]
Directions in CG |

@ For selecting directions, we hope that py,..., p, are
linearly independent and

Xk = arg min f(x) (1)
xExg+span{pi,...,px }
o With (1),
Span{p17 <. 7pn} = Rn:
SO

Xp = arg)[g?nn f(x)

Chih-Jen Lin (National Taiwan Univ.) 1/14



]
Directions in CG |l

Then
Ax, = b

and the procedure stops at most n iterations
@ But how to maintain (1)?
o Let
Xk = X0 + Pk-1y + apx,

where

Pioi=[p1,- - pi-1] .y € R<1aeR
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]
Directions in CG [lI

f(Xk)
1

:E(XO + P 1y 4+ ape) TA(xo + Py + apy)
— b"(x0 + Pi_1y + apy)

1
:E(XO + Pk—l}/) TA(XO + Pk_ly) — bT(Xo + Pk—l)/)

2
a
+apl Alxo + Px_1y) — b (apx) + 7P/<TAP/<
o2
=f(xo + Px_1y) + ap/ APx_1y — ap/ o + - P ! Apx
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]
Directions in CG |V

min f(x)
xExg+span{p1,...,px }
=min f(xg + Px_1y + apk)
y.a

is difficult because the term

apy AP_1y

involves both

« and y
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]
Directions in CG V

o If
px € span{Ap1, ..., Apk_1}",
then
apy AP_1y =0
and

min f(x)
XExo+span{pi,....px}
o2

= min f(xo 4+ Px_1y) + min(—ap/ rp + — Pk T Ap).
y @
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]
Directions in CG VI

@ Then we have two independent optimization
problems

@ Therefore, we require py is A-conjugate to
pi,...,Pk_1. Thatis

p,-TApk:0,i:1,...,k—1
e By induction,

Xk—1 = argmin f(xg + Px_1y)
y

See also (1)
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]
Directions in CG VI

@ The solution of the second problem is

Py 1o
Pl APk

o =

@ Because of A-conjugacy,

pi re-1 = pj (b— Axi_1)
= pi (b— A(xo + Pic1yk—1)) = P4 10
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]
Directions in CG VIII

@ We have

_ pL o _ Py k1

- plAp,  plA
Py APk Py APk
Xk = Xk—1 + Qe Pk

and

@ New algorithm
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]
Directions in CG [X

k=0, x=0,n=>b

while r, # 0
k=k+1
Choose any px € span{Apy, ..., Apx_1}+

such that karkfl #0

ax = p{ re-1/p{ Apx
Xk = Xk—1 + QkPk
ry = b— AXk

end

@ We still haven't specified py yet

@ One way is to minimize the distance to r,_1:
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]
Directions in CG X

@ Reason: r,_1 is now the negative gradient direction

@ The algorithm becomes
k=0;x%=0,n=>
while r, #0

k=k+1
if k=1

end
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]
Directions in CG Xl

Q= Pkak—l/PkTAPk
Xk = Xk—1 + Ok Pk
r, = b— AXk

end

11/14



]
Directions in CG XI|

Lemma

If px minimizes ||p — rx_1]||> over all vectors
p € span{Api,...,Apk_1}+, then

Pk = rk—1 — APx_1zx1 (2)
where z,_1 solves

mzin | r—1 — APx_1z||2, (3)

Pix = [p1,- .., Pk]: an n x k matrix
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]
Directions in CG XIlI

Proof:
@ Let z,_1 be the solution of (3) and define

p=rk1— AP 121
@ The optimality condition of (3) is

Pl AT(ri.1 — AP,_12) =0

Thus

pTApi=0Vi=1,....,k—1
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]
Directions in CG XIV

@ Moreover, p is the orthogonal projection of r,_; into

Span{Ap17 R 7Apk—1}J_7 (4)
(details not shown) so it is the closest vector in (4)
to r_1
@ Thus
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