-
Conjugate Gradient Method |

@ Further simplification

rk = r-1— ocApk

rk—1 = Ik—2 — Q—1APK—1

T T T
Me_1tk—1 = F_1rk—2 — Qk—1r_1APk—1

T

= 0 — ak-1r_1APk-1

T T T
Me_olk—1 = F_olk—2 — Q—1r_oAPk—1

T T
le_ork—2 — 0k—1(Pk—1 — Bk—1Pk—2) APk
T T
Me_ork—2 — O—1Px_1Apk—1 =0
T T
Me_olk—2 = O—1Py_1APk-1
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_ka A1 rl o re1/ak-1 B rl o re1
Pk 1APK-1 fkT,szfz/Oékfl rk7;2rk—2
@ A simplified CG procedure:
k=0;,x=0,n=>b
while r, #0
k=k+1
if k=1
P1=1nh
else
Bk = rkT_lrk—l/rkT_Qrk—2
Pk = r—1 + BikPk-1

Bk =
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end
O = rkT_lrk—l/P/Z-APk
Xk = Xk—1 + QkPk
rk = re—1 — QApk
end
@ One matrix vector product
@ ry # 0 is not a practical termination criterion
@ Also we should avoid calculating

T T
Fe—1rk—1, Me_ork—2

at each step
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@ The final version
k=0;x=0;r=b;py=|rl3
while \/px > €[|bl|2 and k < knax

k=k+1
ifk=1
p=r
else
B = ,Ok—1//)k—2
p=r+05p
end
w = Ap

4/10




-
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= pk—l/PTW
X=Xx+ap
r=r—aw
pi= I3

end

@ Numerical error will cause the number of iterations
>n

@ For what kind of problems slow convergence occurs?
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e Convergence properties

Theorem

If A= 1+ B is an n X n symmetric positive definite
matrix and rank(B) = r, then the conjugate gradient
method converges in at most r + 1 steps

We omit the proof
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Conjugate Gradient Method VII

@ The case of A = 1I:

X0:0,I’0:b

pr=r=>b
a=rir/pl Apr=b"b/bTAb=1
x1=p1=Db

r1:r0—041Ap1:b—b:0

The conjugate gradient method stops in one
iteration
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@ An error bound in terms of the norm x" Ax:

Theorem
If Ax = b,

N

I = xilla < 2[x = xo|a(

where

|x]|a = VxTAx

@ +/k: the condition number of A
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o If
VE — 1,
then
(\/E—l)k
VE+1
is smaller
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R
Discussion

@ In general, if the condition of A is better

= fewer CG iterations
@ Where is PD of A used? Recall that we have
min f(x)

XExo+span{pz,...,Pk }
2

. _ Q
=min f(xg + Px-1y) + mln(—ozkaro - 7kaApk),
y (6%

For the second part,

1

we need p” Ap > 0 for the minimization.
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