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Fast Fourier Transformation |

@ Consider n=m
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and

2m-1

1
by = — sinkxi, k=1,....n—1 2
k mjz_;yjsm X_]7 ) y N ()

@ This calculation requires
(2m)? multiplications, (2m)? additions
o FFT:
O(mlog, m) multiplications, O(mlog, m) additions

@ FFT is named by SIAM as one of the top 10
algorithms in the 20th century
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o Extend by'srange from1l,... , n—1to0,...,n
1 2m—1
K mZstmka,k 0,....m
Jj=0
as
. . . )
sin0x; = 0 and sin mx; = sin(m(—7 + E)) =0
imply

bp =0= b,
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@ Define
2m—1 )
=Y yemk=0,..2m-1 (3)
j=0
@ We have
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2m—1
—mijk/m
Cx = E yj€é ik
Jj=0
2m—1 2m—1
_ Aik(—mj/m+2m) ik(m—mj/m+m
= 3 yetoi/mian) Ny ginai/min)
J=0 j=0
2m—1

= Z yje ®ie®™ = m(ay — ibx)(cos km + isin k)
j=0

= m(ak — ibk)(—].)k,
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where in one place we use

wj
=T
m

and a and by are from (1) and (2), respectively.
@ If ¢, is known, then from the above derivation

Ck(—].)k

= (ax — ib)(—1)*(—1)% = (a — iby)

m
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@ The above equation also implies

Re: real part, Im: imaginary part
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o m=2
Xj = —T + (JE) m,)j=0,...,3
So(x) = il a22cos 2x + a; cos x + by sin x
e Using (3)
o = yoe’ + ne® +  yed + y3e’,

a=ye’ + e+ e ype 2

—Ti —37i

o=ye + e + ype T 4+ ye T,
Cx = e _|_ yle—37rl/2 _|_ y2e—37TI _|_ y3e—9ﬂ'l/2
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@ There are other ways to define ¢,. For example, if

2m—1
Ck = Zyjemfk/m,k:O,...,2m—1

then

N

m—1 2m—1

Cx = E -yjelk(fﬂ‘i”[rj/mfﬁ) — Z -yjeIkaeflkW
J=0

0

.

m(ay + iby)(cos km — isin k)
= (ak + Ibk)(—l)k,
v.)
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Recursive Form of FFT Il

where a, and by are from (1) and (2), respectively.

@ We do not consider this way of defining ¢,. Instead

we use (3) by following the commonly used form of
FFT

@ Now we need a systematic way to calculate
ek, k=0,....2m—1
and then find

ak,bk,k:O,...,m
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Recursive Form of FFT IV

@ We have
Ck :Fy,
where
(1 1 1
1§ 52
F— |1 42 5
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5(2m—1)
52(2m-1)

5(2m—1)2
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and
5 = e—mr/m
@ Note that
e~ '™/ is the (2m)th root of unity
because

(e—iw/m)2m _ e—i27r —1
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