]
Newton Method: Quadratic Convergence |

@ Use Newton method to solve
f(x)=0

@ Assume f satisfies that

@ f is continuously differentiable
@ f'is Lipschitz continuous:

1f'(y) — f'(x)| < aly — x|, Vx, y

where a > 0 is the Lipschitz constant
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Theorem 1
If {x*} — x* and f'(x*) # 0, then
@ f(x*)=0

Q@ JL>1.6 >0 such thatVk > L

|Xk—|—1 _X*l < (S’Xk . X*|2

Proof
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From the update rule and Lemma 3,

F(x*™) = F(xXX) + F(x) (XK = xF) + e(x, x5)
= 0+ e(x**1 xM),
where

1
|e(Xk+1,Xk)| S 504|Xk+1 o Xk|2

Thus

1
FO] < Sl - Xk
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\Y
Since {x¥} — x*

[F(x*1)] =0
Since f is continuous,

f(x*t1) = f(x*) implies f(x*) = 0.

Define

B=F(x)7".
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V

Since
IX¥ — x*| = 0

and f’ is Lipschitz continuous, 3L > 1 such that Vk > L,

FO) () = PO < F () THIF(xE) = £(x))]
< aflx = x|
1
< —.
- 2
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Vi

For k > L, from Lemma 2, f/(x*)~! exists and
FI(x)7 <28 (1)
By the definition of Newton method:
XKL x* = Xk — x* — f(xF)TH(xR) (2)
Since f(x*) =0

f(x*) = F(x) + F/(x)(x* = x*) + e(x*,x) =0
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VII

Then multiply '(x¥)~! on each term:
FI(x)HF(xF) = xK — x* — F(x*)te(x*,x*)  (3)
Thus (2) and (3) imply

XKL xr = f(x*)Le(x*, x¥) (4)
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VIII

From (1), (4), and Lemma 3, for k > L,

X=X < [FF) T le(xT, x|
< 2B%a|xk — x|
— §xk — x*P,
where we define )
0 = PBa

Then the proof is complete
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IX

Lemma 2
If
) - < )
then
o 70)
S T - ey ©

Proof
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X

The inequality (6)
£0c)]
1—[f(x*) "' (x) — 1

F(x*)7 <

is equivalent to
[F() 7 = 1F ()™ = £ ()7
= [F(x) 7 = 1 ()™ = ()7
< |FO) 7, (7)
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Xl

where the last inequality is from the property of absolute
values

Note that we need (5) only for ensuring that the
denominator of the right-hand side of (6) is positive.
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XII

Lemma 3
If f' is Lipschitz continuous with constant o > 0 and

fy) = f(x) + )y — x) + ey, x),
then Vx,y X
e(y. )] < saly —

Proof
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XIII

Because

d(f(x+ t(y — x))
dt
f'(x + tly — x))(y — x),
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XIV

we have
/O (F(x + t(y — x)) = F1(x))(y — x)dt
= ([ et ety =)0 =0t ) = 100y =0

= oty )|~ PG )
= fly)— F() ~ )y —x)
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XV

Then

ey, x)
< /|ww+w0—x»—Pu»W—xwﬁ<&
01

S‘Acwx+dy—xD—XWy—wwt (9)

1
1
< / at|(y —x)Pdt = Saly —xI*,
0
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XVI

where (8) to (9) is from the Lipschitz condition
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