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When Professors Scholes and Merton and I

invested in warrants,

Professor Merton lost the most money.
And I lost the least.
—Fischer Black




Part 1:
Computational Complexity

It 1s unworthy of excellent men
to lose hours like slaves
in the labor of computation.

—Leibniz




Measures of Complexity

1. Time

e Tractable: “solvable” in polynomzial time such as
O(n) and O(n?)
e Intractable: otherwise
— (Candidates: Asian options & certain reset options
— Approaches: analytical approximations,
approximation algorithms, Monte Carlo

simulation, etc.

2. Memory

e Maybe an issue for long-dated fixed-income securities

or path-dependent derivatives




Part 2:

Trade against the Central Bank




Competitive Analysis

The trader wants to trade USD for JPY (say)

— Applicable to any assets with relative prices
n exchange rates will be revealed
The trader acts on each exchange rate

Converting JPY back to USD is not allowed
(buy-and-hold only)

Goal: maximize the total JPY amount on day n as
compared against the adversary with complete foresight
— This adversary trades once, at the highest rate

Result is (almost) model-free (no distribution
assumptions) and therefore more robust




Trader's Dilemma

e Convert too little and future exchange rates go down

e Convert too much and future exchange rates go up




Competitive Performance

e A trading algorithm A is c-competitive if for any rate
sequence, it guarantees a JPY amount at least 1/c of the

adversary’s amount; i.e.,
E[A] > —
c
— OPT trades all its USD for JPY at the highest
exchange rate, which is known to the adversary

— ¢ > 1; the lower the better

e The least ¢ that A achieves is called its competitive

ratio
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The Model

e Geometric upper and lower bounds

— If the current rate is r, the next is € [r/6,70]

— 6 = 1.07 for the Taipei Stock Exchange

— Results available for the general [r/a,r(] case

e Related to the popular lognormal process (geometric
Brownian motion) used in finance [Hull 1999
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The Optimal Buy-and-Hold Trading Strategy

The optimal strategy per USD:

0
nf—(n—2)
0—1
nf—(n—2)

— Invest dollar on the first and last days

— Invest dollar on the other days

Achieves the optimal competitive ratio any algorithm

can attain: %wm@ﬂwv [Chen, Kao, Lyuu, Wong 1999]

Beat the popular dollar-averaging strategy, whose
n(l—6—1)

competitive ratio 1s T—p—n

Indirect support for the soundness of dollar-averaging
strategy
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Part 3:
Derivatives Pricing with Combinatorics

The shift toward options as

the center of gravity of finance [...]
—NMerton H. Miller
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Listed Futures and Futures Options, 1997-1998

Monthend Trading Contracts
Name open interest volume settled

Futures contracts
Chicago Board of Trade (CBT)
Dow Jones Industrial Index 14,494 3,505,262 31,293
Treasury bonds 838,403 114,945,293 55,595
Total CBT 2,602,372 218,204,974 556,213
Chicago Mercantile Exchange (CME) and IMM

S&P 500 Index 372,542 30,698,445 369,072
3-month Eurodollar 2,961,562 107,386,746 1,556,484

Total CME/IMM 4,191,618 181,051,919 3,179,971

Total all exchanges 8,732,915 500,562,510 4,186,906

Futures options
Chicago Board of Trade (CBT)
Dow Jones Industrial Index 39,706 354,094
Treasury bonds 959,597 37,947,756
Total CBT 2,398,298 61,369,819
Chicago Mercantile Exchange (CME) and IMM

S&P 500 Index 274,655 5,049,771
3-month Eurodollar 3,064,612 31,842,995
Total CME/IMM 3,779,892 42,172,666
Total all exchanges 8,073,479 124,107,563
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Calls and Puts
So,S51,...,5, denote the prices of the underlying asset

The call option has a terminal payoff given by
max (S, — X, 0)

The put option has a terminal payoft given by

max(X — Sy, 0)

Variations

Backward induction
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Binomial Models

e Stock price can go from S to Su with probability p or
Sd with probability 1 — p in a period
— The Cox-Ross-Rubinstein (CRR) version:

u €

d
p

— The Jarrow-Rudd (JR) version:

mAﬁIQm\wv At+ov/At

®?,IQM\MV At—o/At

1/2
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Barrier Option Pricing

Standard backward induction takes time O(n?)

Solving the Black-Scholes differential equation takes
O(n?) time

Combinatorics cuts the time to O(n)

— Shortcoming: cannot handle American options

A rule of thumb: pricing European options is faster
than pricing American options by an order of magnitude

— Mathematically true?
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The Reflection Principle for Binomial Random Walk
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The Reflection Principle

e Imagine a particle at position (0, —a) on the integral
lattice that is to reach (n,—b), where a,b > 0

e How many paths touch the z-axis?

e Answer:

A:+m+@v mowm<mb§+9+@
2
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Single-Barrier Options
e We focus on the down-and-in call with barrier H < X

— Knocked in if the barrier is touched

— Assume H < S without loss of generality
o Let

o Tix\mv ; N ﬁim\mv J

+ 3 + 3

20V At 20V At

— H = Sud™ " is the new barrier

— X = Su®d™™? is the new strike price

e May introduce fluctuations as well
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Convergence of the Binomial Model

Down-and-in call val ue

]

250
#Peri ods

The analytical value is 5.6605
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The Combinatorial Formula

Each path from S to the terminal price Su’d™ 7 has
probability p’(1 — p)"~7 of occurring

There are @ paths, and (" i.v of them hit H

So the terminal price Su’d™7 is reached by a path that

hits the barrier with probability (. i.v p’ (1 —p)nJ

The option value equals

2h
n

n—2 +

N%.G — 33&. Am\gg_&:lg — Nv

] a

— Can be summed in O(n) steps
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Compared ith the Trinomial Model in milliseconds




hen the Current St ck Prce s e rthe rrer

e Some claimed it ma es the binomial model impractical:

— n ill have to be very large to tac le fluctuations

ut then the n? bound becomes too high

e o problem if e use an O(n -time algorithm




The Reflect n Prncple ter ted
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Figure <1> Comparison of combinatorial and backward methods in running time
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