Introduction to the Theory of Computation 2024 — Final

Solutions

Problem 1 (10 pts). In Chapter 5 of our textbook, we use the technique of the reducibility to prove
HALTty = {{M,w) | M is a TM, and M halts on the input w} is undecidable.

Here is the proof: Suppose that HALT 1y is decidable, so we have a decider R that decides HALT 1.
Therefore, we construct a TM S for Ary = {(M,w) | M is a TM and M accepts w} on the following.

e On input (M, w) (an encoding of a TM M and a string w):

1° Run TM R on input (M, w).
2° If R rejects (M, w), S rejects.
3° If R accepts (M, w), S can then simulate M on w until M returns rejection or acceptance.

4° If M accepts w, S accepts. Otherwise, S rejects.

If R is a decider, it implies that .S decides Aryr, which is a contradiction. Hence, HALT 1y is undecidable.
Now, let us consider another language

Ly = {(M,w)| M isaTM, and M does not halt on the input w}.
Please consider the above proof, and use a similar idea to prove that

L, is undecidable.

Solution.
Suppose that L, is decidable. Then, we have a decider R that decides L,. Therefore, we construct

a'TM S for
Ay = {(M,w) | M is a TM and M accepts w}

on the following.
e On input (M, w) (an encoding of a TM M and a string w):

1° Run TM R on input (M, w).
2° If R accepts (M, w), S rejects.
3° If R rejects (M, w), S can then simulate M on w until M returns rejection or acceptance.

4° If M accepts w, S accepts. Otherwise, S rejects.



If R is a decider, it implies that S decides Ay, which is a contradiction. Hence, L; is undecidable.

An alternative solution
Suppose that L; is decidable. Then, we have a decider R that decides L;. Therefore, we construct
a TM S for HALT 1y on the following.

e On input (M, w) (an encoding of a TM M and a string w):

1° Run TM R on input (M, w).
2° If R accepts (M, w), S rejects.
3° If R rejects (M, w), S accepts.

If R is a decider, it implies that S decides HALT Ty, which contradicts our proof that HALT Ty is
undecidable. Hence, L; is undecidable.

Problem 2 (20 pts). Assume f and g are functions f,g : N — R*. Prove or disprove the sub-
problems by using the following definitions.

e We say f(n) = O(g(n)) if there exists ¢ > 0 and ng € N such that for every integer n > ng,
f(n) < cg(n).
e We say f(n) = o(g(n)) if for each ¢ > 0, there exists no € N such that for every integer n > ny,

f(n) < cg(n).

For proving the statements, you must give the specific ny for one c or all ¢’s, depending on the definition
of big-O or small-o. For disproving the statements, you must prove the opposite of the definition by also
showing details. Note that we use natural log in this problem, i.e., logn = log, n.

(a) (5 pts) Let f(n) = v/nlogn and g¢g(n) = n. Whether f(n) = O(g(n))? Hint: You can directly use
the following property without any proof.

logn < /n, foralln=1,2,....

(b) (5 pts) Let f(n) =n! and

gln) = "
Whether f(n) = O(g(n))?
(c) (10 pts) Let f(n) =logn and .
g(n) = g’

Whether f(n) = o(g(n))? Hint: You can directly use the following property without any proof.

logn < /n, for all n > 100.

Solution.



(a) We can take ¢ = 1 and ng = 1 such that

logn < v/n = vnlogn < 1y/nyn =n

for all n > ng.

(b) Since

nlogn __ elogn" —

e n",

we can take ¢ = 1 and ng = 1 such that

n!:n(n_l)...lSn...n:nnzlenlogn’

n
for any n > ny.

(¢) Since the formulation

|
logn <c¢ oen = (logn)* < cn = ( (\)?57_?) < cy/n,

we prove that

on the following.

Given ¢ > 0, we can take

which implies

from hint and

such that

logn 2
C\?/__<\3/ﬁ> >1—-1=0.

Problem 3 (25 pts). In the midterm 2, we have learned how to
mapping a non-negative binary number & into an equivalent quaternary number y
with the following TM, where

T =217y Top 1T, € {0,1}*" and y = 10 ---yn € {0,1,2,3}", ¥n =0,1,2,....



{0,1,2,3,#} — L

#—>R U— R q7
0—1,L

1= U, R 2—3,L

q2 {0,1,2,3,#} = R 0— U R <£>

U—2L U— L
1— LR
2 — (o

{0,1,2,3,#} = R

{0,1,2,3,#} — L {0,1,2,3,#} = R
Now, you will derive the time complexity of this TM by the following sub-problems. Note that if x5, = 0

for some k, the TM will go to qo from ¢4 by one step, which is less then the steps from

qs — g5 — g6 — 97 — qo.

However, we would like to know the maximum number of steps for all &, so we only consider the case
Top =1 forall k=1,2,...,n.

(a) (8 pts) Please derive the steps that the TM uses on the input
11140 - --

by completing the parts (I)--- (VIII) of the following table. Note that the 1st round and 2nd round
mean to handle the underline bits of

11114 U and U UL11#3L, respectively.

terms 1st round # step(s) | 2nd round # step(s)

Qo — q1 Or Qo — qo | Uga 11141 1 L U Uge 1430 1
G1— q1 Or qa — qo | UT11#qol! () LU L1#3g.1 (V)
g1 — g3 or o — g3 | U111gz#2U 1 U U U1#q332U 1

g3 — q3 g3 L 111420 (IT) L L g3 L 1T#320 (VI)

G — Lga111420] 1 | UUUgl#320 1

Qs — s U U gs 11420 1 U U U U gs#32U 1

a5 — qs L L 1T1#42g50Ld (I11) L LU U #32¢5U (VII)

[ LU T1#g20 1 | LU UL #3ge2U 1

Qe — g7 U U 11g7#3U 1 U U U U #g733U

a1 — o UUgll#3u 1 |UUULUg#33U

o — Ga 0 U U U U #q,33U 1

You can directly write your answers of (I)--- (VIII) without the explanation.

4



(b) (12 pts) Now, we consider the tth round in the general term, and let zo, = 1, for all k = 1,... n.
That is, the tape of the TM is

|_]2 . 'QUZL‘Qt_ll'Qt cee xQn—1x2n#yly2 Y U
t_

in the beginning. When we finish the tth round, the tape becomes

U-- - UUUZoy1Toqo - Ton—1TonFY1Y2 - Y1 Ye U -+ - .
22

Please complete the parts (I)--- (IV) of the following table.

terms # step(s) of the tth round

o —>q1Or go — qa: 1
41— q1 0T G2 —> G2 : ﬂ
g1 —> g3 0r g2 —> g3 : 1

g3 — g3 : ﬂ

g3 — qa: 1

qs — g5 : 1

g5 — g5 : (Iﬂ

g5 — g6 1

6 — q7 - 1

qr — g7 - ﬂ

g7 — qo - 1

Qo — Qq - 1 for the final round otherwise 0

You must explain how to get your answers of (I)--- (IV).

(c) (5 pts) Please derive the total number of the steps from 1st round to nth round via the formulation
in (b), which means that the total steps of the TM use on the input

T1Tg - - Top_1TonFE L -+ -,
where x9,_1 € {0,1} and xgp, = 1 for all k =1,...,n.
Solution.

(a) After directly counting from the tape, we know that
(I) =4, (II) =4, (III) =4, (IV) =3, (V) =3, (VI) =3, (VII) =3, (VIII) = 2.
(b) In the tth round, the tape status is
LU qo®ar—1T2; -+ Ton—1Z2nFFY1 -+ Ye—1 U
Hence, the loop ¢ — q1 or ¢o — ¢2 moves 2n — 2t + 1 steps from

- UUq@os -« - Top—1Ton#FY1 -+ Yo = U+ - U Uzgy - - - Top_1T2n 1 #Y1 - - - Y1 L,

and then uses t steps from
L U UTg -+ Top 1 Ton@u#YL - Yo = U U UTos -+ Top 102, H# Y1 Yeo1q1 U
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Thus, the total cost is 2n —t + 1 steps in this loop. For the loop g3 — g3, we spend ¢ — 1 steps from
U U Uy - Zop—1Zon Y1 - - @Y1y = U+ - U UZy -+ - Top1Z20 @371+ + Ye—14:L,
and then using 2n — 2t 4+ 2 steps go to
e UgzsUmg - Ton 1Ton#y1 - Yeays U
The total cost is 2n — ¢ 4 1 in this loop. In the loop g5 — g5, it takes 2n — 2t steps from
U WU U gsZosn -+ Tan—1Z2n# Y1 - Ye1yed = U - WU U @1 -+ - Ton—1Z20G5F Y1 -+~ Ye—1YiL,
and further spends t + 1 steps to
U WU U Topgn -+ Ton1T2n#Y1 - - Ye-1YeGs U -
In the final, the loop ¢ — ¢7 spends t — 1 steps from
U WU U Zoggr -+ Ton—1%2nH Y1 - Qrye—1yed = U - WU U @1 - - Top—1Z20G7# Y1 -+~ Ye—1YiL,
and uses 2n — 2t 4+ 1 to
U- - U Ugr Ugpn -+ Top1Ton#FY1 - Ye1ye U

The total cost is 2n — ¢ in this loop.

Overall, we have

M=2n—t+1, ) =2n—t+1, () =2n—t+1, IV) =2n—t.

In (b), we know that the tth round’s cost is
8n — 4t + 10.

Since we have n rounds,
& 1

Z(gn_4t+10) :8n2—4%+10n:6n2+8n.
t=1

We also contain 1 step for gy — ¢,, so the total steps is

6n’ + 8n + 1.

Problem 4 (20 pts). Deoxyribonucleic Acid (DNA) is consisted with four components

{A7 C7 G7 T}7

and many features of a human may come from a short sequence of his DNA sequence. For example,
a sequence of ATTTTG might instruct for blue eyes, while a sequence of TTTTTG might instruct for
brown. Therefore, finding a specific sequence from the main sequence becomes an important issue. Now,
we hope that you can design a 2-tape NTM to achieve that. Note that we do not teach multi-tape NTM
in our course. However, the difference between 2-tape TM and 2-tape NTM is the § function

2-tape TM & 2-tape NTM
§:QxIM? = QxI?x{L RS} & 6:QxI?=P(QxI?*x{L R,S}?)
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Let us consider ¥ = {A,C,G, T, #}, I' = {A,C,G, T, #, U}, and stop, i.e., we have {L, R, S}. Note
that if the head points at the first position and moves left, it will still be in the same location. For
the inputs, we have

DNA sequence#target_sequence

in the 1st tape, where both DNA sequence and target_sequence are not empty. For example,
AAAAAAAAAAH#AC.
(a) (10 pts) Please follow the procedure
1° Copy DNA _sequence to the 2nd tape such that our tapes become

1st tape DNA sequence#target_sequence
2nd tape DNA _sequence

2° Non-deterministically check whether DNA _sequence includes target_sequence

to complete your 2-tape NTM with the following draft.

i o e
: () O ()

Note that you cannot add any extra nodes and paths. Moreover,

r—=9
I'—» L
is represented as the transitions with all the combinations from I' x I":
A= S U—9S A— S U—9 A= S U—S
A=-L = A= L '|lCc—=L = |lC—L = ’|Jlu=L = ’|u—=L

(b) (10 pts) Please simulate your 2-tape NTM on an input string
AGH#A

by drawing the corresponding simulation trees. Then, determine whether your NTM accepts the
input string according to your simulation. A simulation tree is like the following example (as an
illustration and not related to the NTM in this subproblem.)

A ¢ U U U

o N
A q@ C # G w A C # G
g A A U U A q C U U



If the tree recursively contains the same branches during the simulation, please state the reason and
do not continue the simulation on that branch.

Solution.

(a) Please see the following diagram

I'—= S
I' —- L

LS @{?:i @{?:5 o

A= R C—R A= R C —R
U—=AR = |U—=CR ’ A—-R = |C—=R ’
G—R T— R G— R T— R
U— G R U—T,R G—-R ~ |T—R
(b) Please see the following simulation
o A G # A A q G # A A G q # A
o U U U U A g U U U A G ¢ U U
A G # ¢ A
A G ¢ U U
v N
A G # ¢ A |A G # ¢ A
A ¢ G U U |[A ¢ G U U
/ N
A G # a1 A A G # ¢ A
q1 A G L (] q2 A G (] (]
e N N
A G # g ATJA G # @ A[A G # A ¢ U
q1 A G L [ q2 A G (] (] A q2 G U (] (]
N N
A G # A ¢ U[A G # A q U
A ¢ G U U A q G U U U
N
A G # A q, U
A g G U U U

The red branch leads to an infinite loop, so we do not include it in the simulation. Because, by the
definition of NTM, an input w is considered accepted if one branch work (in page 2 of the slide
chap3_NTM1.pdf), we have reached the accept state g,. Thus, this 2-tape NTM accepts the input
string

AG#A,
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Problem 5 (25 pts). In our slides of Chapter 4, you learned that a TM can simulate a DFA on a
string w. Now, let us consider the DFA B:

(Q,%,6,q0, F) = ({6107%}7 {0, 1}75» qo, {Q1}),

where the transition function is l 1
0: Q@xX — @ 0 @. !
(g,¢) = q 0

To encode ¢ function into a string, we re-format 0(q,c) = ¢ as qcq. That is, {q00qo, 90141, 1090, ¢11¢1 }-
Therefore, we can simulate the DFA B on w via a TM with the input

({q0, 1}, {0,1},{400q0, q01q1, 1090, (111 }, q0, {1 } ) #w.

To simplify the problem, we remove the notations “(”, “)”, “{”, “}” and “,”, and re-define the input as

doq1 | 01| ¢00g0q01q1¢10qoq1 11 | g0 | (1 #w, (1)

where the notation “|” partitions the formal definition, and the elements of a set are concatenated.

(a) (5 pts) First, let us check whether w € ¥*. Specifically, if w is “001”, the TM accepts the input

q0q1 | 01 | 00g0901¢1¢10g0oq11qr | o | 1#001 L.

As a rejected example, if w is “528”, the TM rejects the input

q0q1 | 01 | ¢00g0901¢1¢10qoq11qr | qo | 1 #528 L.

Please design a decidable single-tape TM to perform this check with the input (1) via

L QTM - {Q(()j7q?7q¢(137%?}’ Z:Tl\/[ = {q07q1a0a ]-7 |a#727 o 9} and I' = {q07q1a07 17 |a#7|—|727 o 9}
e Let g5 be the start state, ¢C be the accepted state and ¢¢ be the rejected state.
e We only consider moving the head right or left in the TM.

(b) (10 pts) Now, suppose that we have checked that B is a valid DFA. In the next step, let us simulate
w according to the encoded § part and check whether B accepts it. However, a decidable TM is
too complex in this sub-problem, so we only focus on a Turing-recognizable TM here. Let us use
a 3-tape TM to achieve the simulation, and the initial status of the tapes is

Ist tape  # qSwow wyws - - -

2nd tape # q5¢00¢0q01q1¢10g0q11qy LI - - -
3rd tape  # q5qo LU - - -

where we have # in the first position of each tape to denote the start position in the tape. Please
simulate the input string w = 1, i.e., the 1st tape is

Ist tape #qS1U---

with the following diagram. Note that you can skip the actions of self-loops on g5 and ¢, but you
still need to draw the first and the last one.



U— S =S =S
QUXU{#}— S {p}UX =R {p}UX—=R

F— S qq — S go— S
Y= R
4R =S5
Q— S QUY=L
in’ Q—S
x¥—= 5 Y—= S5 x—=5 xX—=5
@o—R {qg1—R Q@ — R Sq1 — R
g — S q—S Q — qo,S Q—q,S
(s
0—=5 1= S 43
158 do-nr 0—S 1— S
0—-R ,{1—>R

S S
Q= @- Q—S Q—S

(c) (10 pts) Continuing from problem (b), the idea behind the diagram is to sequentially determine the
next state via 2nd tape’s ¢ function, 3rd tape’s current state, and 1st tape’s current input w;. Please
describe the meaning of each state by completing the parts (I)--- (VII) below:

State ¢5:  (I) .
State ¢;: Handle three possible situations when finding the current state in the ¢ function.

To State qo :  (II) , to State go:  (III) , to Stategs: (IV) .
State ¢5: (V) .
State ¢5:  (VI) .
State ¢}: Move left to the leftmost position in the § function, and then move to the next input w; .
State ¢>:  (VII) .

Please note that if you want to reference the current input explicitly, you can use w;.

Solution.

(a) Please see the following diagram.

{QO7Q1707 17 ‘} — R {07 1} - R

# R f[}\ U— R @

a1

{|—|727"' {q07q1a|7#a27”'a9}_>R
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(b) Here is the simulation. We ignore

4 a§ 1 U

# a5 o 0 qelaqi0gqlq

_# q(s)’ q U

[# ¢ 1 U
=1# o 0 & @ wlaadpnla

# ¢ q U U

(# q¥ 1 U U U u
=1# @ 0 @ ¢ daf 1 qa@Opanla

# af @ U U U U

(# o 1 U U U U U U
=1# % 0 @ o 1 ¢ 4} @& Opanla

# df ¢ U U U U U U

= Move left (self loop on ¢4) until reaching #

= |# a§ @ 0 ¢9laa09pala
# Q(S) q u cee

(¢) The parts (I)--- (VII):

=

FFe e o, HdF I R FFETHE

q1

qo
q1

qa

q1

CoC CoC C® C CRCCEC CorC

4090191¢10q0q1 1q1

Uoou

a8 o 1aq0gala
LU

U U U U
o 1 a5 ¢ ¢0qqla
U U U U
U U U ou
Q@ 1 qi 71 ¢10goq11qq
U U U u
q0901q1¢10q0q1 1q1
70901¢1¢10g0q1 11

(I) If the entire w has not been read yet, find the state of the encoded transition function that
matches the current state on the third tape. Otherwise, accept it if the DFA B accepts it.

(IT) Because we mistakenly treated the output of the transition function as the input(i.e.,q of ¢cq),
we need to address this. Therefore, skip it and look for the next gcq.

B.

11

Current input w; match the input alphabet of transition function(i.e., ¢ of gcq).

Current input w; did not match the input alphabet of transition function(i.e., ¢ of gcq).

)
)
(V) Update the current state in 3rd tape when encountering the situation (III).
) Move two steps to the right to the next gcg when encountering the situation (IV).
)

Accept if the entire input w has been read and the current state is in accept states of DFA



