-
Continuous Least Square |

@ Reference: Section 8 of Richard L. Burden and J.
Douglas Faires, Numerical Analysis, 9th Edition.

e Given f € C|a, b], i.e., continuous functions on [a, b]
Find a polynomial

Pn(x) = apx"+ -+ ap = Zakxk
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Continuous Least Square |l

to minimize
b
E = [ (f(x)— pa(x))dx
ab .
= [ (f(x) = ax*)dx
a k=0
@ Let 9E
a_aj - 07./ - 07 y N
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Continuous Least Square ||

@ Now

b N b
E :/ f(x)%dx — 2 Z/ X f (x)dx+
a k—po /2

So
OF b b n o
e —2 [ Xf(x)dx + 2(2 arx")x?! dx
dj a a k=0

b

n b
= -2 xjf(x)dx+22ak / xdx =0
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@ There are (n+ 1) linear equations

n b b
Zak/ xk+jdx:/ X f(x)dx,j=0,...,n
k=0 a a
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Example |

e f(x) =sinmx on [0,1]
@ Approximation by a polynomial of degree 2

1 1 1 1
aO/ ldx + a1 / xdx + 32/ x’dx = / sin xadx
0 0 0 0
1 1 1 1
aO/ xdx + a; / x?dx + 32/ x3dx = / X sin wxdx
0 0 0 0
1 1 1 1
aO/ x?dx + 31/ x3dx + az/ xtdx = / x? sin 7xdx
0 0 0 0
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Example Il
1 1
. —1

/5|n7rxdx = — COSTX

0 m 0
—1 2
= —(—-1—-1)=—
7r( ) T
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Example Il

1
/ xsintxdx =
0
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1 1
—1 —1
—XCOSTTX| — —— cos xdx
1
1 11 .
— + ——sIn7TXx
T T 0
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Example IV

1
/ x2 sin Txdx
0

—1 5
= —X COSTTX

1

™

1
0
1 1
—/ — sin mxdx)
o Jo T
1

0+ = coswx|(1))
1 4

1
— 2x cos Txdx
0
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Example V
@ Three equations:
1272 — 120
a0 = ——— = ~ —0.050465
T
720 — 6072
g = —ay = 120 00T 3607T ~ 4.12251
T

@ The approximate function
pa(x) = —4.12251x% + 4.12251x — 0.050465

@ A Matlab program
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Example VI
x =0:0.1:1;
y = sin(pixx);
p = [-4.12251 4.12251 -0.050465];
z = polyval(p,x);

plot(x,y,’r-’, x, z, ’b--’)

@ The figure
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Example VII

e \\
,
,
,
,
J/ \
0.5 Va AN
/ \
7 AN
/ N\
/ N\
/ \
/’/ N\
Vi
%
-0.5 L
0 0. 0.2 0.3 0. 0.6 0. 0. 0.9

@ Difficulties:

Need to solve an (n+ 1) by (n+ 1) linear system
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e Functions {¢g, ..., ¢,} are linearly independent on
[a, b] if, whenever

codo(x) + -+ + capn(x) = 0,Vx € [a, b]

we have
o='"=¢6=~0

@ Linearly independent set of polynomials

¢; is a polynomial of degree j,
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Linearly Independent Functions Il

{0, .., ¢n} are linearly independent on any [a, b]
@ Proof omitted

@ Any polynomial with degree < n, can be written
uniquely as a linear combination of such

{¢07"'7¢n}
@ If {¢p,...,¢,} are linearly independent and

p(x) = 3 ak6u(x),
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then

min E :/ (F) = 3 aucn(x))2ax

leads to
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Linearly Independent Functions IV

@ Forj=0,...,n

n b b
Sa [ oo = [ fodx )

a

o If ¢o,..., ¢, are chosen so that

b _Jo if j # k
/ ¢k(x)¢j(x>dx{ak>0 Ol

we say they are orthogonal
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o If ay = 1,Vk, they are orthonormal
e Why ay >0

b
/ dx(x)?dx should be positive

@ (1) becomes

ajaj = /ab f(x)dj(x)dx
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@ Thatis

aj = l f(x)pj(x)dx

Oéja
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