Class Scribe : Structure From Motion (2005/04/20)
et R93944019 4P A8

— ~ Singular value decomposition (SVD)

1. & {f matrix ﬁ[ﬁ %~ i transformation
2.

Theorem 3.2.1 If A is a real m = n matrix then there exist orthogonal matrices

.U- _ |: u; L u,, ] c ,Rfm,xm

vV = |: vy ce Yy, } c 'Rnxn

such that
UTAV =X = diag(oy,...,0,) € R™"

where p = min(m,n) and oy = ... = o, = 0. Equivalently,

A=UxvT

The SVD reveals a great deal about the structure of a matrix. If we define r by
01> ... 2 0. >0 =...=0,
that 1s, 1f o, 1s the smallest nonzero singular value of A. then

rank(4d) = r

3. SVD = f# componen fU2$ (&




U + [ & it rotation {1 shift
3 ¢ Bfjp/E! fitscaling
Vvt S & i rotation {1 shift

4. BE
(1) — {l# rank "R B3 v B9 matrix fi'f=PNES noise Elfiéﬁﬁcﬁ'f , lﬁ’?f rank “HSr e lﬁﬁ =y
M FIFIR] SVD > 5 5]~ {f matrix A” > j kb

|4'-A| 554 ] > = rank(A’) = 1 < rank(A)

=
A'=UX"V" s where X'=diag(o,,0,,.., o,,0, ..0)

(2) 7 over-determined linear system Eﬁ » 7 [’FEJ?[’J @BH: minimize || Ax — b||

=>
Theorem. The minimum-norm least squares solution to a linear system Ax = b, that 1s,
the shorest vector x that achieves the

min |4x -]
1S unique, and 18 given by
x=V=U"b
where
-].fx'chl 0 .-« 07
v — 1/0,
0
i 0 0 0 |
1S ann X m diagonal matrix.
The matrix
A" =V2tu”

18 called the pseudoinverse of A.

~ ~ Epipolar geometry & fundamental matrix

1. The epipolar geometry
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epipolar pole (e, ’) : prOJectlon center 7+ pl— Fj‘ralmage Ry,

baseline : epipolar pole f*/3fiast » ;LEJIH projection center °
3= image [IY projection center F[IHf B2 _FAYE— BirX

)%~ I epipolar plane ° T ffl [ X R8T fﬂ Fi*J epipolar
plane * {F! baseline ﬁﬂﬂﬁ‘[ﬁJEU ’ }Z“HJFF'% B A & baseline
po lﬁﬂﬂ epipolar plane °

epipolar line (/, I) : image == epipolar plane & I8t -

epipolar plane (7) :

e | epipolar plane 5t epipolar line / HfiY %ﬁ Fl Fﬁﬁﬁ‘{z ‘+ $5[AY epipolar line
/B PNIF=fitblock matching Elﬁ”& [’ =i linear search °

2. The fundamental matrix F



&l p,p’ Y FEIEJEUEJ%I'%T’:FIJ g A A
p’=R@-T)--(1)
(p - T)kL epipolar plane ‘FAY[fi| &l » (T x p)kL=f i epipolar plane FU[FIE! - FyH=
oo PPRES 0 > PYISRGE XA epipolar plane I g ™ it AR =0 Ao
(p-T)'(Txp)=0 -2
MM @
R'p) (Txp)=0
B S F DR (T x pfv It 76 P > Txp=Sp

0 -7, T,
s=| 7, 0 -T.
-7, T, 0

g
(R"p) (Sp)=0
= (p" R)(Sp)=0
= p" (RS)p=0
= p" Ep=0

ZEl = T - s Y . . LUIRNA TS . Dy .
WEI p" Ep =0 H ]I E=RS #I} essential matrix > R {192 fif HiFkL rotation »

S v [ #iZuhL translation

MM R IR gk
p=M7"x, p'=M"T"x-

R pt Ep=0 1=



(M XY E(M'x)=0
=>x" (M) EM ™ ]x=0
=x" Fx=0

F=(M'"")" EM "' #i%% fundamental matrix > £ epipolar geometry i (R ggZ - 1k o

FK]‘KJ%% lmage —"_AF[UE— vru:: gl:’_(x X ):FI’KF ?’g;l Ll xlT Fx 0

fundamental matrix 3! %| Eﬁ[ﬂ][‘f_k :

(1) Transpose : @r%“ F fé(P, P’)fiY fundamental matrix > F[| F" ﬂFﬁl KL, PV
fundamental matrix °

(2) Epipolar lines : ['=Fx & [=F"x’ -

(3) Epipoles : [X£% epipolar 7% vt 7% | iV epipolar line - » 7l e’ Fx=0 Vx

=" F=0- fﬁjfﬁ' » Fe=0 o
(4) F &= W1 7% o (F AL homogeneous » =" rank=2) °
(5)F is a correlation, projective mapping from a point x to a line I’=Fx (not
a proper correlation, i.e. not invertible) -

fundamental matrix fU¥[3# :

(1) @™ matching : [NEE X" Fx =0 > ﬁ,ﬂlf’ﬁﬁhﬁ F A x [ I#\r linear

search °
(2) Detect wrong matches - }H match [ J%ﬁ* T xT Fx=0 > s FHET Ry S "z?
Bl I:[J #Ijﬁﬂrij FLT FEF” match °

3. Estimation of F - 8-point Algorithm -

o Se S
_IAJ X:(M,V,I)T,X’ :(u',V',l)T, F: f21 f22 f23
S Ju Iy

) 7 SEHE E&ﬁl F]EHZ]= [ prmsyfd A=t
uu' fi, v f, Fu' fi wv' fo W L, +V o Fufy, v, + 53 =0

BESRF AP TETORRL 7 > (EDRLIUH T 8 Rt F Il e o 8 AP TS * AH=

& T E]S 1Y linear system
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[ least eigenvector © PRNER— EEFEEE PJFj:%ﬁWﬁ*é[‘[Elfi F [ rank 4% 2 > ZH {5

gl

= f rank 53 2 = U |F - F{ PO F P PRELF fESVD > 4 FUS VT

oo 0 0 o 0 0
i =0 o, 0 _IAJ 2=0 o, 0
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HFP=Us v’

S-point algorithm [V EEIALRIEEY » i PIAH 2 FRil « BUEIRL P noise
FUsY2 o RUREL A f{ OGRS ] 3% BOE L i1l conditioned » SIffl pUE] L)
[ noise ﬁlﬁl-}*y LA o

BERCHE : normalized 8-point algorithm

4. Normalized 8-point algorithm
(1) Zi transformation T, T” > }{ﬁ’ input Y35} ’ﬁ%@ﬁ X, X" normalize Z[|[-1, 1]/ ] -

i=Tx, ¥=T'x" ¢

(2) '} &, & i fEinput » PZPL 8-point algorithm - #/Z] F

(3) F=T"FT

= ~ Structure from motion
FIEA I FI=EY 9= image E1! {1} camera motion #[! scene structure » fl— 7 f 175 -
F 57 » Fi LT automatic camera tracking Y matchmoving ° & %% computer vision,



multiple-view shape reconstruction, novel view synthesis and autonomous vehicle
navigation ° pIIt-H FEEYH HI }H CGI Jﬁ“ drgy f}i?}

SFM pipeline
2D feature N optimization geometry
) — —» — )
tracking 3D estimation ™1\ dle adjust) fitting

2D feature tracking fit5h = - f'l') EI # ff bundle adjustment » {E! bundle adjustment ﬁ
Fol= {[#+ P initial guess> 3D estimation HEH | #H bundle adjustment ¥ initial guess e

Stepl : track features

S FY frame I [HJ%PEERY feature » F)— K ﬁ RS ET TR

(DLucas & Kanade-style motion estlmauon
window-based correlationSIFT matching £ /1 KLT tracking pUFSHIEsE > SIFT puss
NI {LLRL SIFT 12 | M [Z [ EIpofsa, o (I =R S T RUE psifie -

Step2 : Estimate Motion and Structure
(1) Simplified projection model, e.g., [Tomasi 92]
(2) 2or3views at a time [Hartley 00]

Step3 : Refine estimates
(1) “Bundle adjustment” in photogrammetry
(2) Other 1terative methods

Step4 : Recover surfaces
1mage-based triangulation, silhouettes, stereo... ©

Issues in SFM

(1) Track lifetime
{mﬁfj— FLEYH HIEU%FJ}%@— [ AR > track [V feature [ fEASHEAS T
frame f I It ’Igﬁ:?(ﬁé ot feature [1_F— f&f weighting function ° Eﬁ i
X HE X weight BFES | o YT RED] track SV feature — @ 2. 0

(2) Nonlinear lens distortion

(3) Nonlinear lens distortion

(4) Degeneracy and critical surfaces

(5) Prior knowledge and scene constrains

(6) Multiple motions



= ~ Factorization methods
FII*'] image sequence fIYerFEIE {1 scence geometry #{! camera motion °
1. Notations

n 3D points are seen in m Views

g=(u,v,1) * 2D image point

p=(x,y,z,1) - 3D scene point

IT : projection matrix

7 - projection function

n(x,y,z)=(x/z,y/z)

g, * the projection of the i-th point on image j
q, =7 (H ;P ;‘)
A; * projective depth of g,

A.=7

2. F'&g

Estimate Mj and p;j to minimize

(H JERE] m’pl’ ’pn) zz IOgP(ﬂ'(ijl),qU)

Jj=1 i=1

_ |1 if p,isvisiblein view ]
7710  otherwise

Assume 1sotropic Gaussian noise, it 1s reduced to
m n 2

g(HI’“'anm’pl’“"pn) = Zzwyuﬂ(n_/pi)_qij”
j=1 =1

3. SEM under orthographic projection

q=1Ip+t

q - 2D 1mage point (2x1)

II * orthographic projection matrix (2x3)

p - 3D scene point (3x1)

t © image offset (2x1)

Farl UK 3D scene origin *’?EU 3D point [I¥ centroid » 2D image origin 2% 2D point
fV centroid » A ZCF[IEY t N o AR q = 11 p o P2t F LR - { feature 12
W~ 9Rimage b o [IPF] n W feature #ERYE] - 9= image PV R Y
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2xn 2x3 3xn
JFf n fli feature H5Y2] m 3= image 9 22 VR T Ay

4, 4 - 4y, Hl
q q coe

:21 :22 . [pl P, - n]

: : .o Ixn
qml qm2 qmn Hm

2mxn 2mx3
W measurement M motion S shape

EH T rank(W) <=3 (YL rank(M)<=3)

. Factorization
W=MS V1 WRL=1H > MATS R LZ5 AR IRy o
(1) W #SVD HZ] w=UZV" > EH 1 Upui&i il 2mx2m> ¥ fUREE kL 2mxn >
V VRS kL nxn -
2) §Eiﬁjﬂ}{fj XUy 3x3 PV E] X ffl rank(X7) =3 > f’}{fj’ U “2arpy =340
FE] U Qmx3) VT SRS T T Gx)

@) W'=UTV =UNZ)WEVT)=M'S'

(4) SAI S fuR |~ {f transformation - » W'= M'S'= (MA™)(AS) » $f M [ HiE=
metric constrains > J[Jfi LT A
(5) PREBAEBSpOHEH iorthographlc » projection matrix II EJ ]JfFIJE' '
orthonormal » [HI=M I B S FRL orthonormal = F | g S P
Pl A > = IR M(EMA) -
©) 3 ﬂﬁ | THEIGRYHE (FUA Tomasi/Kanade paper HRY™3E) » ﬁljﬂi@]%
I=II"A -
1 0 T T T T
{O 1}:HH =(IT"A)IT' 4)" =T11'(44" )HI1 =T11'GI1, where G =AA" >
SIETE Ml 1EE ] TT, Y equation » §#4TY G o V3] G fiSVD (U=V) R G i
AT AN HEA

. Factorization with noisy data

W=M S+ E

2mxn 2mx3 3xn  2mxn
f¢-image sequence [ 1 ZJfY W f"f< i[{'lj EXFEZ > FIM SVD | ) H Z] optimal

T
rank 3 approximation W’ of W » }{jn{?‘:‘r STEEd W =W'+ E o FfeH]W

2mxn  2mxn  2mxn

F 1Py factorization » HY ?Uﬁlfiiﬁéﬁf'r'ﬁ['ﬁ;l image feature [IY0FEIZ225 H N



projection fi¥ SSD f& 7| -
6. Extensions to factorization methods
(1) Projective projection
(2) With missing data
(3) Projective projection with missing data



