
Recursive Form of FFT I

Next we follow the discussion in Section 4.6.4 of the
book Matrix Computation

Consider the case of m = 4. Then

F =



1 1 1 1 1 1 1 1
1 δ1 δ2 δ3 δ4 δ5 δ6 δ7

1 δ2 δ4 δ6 1 δ2 δ4 δ6

1 δ3 δ6 δ1 δ4 δ7 δ2 δ5

1 δ4 1 δ4 1 δ4 1 δ4

1 δ5 δ2 δ7 δ4 δ1 δ6 δ3

1 δ6 δ4 δ2 1 δ6 δ4 δ2

1 δ7 δ6 δ5 δ4 δ3 δ2 δ1
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Recursive Form of FFT II

where

δ = e−iπ/4, δ8 = 1, δ4 = −1
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Recursive Form of FFT III

This can be written as

F =



1 1 1 1 1 1 1 1
1 δ1 δ2 δ3 −1 −δ1 −δ2 −δ3

1 δ2 −1 −δ2 1 δ2 −1 −δ2

1 δ3 −δ2 δ −1 −δ3 δ2 −δ1

1 −1 1 −1 1 −1 1 −1
1 −δ1 δ2 −δ3 −1 δ1 −δ2 δ3

1 −δ2 −1 δ2 1 −δ2 −1 δ2

1 −δ3 −δ2 −δ −1 δ3 δ2 δ1


(1)
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Recursive Form of FFT IV

Suppose

c =
[
0 2 4 6 1 3 5 7

]
is an index vector

Then
Fy = F (:, c)y(c)

and

F8(:, c) =

[
F4 Ω4F4
F4 −Ω4F4

]
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Recursive Form of FFT V

We call the current F as F8. Then

F4 =


1 1 1 1
1 δ2 −1 −δ2

1 −1 1 −1
1 −δ2 −1 δ2


and

Ω4 =


1

δ
δ2

δ3
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Recursive Form of FFT VI

We have

Ω4F4 =


1 1 1 1
δ1 δ3 −δ1 −δ3

δ2 −δ2 δ2 −δ2

δ3 δ1 −δ3 −δ1


Then

Fy =F (:, c)y(c)

=

[
F4 Ω4F4
F4 −Ω4F4

] [
y(0 : 2 : 7)
y(1 : 2 : 7)

]
=

[
I Ω4

I −Ω4

] [
F4y(0 : 2 : 7)
F4y(1 : 2 : 7)

]
Chih-Jen Lin (National Taiwan Univ.) 6 / 16



Recursive Form of FFT VII

We can use the same way to calculate

F4y(0 : 2 : 7) and F4y(1 : 2 : 7) (2)

For F8y , multiplying with I or Ω takes O(m) time

Then for (2), the cost is also O(m)

Thus the cost at each step is O(m)

The number of steps is O(logm)

Total cost
O(m logm)
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Matrix-product Form of FFT I

In practice, FFT is done by matrix products rather
than a recursive implementation

Assume

m = 2?

We have

F = At · · ·A1P
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Matrix-product Form of FFT II

where

t = log 2m

t − 1 = logm
...

and P is a permutation matrix

At = Ir ⊗ BL,

where
L = 2t , r = 2m/L

Ir is an r × r identity matrix
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Matrix-product Form of FFT III

Kronecker product

A⊗ B =

a11B a12B · · · a1nB
...

am1B am2B · · · amnB


Details of BL

BL =

[
IL/2 ΩL/2

IL/2 −ΩL/2

]
,

ΩL/2 = diag(1, δr , . . . , (δr)L/2−1)
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Matrix-product Form of FFT IV

t = 3
L = 2,m = 8, r = 1, Ir = 1,

B8 =



1 1
1 δ

1 δ2

1 δ3

1 −1
1 −δ

1 −δ2

1 −δ3
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Matrix-product Form of FFT V

t = 2

L = 4, r = 2, Ir =

[
1

1

]
,B4 =


1 1

1 δ2

1 −1
1 −δ2


t = 1

L = 2, r = 4,B2 =

[
1 1
1 −1

]
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Matrix-product Form of FFT VI

The product

A3A2A1

=B8

[
B4

B4

]
B2

B2

B2

B2
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Matrix-product Form of FFT VII

B4

[
B2

B2

]

=


1 1

1 δ2

1 −1
1 −δ2



1 1
1 −1

1 1
1 −1



=


1 1 1 1
1 −1 δ2 −δ2

1 1 −1 −1
1 −1 −δ2 δ2
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Matrix-product Form of FFT VIII

Finally,

A3A2A1 =



1 1 1 1 1 1 1 1
1 −1 δ2 −δ2 δ1 −δ1 δ3 −δ3

1 1 −1 −1 δ2 δ2 −δ2 −δ2

1 −1 −δ2 δ2 δ3 −δ3 δ1 −δ1

1 1 1 1 −1 −1 −1 −1
1 −1 δ2 −δ2 −δ1 δ1 −δ3 +δ3

1 1 −1 −1 −δ2 −δ2 δ2 δ2

1 −1 −δ2 δ2 −δ3 δ3 −δ1 δ1


We can see that its columns are a permutation of
those in F in (1)
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Matrix-product Form of FFT IX

Next we will discuss details of the permutation
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