Numerical Methods 2021 — Final Exam

Solutions

Problem 1 (20 pts). Consider the following four pairs of (z, f(x)):
(0,3),(1,0),(2,3),(3,0).
(a) (5 pts) Find the Lagrange Polynomial. You must do the calculation to obtain a final form of
a3x3 + a2x2 + a1 + ag.
(b) (15 pts) Find the spline by the following boundary conditions
So(xg) = 0,85(x3) = 0.
You must show details of every step in calculating a;, b;, ¢; and d;.
Solution.

(a) Lagrange polynomial:

3

P(z) = Z Ly y(z) f(zr)
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—4a3 4 1822 — 202 + 6
2

= —22° +92* — 10z + 3

(b) We have to determine a;, b;, ¢; and d; of
si(z) = a; + bj(x — ;) + ¢j(x — 2;)* + d;(x — x4)°,

where j = 0,1, 2.



Define h;
h():xl—l'o:l, hlz.’L'Q—iEl:l, h2:$3—$2:1.

Compute a;
CLO:f(O):37 a1:f<1):07 a2:f(2):37 agEf(?)):O
Compute ¢; From the boundary condition,
$0(0) =2c0=0=1¢y=0
and ,
s5(3)

=0.
2

C3 =

Compute ¢; and ¢y by

3 3
hj_icj—1 4 2(hj—1 + hj)e; + hjcjo = —(aj41 — a;) — —(a; — ;1)
hj hj—l

where j = 1,2. We have

3
hoCo —+ 2(h0 —+ hl)Cl -+ h102 = —(a2 — al) — —(Cll — (10)
hy ho
3 3
h1C1 + 2(h1 —+ hQ)CQ + thg = —(a3 — CLQ) — —(CLQ — (Il).
hs hy
That is,
401+02:3(a2—a1)—3(a1—ao):3><3—3>< (—3) =18
Cl+4C2 :3<CL3—CL2) —3(a2 —al) =3 x (—3) —3 x3=-18.
We have
C1 = 6,02 = —0.
Compute b;
1 .
bj = h—j(aj+1 —a;) = 5 (2¢ + ¢),
where j = 0,1,2. We have
1 h 1
bo = h—o(&l — ao) — ?0(2C0 + Cl) = -3 §(6) = -5
1 h 1
by = h—l(a2 —ay) — 31(201 +e2) =3—(6) =1
1 h 1
b2 = h—2<0,3 — (12) — 32(202 + 03) = -3 g(—12> =1.
Compute d;
C. 1 — c.
d‘ — 7+ J
! 3h;
where j = 0,1,2. We have
C1 — (o 6
d pu— = — = 2
7 3he 3
Cy — (C1 —12
d pu— pum— pu— —4
EVY 3
C3 — Co 6
d p— = - =
7 3hy 3



e Finally, we have

so(x) = ag + bo(x — x0) + co(x — 20)* + do(z — 20)?
=3+ —5(z — 0) + 0(x — 0)* + 2(z — 0)°

= 22° — 5z + 3

s1(z) = ay +bi(x —21) + iz — 1)+ di(z — 21)?
=0+1(x—1)+6(x—1)>*+—4(z—1)°
=(x—1)+6(x—1)?2—4(x—1)°

= 42 +182° — 237 + 9

So(x) = ag + ba(x — x2) + co(x — 22)* + do(x — 22)°
=3+ 1(x—2)+—6(x—2)+2(x—2)>

=3+ (z—2)—6(x—2)*+2(z—2)°

= 2% — 182 + 49z — 39

Problem 2 (10 pts). Consider the following linear regression
4
min F(a) = Z (ap + a1mi1 + agip — yi)2
i=1
Give an example with

T2 j
such that the resulting matrix in the linear system is positive semi-definite but not positive definite.
You must also show the linear system and explain that it is only positive semi-definite.

Solution. Let us calculate the gradient as

4 2(ap + a1 + za + agzio — ;)
V.F = Z 2(@0 +a; + T + a2 — yi)xil
i=1 |2(ag + a1 + x1 + aswip — Yi)Tio

and the Hessian matrix can be calculated as

4 2 2371‘1 2332'2
V2F = E 2$i1 21'121 2$i1$i2
=1 21‘2‘2 2I2'113i2 2.13222

The determinant of VZF is
1
g (4Sx.1xlsz.2:c2 ‘I’ 2Sx1 SmAQSw.l:nz - SxAQSz.zsx.lel - Sml Saxlsac‘gxg - 45&04@&25’11%27) (]-)

where

4
S:vS = E Lisg
i=1

4
Sa:.sx.t = § Lisit
=1

3



for all s,t € {1,2}. We can take

x1 =(1,1)
xs =(1,-1)
x3 =(1,2)
xy =(1,-2)

such that

and (1) is equal to

(451.1:04151.293.2 - 51:4151.1593.21:42) -

col —
ool —

Furthermore, since
4 Se, S, 4 4 0
VEF =2 [Ss, Siiey Seazo| =214 4 0],
Ses Srizs Swows 00

we have
a"V.Fa =2 (4(ap + a1)® + 10a3) > 0.

Therefore, we can say that V2F is positive semi-definite but not positive definite.

Problem 3 (30 pts). We mention that the most commonly used setting of spline is by piece-wise degree-
3 polynomials, but now we are interested in using degree-4 polynomials. Naturally, we additionally
consider

8;'/;1(‘%’]'-‘!-1) - 8;'/,(1’,]'4-1)7 .] = 07 e, N 2.

(a) (5 pts) Without considering boundary conditions, what are number of equations and number of
variables? You need to list those equations with the functions s;, for j =0,...,n — 1.

(b) (10 pts) Consider the definition of s;(x)

sj(@) = aj +bj(w — z)) + ¢j(x — 2;)° + dj(w — ;)° + ¢j (2w — 2)".

Please list the equations in (a) with the variables a;, b;, ¢;, d; and e;. You can define
hj =241 —x;
to simplify these equations.
(c) (15 pts) Please simplify from your equations in (b) by

i) Represent and subsitute e; with d; and h;, for j = 0,...,n— 1. Please show the equations after
this simplification.

ii) Represent and subsitute b; with a;, ¢;, d; and h;, for j = 0,...,n—1. Please show the equations
after this simplification.

Solution.



(a) We have the following equations

si(z;) =f(z;), 7=0,...,n—1 (2)
Sn—1(Tn) =f(zn), (3)
$i(zj41) =sj41(xjy1), 7=0,...,n —2 (4)
si(@j41) =8j1(Tj41), =0,...,n =2 (5)
si(wj41) =871 (xj41), 7=10,...,mn—2 (6)
sj (Tj41) =741 (2j51), 7=0,...,n =2, (7)

so we have bn — 3 equations. For the variables, our s;(x) can be defined by
a; +bj(x — x;) + ¢j(xz — 25)? + dj(x — ;) + ej(z — ;)"
Thus, we have 5n variables.

(b) Case 1: The equations (2) becomes

Case 2: The equation (3) becomes
-1 4 bn1hn1 + co1hl |+ dnahy | +enihy = f(zn)
Case 3: The equations (4) becomes
aj+1 = a; +bjhj+6jh?+djh?+€jh§, j=0,...,n—2.
Case 4: The equations (5) becomes
bjs1 = bj + 2c;hy + 3d;h7 + 4e;h3, j=0,...,n—2.
Case 5: The equations (6) becomes
2¢j41 = 2¢; + 6d;h; + 12¢;h5, j=0,...,n—2.
Case 6: The equations (7) becomes

6dj+1 = 6d] +24€jhj7 ] = O,...,n— 2.

(c¢) From (b)’s Case 6, we can find that

dj1 — d;

) =0,...,n—2.
4h] 7.7 ’ 7n

6]' =
Therefore, we can subsitute the variable e; in the other equations with d; and d;;;. That is, we
have

1—d

d.; .
Aj41 =0y + bjhj + th? -+ djh? + Mh?, j = O, N 2 (8)

4
bj+1 :bj + Qthj + 3d]h§ + (dj+1 - d])h?, j = O, e, — 2
20j+1 :26]' + 6djhj + 3(dj+1 - dj)hj, j = O, e, = 2



Next, we make (8) be

L — d.: 3d.
@ZEEL—&—pﬁf—Jﬂi—i@,j:Q“wn—Q

h; 4
Thereby, we can subsitute b; in the equations with ¢; and d;. That is, we have

djio +3dj1

%ﬂj“ — Cit1hjp1 — Th?-‘rl

J

:W — thj — %—Hh? + Qthj ‘|’ 3d]hj2 + (dj+1 — d])h?, j = 0, e, = 2
J

20j+1 :20]‘ + 6djhj + 3(dj+1 - dj)hj, ] = O, e, = 2

Problem 4 (10 pts). Consider continuous least square. The function

fla) ="
is approximated by
Pl(l’) = a1T + ag
over
x € [0,1].
Solve the linear system to get P;.

Solution.
Our minimization problem is

a

min/o [Py(x) — f(z)]*dz

a

1
= min/ [a12 + ag — 2°)*dx
0

1
= min/ (z* + a + a?2® — 2a,2° + 201007 — 2a07%)dx
a

0

1 1 1 1 1 1
:min/ x4dm+/ a%dm+/ a%fdm—/ 2a1x3d:p+/ 2a1a0mda:—/ 2apr2dx
2 Jo 0 0 0 0 0

(Lt L 9
= 1min — Q, -7 — —Q a1ty — —a
a \5 ' 0T gt ot AT 50

Let us take

1, 1, 1 2
g(a) = g+a0+§a1—§a1+a1ao—§ao

and utilize
Vag =0
to get the solution. The linear system (9) is
2&0 +a; — 2/3 . 0
2/3-a1—1/2+ay| |0
After we solving it, we can get the solution
-1

a= <F7 1).

6



Problem 5 (30 pts). Given a function

2
x)=—=x
fr)=2a,
approximate f(x) with a Fourier series with n term
n—1
agp + a, cosnx .
sp(x) = Of + ,;_1 (ak cos kx + by, sin kx)

and 2m points
(56’07 f(x()))a Tty (l’szh f(902m71))
where

T = —T + —T.
m

(a) (15 pt) Given m = n = 2, in fast Fourier transform (FFT), we show that we can calculate
c=Fy.
Show F and corresponding c. (Hint: Euler’s formula: € = cosx + isinx)

(b) (5 pt) Calculate

g, a1, a2

and

from e.

(¢) (10 pt) Decompose F' to a sequence of matrix products,

F=A---AP
Solution.
(a) Let
f=em =e2 = Cos(—g) - isin(—g) = —i.
The F' is
1 1 1 1 1 1 1 1 1 1 1 1
F_1(515253_1 o6 -1 —0| |1 —i =1 1
Tl 6% st 6 11 -1 1 =1 |1 -1 1 =1}
1 6 85 ¢ 1 -6 -1 4 1 ¢+ -1 —
because § = —i.

The 2m points are

Then, we have



and

From

and

We have

and

From

we know that

Now, we derive Ay.

and

—2 —2 0
—242i —2 2
c=Fy=| 5 | = |2 "o
—2 -2 -2 —2
cn(—1)F cr(—1)F
a, = Re( k(m) ) = Re( ’“<2 ))
cr(—1)k cp(—1)F
m:—l(“m)ysdmkg>
—2(—1)°
0y = g) _
—2(=1)"
a; — <2):1,
—2(—1)2
0y = g) _
2(—1)!
hz—(2)=—PU=1

t =log2m = log4 = 2,

When k = 1, we have

F=AAP.
When k£ = 2, we have
2m 4
L=2>=4 =" =-Z=1
S
A2:[r®BL
=1, ® By
. [2 Qg . 1
_[1]®{]2 _QJ, WhereQQ—{O
10 1 O
101 0 9
{10 -1 0
01 0 =96
2m
L=2'=2 =" =2
7 T L



and

A =1,® B

=1, ® By

{10 L O B
[0 1] ® {11 —Ql] ,  where(); = [1}
1 1 0 0

|11 =10 0

10 0 1 1
0 0 1 -1

The permutation is the reverse of each column binary representation.

Therefore, we have

00 — 00
01 — 10
10 — 01
11 — 11

1
-1
1
-1
1
-1
1
-1
1

e = e e e e e e e e i = = )

-1

column 0 swap to column 0
column 1 swap to column 2
column 2 swap to column 1

column 3 swap to column 3

o O O
o= O O
o O = O
— o O O

o
O o O
S O = =
o |
[S—
— = O O
—_— o O

1 1]

-1 -1
-0 9
1 1

-1 -1
-5 0
1 1
-1 -6
1 -1

o O O
O = OO
o O = O
— o O O




