Randomized Complexity Classes

e Let N be a polynomial-time precise NTM that runs in
time p(n) and has 2 nondeterministic choices at each

step.

e N is a polynomial Monte Carlo Turing machine
for a language L if the following conditions hold:

— If z € L, then at least half of the 2P(*]) computation
paths of V on x halt with “yes.”

— If ¢ ¢ L, then all computation paths halt with “no.”
e The class of all languages with polynomial Monte Carlo

TMs is denoted RP for randomized polynomial
time.
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Comments on RP
Nondeterministic steps can be seen as fair coin flips.
There are no false positive answers.

The probability of false negatives is at most 0.5.

Any constant 0 < e < 1 can replace 0.5.
— By repeating the algorithm £k times, the probability

of false negatives can be reduced to (1 — €)*.

In fact, € can be arbitrarily close to 0 as long as it is of
the order 1/p(n) for some polynomial p(n).

- I_om+|m — QAWV = O(p(n)).

2
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Where RP Fits
e P CRP C NP.

— A polynomial-time deterministic TM is like a

polynomial Monte Carlo TM except that all the coin

flips are ignored.

— A polynomial Monte Carlo TM is a polynomial-time
NTM with extra demands on the number of

accepting paths.
e COMPOSITENESS € RP.
e PRIMES € coRP.

e RP U coRP is a “plausible” notion of efficient

computation.
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/PP? (Zero Probabilistic Polynomial)
The class ZPP is defined as RP N coRP.

A language in ZPP has two Monte Carlo algorithms, one

with no false positi es and another with no false negati es.

f we repeatedl run oth Monte Carlo algorithms, t
one definite answer will come unli e RP .

A o t answer from the one without false positi es.

A t  answer from the one without false negati es.

The algorithm is called
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he ZPP | orithm

uppose that L € PP.
N7 has no false positives, and Ny has no false

negatives.
hile do

i Ni(z) = “yes” then

return “yes”

end i

i Ny(z) = “no” then
return “no”

end 1
end |hile
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ZPP (contin ed)

e The running time for it to happen is

polynomial.

— The probability that a run of the 2 algorithms does
not generate a de nite answer is 0.95.

— Let p(n) be the running time of each run.

— The expected running time for a de nite answer is
thus

05 p(n) =2p(n)

e PRIMES € PP (whose proof remains inaccessible).
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e oo RP

uppose that L € RP.
N decides L without false positives.
hile do

i N(x)= “yes” then

return “yes”
end i
hat to do here
end hile

e ou eventually get a “yes” if x € L.

e But how to get a “no” when = & L

32



PP

e A language L is in the class PP if there is a
polynomial-time precise NTM N such that:

— or all inputs z, x € L if and only if more than half

of the computations of N (i.e., 2°( )1 1 or up) on

input x end up with a “yes.”

e say that NV decides L by ma ority.

e M S T: is it true that the ma ority of the 2 truth
assignments to s n variables satisty it

e M S Tis PP-complete.

e PP is closed under complement.
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P s PP
Theorem C
e uppose that L € NP is decided by an NTM N.

e Construct a new NTM N :
— NN has one more extra state than V.

— N starts at and either branches to N s program or

simply accepts (after p( x ) steps).
e Consider an input z.

e uppose that NV on x computes for p( x ) steps and

produces 2PUz)) computation paths.
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he Proo (contin ed)

Then N has 2PUzD) 1 computation paths.
alf of these will always halt with “yes.”

Thus a ma ority of the paths of V accept x if and only
if at least one path of N accepts .

That is, if and only if x € L.

o N accepts L by ma ority and L € PP.
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heory o ar e e lations

ou have a coin.

ne side has probability 0 5 € to appear and the other

05—¢, forsome 0 € 1.
But you do not know which is which.

ow to decide which side is the more likely with high

con dence

Answer: lip the coin many times and pick the side that

appeared the most times.

uestion: Can you uantify the con dence
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he Cherno o nd

Theorem Cherno

1 T2 i
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