1(1/4 1 0
1/2 2/3 1

(c) Step 1: The pivot is 12, so

100 0 01
P1: 010 andQ1: 010
0 01 100
such that
12 3 2
5 2 1
Thereby, we can calculate
1 0 0
My=1]1-5/3 1 0
—=5/12 0 1
and
12 3 2
MP -A-Q1=1]0 0 2/3
0 3/4 1/6
Step 2: Now the pivot is 3/4, so
100 100
P,=|0 0 1] and Q2= 1|0 1 0
010 0 01
such that
12 3 2
P2M1P1'A'Q1Q2: 0 3/4 1/6
0 0 2/3
Hence, we have
1 00
My=1{0 1 0
0 01
and then
12 3 2
MyPoMGP - A-Q1Q2= |0 3/4 1/6
0 0 2/3



(d) We have

00 1100 00 1
Q=0Q:1Q>,= 10 1 0| ]0 1 0l=1010
1 0 0[]0 01 100

Since

MQPngplAQ == U,

we can derive

0 0
AQ = (MaP ML P)'U = | 5/3 0 1| U.
10

Now consider

Then we have

0 0 1 00
PAQ = P(MyP,MP)"'U=P|5/3 0 1|U= |[5/12 1 0|U = LU.
5/12 1 0 5/3 0 1

That is,
1
L=1|5/12
5/3

O = O
— O O

(e) In step (i), we have to solve

Ly = Pb
[ 1
= |5/12
| 5/3
[ 1
= |5/12
| 5/3

SO = O O = O

and the solution y* can be calculated as

y = |7/12
—5/3

In step (ii), we have to solve

Uz=y"
12 3 2 1
=10 3/4 1/6|z=|T7/12
0 0 2/3 —5/3



The solution z* can be calculated as

1/6
z¥=|4/3
—5/2
In step (iii), we have to solve
Qlw=2z"

which implies

Thus,
—5/2
x*= | 4/3
1/6
Verify:
2 3 12| |-5/2 1
Az =14 5 20 4/3 | = |0l =b
1 2 5 1/6 1

Problem 3 (35 pts). TensorFloat-32 (TF32) is a reduced-precision floating-point format used for ma-
trix multiplication on NVIDIA Tensor Cores. In TF32 computation, an input stored in IEEE 754 single
precision (FP32) is rounded before multiplication so that it uses a normalized representation with:

e 1 sign bit,
e 8 exponent bits, and
e 10 significand bits.

The exponent range is the same as that of IEEE 754 single precision, so the exponent bias is 127. For
normalized numbers, the value is interpreted as

(—1)* x 287127 5 (1.f),

where s is the sign bit, F is the unsigned exponent range, and f is the 10-bit significand range.
Assume throughout this problem that:

1. the input number is first represented exactly in FP32,
2. it is then rounded to TF32 using rounding even.

Answer the following questions.

(a) (5 pts) Round the FP32 number 347.6875 to TF32 and write the resulting:

e sign bit,
e cxponent bits, and

e significand bits.

Show your work. (Given: 347 = 28 4 26 4 24 4 23 4 21 4 20)
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(b) (5 pts) What is the absolute rounding error introduced when converting 347.6875 from FP32 to
TF327

(¢) (5 pts) Let 2 be a normalized FP32 number with exponent e, and let y be the result of rounding x
to TF32 using rounding even. Derive an upper bound on the relative error

ly — x|
|z]

by considering the following steps.

Step 1: Find the maximum absolute error |y — x|.
Step 2: Find the minimum possible value of |z|.

Step 3: Combine the above results to have the upper bound.

(d) (10 pts) Consider the following values given in binary
a = 1.00000 00001 1o, b = 1.00000 00000 15, ¢ = 1.00000 00010 11015,.
Let us follow the Tensor Core workflow to compute
d=c—axb
by the following steps.

Step 1: Round a and b to TF32.

Note: In Steps 2 and 3, a and b use their TF32-rounded values, while ¢ remains unchanged.
Step 2: Compute the exact value of @ X b in the binary number system.

Step 3: Compute the exact value of ¢ — a x b in the binary number system with Step 2’s result.
Hint: the resulting ¢ — a x b should be positive.

Step 4: Write the result of Step 3 into d in FP32 format.

Please show all intermediate steps in details and give the final result in FP32 format (i.e., the bit
string of d).

(e) (10 pts) IEEE half precision (FP16) uses

e 1 sign bit,
e 5 exponent bits with bias 15,
e 10 significand bits.

Like FP32, both TF32 and FP16 reserve certain exponent values for special cases:

Exponent bits ‘ Interpretation
all zeros denormalized numbers and zero
all ones infinity and NaN

Now, suppose that a positive value x cannot be represented as a normalized FP16 number, while
it can be represented as a normalized TF32 number. Please give the possible range of x.



Solution.

(a) First, let us convert 347.6875 to binary. For the integer part, we have
347 =256+ 64+ 16 +8+2+1 =28 420421 1 23 1 21 4 20,

which implies that
34719 = 1010110115

For the fractional part, we have
0.6875 = 0.5+ 0.125 4+ 0.0625 = 271 + 273 4 274

which implies that
0.6875190 = 0.10115.

Therefore,
347.687519 = 101011011.10115.

Second, we do the normalization
101011011.10115 = 1.0101101110115 x 28,

Thus, we have

sign bit: s =0

true exponent: e = 8

stored exponent bits:
E=e+127 =8+ 127 = 135 = 10000111,

significand bits after the leading 1:

01011 01110 11,

Finally, because TF32 keeps 10 significand bits, we have to round
01011 01110 11,

by the required rules. The discarded bits begin with 1 (the 11th bit), and the remaining discarded
bits are not all zero, so under the rounding even rule, we round up. Thus, the final 10-bit significand
range becomes

01011 01111,.

Overall, the TF32 representation is

1010000111 0101101111,

so the answer is

e sign bit: @
e exponent bits: | 10000111
e significand bits: [0101101111



(b) The original value is
r =1.0101101110115 x 28,

The rounded TF32 value is
y = 1.01011011114 x 28.

so the difference between y and z is:

y—x =1.010110111100, x 2% — 1.0101101110115 x 2®
= (1.0101101111005 — 1.0101101110115) x 28
= 0.0000000000015 x 2°
— 2712 % 28
— 94
= 0.0625.

(c) Let z be a normalized FP32 number, and y be the TF32-rounded number of 2 under rounding even.
The relative error is defined as:

y—x
i

Since TF32 stores 10 significand bits, for a number with exponent e, the ulps is:
ulps = 2710 x 2°
Under rounding even, the absolute rounding error |y — x| is bounded by half of the ulps:
1 —11 e
|y—x|§§ulps:2 X 2
The minimum possible magnitude for x in this exponent range is when all significand bits are zero:
|| min = 1.09 x 2¢ = 2¢
Therefore, an upper bound on the relative rounding error is:

2711 x 2¢
<—

— 2—11

(d) First, we round the inputs to TF32. For a = 1.00000 00001 15, the bits after the 10th significand
bit are exactly halfway. The 10th bit is 1, so we round up (rounding even) as

aTF32 — 1.00000 000102

For b = 1.00000 00000 15, this is also a tie case. However, the 10th bit is 0, so we round down as

brrse = 1.00000 00000

Second, we compute the product

arpsz X brrsa = 1.00000 000104 x 1.00000 000002 = 1.0000000015.

Third, we subtract the above result from ¢ = 1.000000001011015. The binary points for subtraction
can be calculated by
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-+1.000000001011015
—1.000000001000004
0.000000000011014

and be normalized to
0.000000000011015 = 1.1015 x 271

Finally, we convert this value to FP32 format:

e Sign bit: 0 (since the number is positive).

e Exponent: The true exponent is e = —11, so the stored exponent is

E=—-114127 =116 = 01110 1005.

e significand bits: The significand after the leading 1 is 101. Padding with zeros to fill 23 bits
gives
10100 00000 00000 00000 000,.

Therefore, the result in FP32 format is

[0 01110100 10100 00000 00000 00000 000]

For normalized FP16 numbers, by excluding the reserved exponent values, the exponent range
satisfies
1< E<30

with bias 15. Therefore the true exponent range is
—14 <e < 15.
Hence, the smallest positive normalized FP16 number is
1.0 x 271 =271
and the largest positive normalized FP16 number is

LI1111111115 x 2% = (2 — 2710) x 2%,

Thus, a positive number x cannot be represented as a normalized FP16 number if

O<ax<2™ or x>(2-271)x2".

For normalized TF32 numbers, the exponent range satisfies
1 < E <254,
with bias 127. Therefore the true exponent range is

—126 < e < 127.
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Hence, the smallest positive normalized TF32 number is
1.0 x 27120 = 27126
and the largest positive normalized TF32 number is

LI1111111115 x 287 = (2 — 2719) x 2127,

Thus, a positive number that is not representable as a normalized FP16 value but is a valid nor-
malized TF32 value falls in the following range:

271 <p <27 or (2-27)x 2P < < (2 -2710) x 217

Problem 4 (25 pts). Assume that we have a real, invertible, n X n matrix A. We say that the matrix
A has a singular value decomposition (SVD) if there exist matrices U, ¥,V such that

A=UxVT,
where

e U,V are n x n orthogonal matrices satisfying

Ut =0UT = 1,VIV =VVT =1, and

e Y is an n X n diagonal matrix with >;; = g; > 0.

(a) (5 pts) The Frobenius norm of a matrix is defined as

PIPIE:?

i=1 j=1

1AllF =

Prove that
|Al|» = /trace(AT A). (3)

Note that the definition of trace(-) is the sum of a square matrix’s diagonal values, i.e.,

n
trace(B) = Z Bj;, where B is a n x n matrix.
i=1

(b) (10 pts) Prove that
IAllF =

n

2
E o;.
i=1

Hint: You may directly use the derived result in (3) and consider the SVD formulation.

(c) (10 pts) If w,v € R™, show that
luv" 2 = f[ull[lvll = [uv”|F,

where || - ||2 is the 2-norm.
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Solution.

(a) Let us consider the sth diagonal entry of AT A:

(AT A),, ZAtsAts En:Afs.
t=1

Hence, we can derive the trace of AT A as

n n

trace(A”A) = Z ATA) =D AL

s=1 s=1 t=1

By taking
t=1and s =7,

we can have

= = (Al 0.

i=1 j=1

Therefore, we have
trace(ATA) = ||A||g.

(b) By the derived result in (a), we proved that
|Al|p = \/trace(AT A)
With the SVD of A, we can derive that
ATA = (xvhHTwosvh) =vytvTusv? = vesv?

Hence

n n n n

trace(ATA) = i AT A)y Z Z Vie(ZXVT) Z Z VX Vi = i Si i Vi
i=1

i=1 k=1 1=1 k=1 k=1 =1

Since V' is an orthogonal matrix, its columns are orthonormal, which implies:

ivii =1,
=1

Therefore

n n n

|AllF = Z Vik = szk: ZUI%'

k=1 i=1 k=1

(c) Let us define

and separate the proof into two parts.
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e The First Equality. By the definition of 2-norm, we have

A
|A]l> = max Azl _ o 1Az
220 |zllz  fell=1

Substituting A = uw? into the above expression

max ||Az|; = max |[uv’ x|, =
=1

X max [v"zl[|ull;
Jall2=1 I zlla—1

By using the Cauchy-Schwarz inequality, we have
W' a] < [|vls]|zl2.

Equality is attained by choosing x = m when v # 0:

v x| = |lv[|2]|z]l
So we can derive
(5) = [lullz[lv]l2
If v =0, then clearly
Juv x|y = 0 = [Jul2]|v]

Therefore, we have done the first equality.

e The Second Equality. By the definition of Frobenius norm, we have

n n
luvllr = | DD (wv?)3.

i=1 j=1

Since 4;; = (uv’);; = u;v;, we can obtain

n n n n
(6)= | 2wt = | > ul d o od =/ ulllol = [ullallo,
i=1 j=1 i=1 j=1
Therefore, we have done the second equality.

Overall, we complete the proof of

luv” [l = [|ull]|v]l> = [uv”||F.
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