-
Solving Dense Linear Systems

@ Solving Ax = b is an important numerical method
@ We assume that A is dense
@ That is, most

Aj #0

and we allocate space to store
Aij, Vi, Vj

Later we will discuss sparse matrices, where most
Aj are zero.

@ We start with triangular systems
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Solving Triangular Systems |

@ Triangular system:
h1 xi| _ |by
b1 ha| |x2 by

x1= b1/l
xo = (by — h1x1) /o

if h1, ko # 0,

In general

i—1
xi = (b =Y 1)/l
=1
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Solving Triangular Systems ||

@ Require O(n?) operations
@ This is “forward substitution”
@ Back substitution for upper triangular system

n

xi=(bi— Y upx)/uj

J=i+1
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Solving Triangular Systems l|

@ Column oriented version

200 X1 )
6 50 X | = 2
7 8 8 X3 5
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LU factorization |

@ An example

3X1 + 5X2 =9
6X1 + 7X2 =4

By Gaussian elimination:

3x1 +5x% = 9
—3X2 = —14

Actually

Chih-Jen Lin (National Taiwan Univ.) 5/14



N
LU factorization |l

B SRR R A

Then solve
3 5 X1 9
0 -3 X2 - |-14

@ Gauss transformation
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LU factorization IlI

o If
1 00
Mi=1-2120
-3 01
then
1 4 7
MiA= |0 -3 -6
0 -6 —11
@ Note that

o )= s ][5 7
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LU factorization IV

@ Here 1 is called the pivot

@ Likewise,
1 0 0
M,=10 1 0
0 -2 1
1 4 7
= MQ(MlA) =0 -3 -6
0 0 1

Now —3 is the pivot
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LU factorization V

Actually the whole Gaussian elimination is
U=M,_1--- M;MA
U: upper triangular

A= (M (My* - (M,10))) = LU

n—

Ml_1 e Mn__l1 are lower triangular matrices
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LU factorization VI
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LU factorization VII

@ We do not really store My, ..., M, 4
@ They can be stored in the lower-left part of A
@ Why LU factorization but not Gaussian elimination ?

@ Gaussian elimination overwrites A. If you do not

overwrite A, need another array (the same size as A
and L+ U)
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LU factorization VIII

@ Gaussian elimination update right-hand side

together
3X1 + 5X2 =9
6X1 + 7X2 =1
=
3X1 + 5X2 =9
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LU factorization IX

To handle multiple right-hand sides, LU is the most
effective way

o Algorithm
for k=1:n-1
A(k+1:n,k) = A(k+1:n,k)/A(k,k);
A(k+1:n, k+1:n) = A(k+1:n, k+1:n) -
A(k+1:n,k)*A(k,k+1:n);

end

13/14



]
LU factorization X

@ Number of operations

N 2"32/(2 N 2n(n+ 1)(2n+1) N 2n3

6 3
k=1

Why 2k?: each element: one multiplication and one
subtraction
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