N
Vector and Matrix Norms |

@ We have different types of objects: scalar, vector,
matrix

How to calculate errors?
@ Scalar:
absolute error:
a—al
relative error: )
& — af
|l
@ Vectors: vector norm
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Norm is a way to calculate the length of a vector

@ /-norm:
Il =/ bl! + -+
@ l-norm:
n
Ixllh = I
i=1
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N
Vector and Matrix Norms Il

@ oo-norm: it is defined as
[1x[Joc = /”“' 1]
—00

We can then do the following calculation

fim [lxlly = fim /bl 4 -+ x]
=00 |—00

= max |x;|

Proof:

(max|xi])! < /sl + - + [xal! </ n(max |x])!
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Vector and Matrix Norms |V

e Example:
1 1.1
x = |100| and X = | 99
9 11
1% = X|loo = 2, 5= = 0.02, Bxl= = 0.0202
1% — x||2 = 2.238, 5l = 0.0223, 5= — 0.0225

@ For /-norm, we say that all norms are equivalent
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@ For /; and L norms, there exist ¢; and ¢, such that

allxlln < lixlln < elix]l

for all x € R"
e Example:
Ixll2 < lIxlls < Vnllx[2 (1)
X[l < lIx[l2 < V/nlIx]lo (2)
[Ix[loe < lIx[[2 < nllx]|oc (3)

Proofs are omitted as they are easy
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@ Therefore, you can just choose a norm for your
convenience

@ Matrix norm: How to define the distance between
two matrices 7

@ Usually a norm should satisfy

1Al =0
IA+ Bl < [[Al +[B] (4)
laAll = |afl[All

where « is a scalar
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Vector and Matrix Norms VI

@ Definition:

| Ax|| _
IxIlr Ixli=t

|Al|; = max
x#£0

@ Proof of (4)
|4+ Bl = max [I(4+ B)x]

< max (||Ax]| + ||Bx||) < max ||Ax|| + max || Bx]||
Ix[=1 [Ix]=1 Ix[=1

Chih-Jen Lin (National Taiwan Univ.) 7/16



N
Vector and Matrix Norms VIII

@ From this definition,

A
[l TNV
I
SO
1Ax]| < A
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R
Relative error |

@ Usually calculating

d—af
|l
is not practical because « is unknown
@ A more reasonable estimate is
& —qa

&
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R
Relative error |l

o If R
6ol g,
Il
then
1 |&—al |&-—q| 1 |&d—«
1.1 |&a — Jal T 09 |4
Proof:

o] = |af < ]é = af <0.1]4
la] < 1.1|4]
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Similarly,

4] = o] < 0.1/a]
o] > 0.9]a
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Condition of a Linear System |

@ Solving a linear system

107 8 77 [x 32 1
756 5| |x| |23 ution — |1
8 6 10 9| [xs| — [33] YY" T 14
7 5 9 10| |x 31 1

@ Right-hand side slightly modified
107 8 7] [x 321 9.2
756 5| ef_ |29 . [-12.
8 6 10 9| |xs|  [33.1] """ T | 45

7 5 9 10| |xa 30.9 —1.1
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A small modification causes a huge error
@ Matrix slightly modified

10 7 81 72 |x 32
7.08 5.04 6 5 X2 23
8 598 989 9 X3 33
6.99 499 9 998| |xs 31

—81
ution — | 137
solution = _34

22
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@ Right-hand side slightly modified

Ax =b
A(x +dx) =b+0db
0x = A7'ob = ||ox|| < |A~H|[[|ob]|
16l < [l
llox1l
Ixl —

195

< [IANIA™ T
5]

Chih-Jen Lin (National Taiwan Univ.) 14 /16



-
Condition of a Linear System |V

@ Matrix modified

Ax =b
(A+0A)(x+0x)=0b
Ax + Aéx 4+ 6A(x +0x) = b
ox = —ATSA(x + 0x)
lox]| < [IA=*[[[l5A][]lx + ox]|

[ A

|
s < NANAT S
I+ ox]| 1Al
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Condition of a Linear System V

Note that here we can estimate only

)
& instead of
[x + ox|| [ x|

19x]].

see the discussion on relative errors earlier

e Clearly, error is strongly related to ||Al|||A™}]
is defined as the condition of A

@ A smaller condition number is better

. which
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