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Least square methods:

Least Squares Problem

Find x*, a local minimizer for

m
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where f; : R" — R, i=1.....
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m are given functions, and m = n.
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® Example: Linear least square problem

Yy
~ s




It

g E B %ﬁ@_ R 25 PR TR kL P (i Model 572 mbfi -
rirxﬂmﬁlf'ﬁlﬁir%ﬂﬂ*?r# Flpl— [EsEYEAY Model Tk & Y -
S MIEFAE I Model [ 2441 -

y(1) =M(x,1) = x, +x,t

€ Data (t1,yD), (€2.2), -, (tnyn) » S5 PHEIS— (el 0207 X = (xo*, x1%) »
(A5 197 g et 5 Y FEERRIED S ARG Y Data J/ [Ifss R ) -

Si(xX) =y, —M(x,t,) =y, —x, — X1,

fi(x)f!. residue function, & (R AJIUERLY /\, 1 Data A1Z5 15 | model SEHE e o fi
p NEN I

#5{Pfe! Minimize ™ g i 5
FOO = 2 ()

1 m
= E;(yi —x,—xt,)°
5 xo,x1 AT ST RE

OF(X) &
—_— = =X, — Xl =0
axo ;(yl 0 1 1)
OF(X) &
= Ny, —x, —x,t)t, =0
aXI ;(yz 0 1 1) i

PIED G, ys BRSIHI BN BRIz i D IR AR R s
RS R AR

(il 9= T - %ﬂﬁﬂ}%";} iﬁ%ﬂ [1¥ linear ff[*/kL Model #t Model {142 ﬂﬁ“ﬁ»’s[ﬁkﬁﬁ [ o
BN 2 M (x,t) = x, + x,t + x,t° I RLEL linear - El'é’]ﬁaﬁ [EFF Bt Tkl [ linear
F[fj%gﬁg o {ELRLFE Tl ¢ U [ x El@%ﬁ » Rl [ linear function » [RJF=Z5 Y]

ABRLT I linear least square fiY 43k -

® Nonlinear Least Square
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model M(x,t) = xge” b opge®??

parameters X = [x1,x2,13, 1)
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Loecal Minimizer
Given F': R" — R. Find x* so that

F(x*) < F(x) for |x—x%<4d.
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® Descent method
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Algorithm Descent method
begin
k=10, x:=xy; found := false | Starting point |
while (not formd) and (F < Jyay)
hg = search_direction( x| [From x and downlall )
if (no such h exists)
Jownd = true {3 15 stationary |
else
v = step_length(x. hy) {from x i direction hy )
x:i=x+aohy k= k4] {next iterate }
end
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Definition Descent direction.

h 1s a descent direction for F' atx if h'F'(x) < 0.

AE DA ?Uﬁ?}?,{ﬁﬁ ho “HERLF'(x) =0 » [SATG[F=I53ZE] 7 stationary point ©



® Steepest descent method
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® Newton Method
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® Hybrid Method
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® Line search
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® Levenberg-Marquardt
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Levenberg—Marquardt method
begin
k=0 v:=2; X:=Xg
A=Jx)"Ix): g:=Jx) f(x)
found = (||g|loc <c1);  pi=7xmax{a}
while (not found) and (k < kpyax)
k:=k+1; Solve (A+ pul)hy, = —g
if ||hlm|| : C‘12(||X|| + 52]’
found := true
else
Xpew - — X ‘I‘ hlm \ ‘ \
0= (F(X) — F(Xnew),]/(L(O,] — L(hlm),]
if o >0 {step acceptable }
X = Xnew - -
A =J(x) J(x): g = J(x) f(x)
Jound := (|gll~ < 1)
L=k 111<1\{ 1 — (20— 1)3}: V=2
else
[Li= kv, Vi=2%U

end




Camera projection models:

® Pinhole camera
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® Camera rotation and translation
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® Two kinds of parameters
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1. [*7 = p(internal/intrinsic parameters) : &/ F focal length ~ optical center ~ aspect
ratio » (Y AFALBFAVTEIL

2. It 2 (externalfextrinsic parameters) EIJFA', rotation ~ translation » {43 AEIES
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®  Other projection models
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perspective weak perspective

increasing focal length

increasing distance from camera

Weak perspective : (X,y,2)=s(x,y)
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® Orthographic projection
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®  Other types of projection

Scaled orthographic (weak perspective) :
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Affine projection (pa_raperspective) :
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®  Fun with perspective
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®  Fun with perspective

viewing point
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® Forced perspective in LOTR
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Camera calibration:

® Camera calibration

T camera RIIE R YR RLTS [T'Ej?lfj L ALY

1. camera -E[H! ?

2. camera projection model /[T IR S2Erh L ’fji ? (focal length, optical center,

aspect ratio )

Camera calibration = fol I 5 F o 5
1. Photometric calibration: use reference objects with known geometry.

2. Self-calibration: only assume static scene, €.g. structure from motion.

Self-Calibration:
f@?ﬁlﬁé{[fj%ﬁﬂﬁﬁ%ﬁfj, 1B J?E{I;FEFKJ%FJTM'FF[H%{‘ camera 1955
]"Fﬂ?rﬁfﬁj ¥ : bundle adjustment



Photometric Calibration:
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a. Linear regression (least squares)
b. Nonlinear optimization

c. Multiple planar patterns

Chromaglyphs (HP research)
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® Linear Regression (least squares)
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mooX; + mo1Y; + mo2Z; + mo3

mooX; +mo1Y; +mooZ; + 1

mi10X; +m11Y; + mi12Z; + mi3

mooX; + mo1Y; +mooZ; + 1

u;(mooX; + mo1Y; +mooZ; + 1) = mooX; + mo1Y; + moaZ; + mo3

vi (Mmoo X; + mo1Y; + mooZ; + 1) =maoX; + m11Y; + mi2Z; + ma3
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® Normal equation
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® Nonlinear Optimization
B A E250Mp ') 2] Levenberg-Marquardt (Nonlinear least square method) s 3f*i
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Log likelihood of M given {(u;, v;)}
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®  Multi-Plane Calibration

VA9 (Linear regression, Nonlinear optimization)ﬁ? fer P EA s = B P 2]
FlIp ’ﬁf?@gﬁ’ multi-plane calibration |, {2/ f@]%*ifj%flf”l FERL- - =i - 1 ilq*jT )l
HIE P [ A ] [F'U’iff*?%ﬁ°

LR [HeET R
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3. =IREEFAYEY source code I
a. Intel’s OpenCV library: http://www.intel.com/research/mrl/research/opencv/
b. Matlab version by Jean-Yves Bouget:
http://www.vision.caltech.edu/bouguetj/calib_doc/index.html

c. Zhengyou Zhang’s web site: http://research.microsoft.com/~zhang/Calib/
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3D scanning image shadow
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[ E ok G g

T ’F", camera ~ — [[“?Hﬂ I INE f[ﬁ‘ﬁl Foffl 2 U pugy rifF’J’]?E' Fo
iﬁ[’[ﬁ”rf-li THVRY '7}5\?;['[5'%?5},‘5%«[@&'” ’ iﬁﬁ;ﬁklﬁﬁ:%] HE g ["?”J FFpv
geometry > U1k ﬂ“d%ilﬁ’?%’ﬁ'ﬁfi triangulation °

. PRI HRTRIRY T [ camera projection matrix
2 frfw R R R o Hli':zj#ﬂn,nv@ IR
A-J1ak¢ (directional light ) » [N[F= lﬂpx | B Wﬂtixﬁfﬁgf} Rl g i

® Bundle adjustment

1. Bundle adjustment fL— {[#F" '] [ﬁJE\JJ“ ]"Ff[?r 3D geometry F[I camera parameters
INEEAT ﬂ»’FIJ ') ]’E{ H T [ﬁ f* projection matrix, T [ﬁ f* noise model °

2. Bundle adjustment f:L— {[#fftSelf-Calibration frf&=> » & IE%FJ fqi%?ﬁ" fY
FJIE] %FJ fl1f~ feature points < EFRE [P‘,FTFFV 4 camera [} intrinsic ﬁ&
extrinsic matrix parameters.

3. 7t ft"panoramas EJJ“ [ﬁ Eﬂj W5 F’?E image, [SUETE | corresponded pair Fllﬁ
(i drift fit— [ global optlmlzatlon o

4. %} match-move , panoramas, bundle adjustmen ﬁﬂﬁ— RSO (& (R
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ENEIES &HF iF%E'J feature match HiEf 3 Z] o

m fli view SR [T S T view FlIFY 2d AR fLRL e -

D

n 3D points are seen in m views
xjj 1s the projection of the i-th point on image j
aj 1s the parameters for the j-th camera

b; is the parameters for the i-th point

BA attempts to minimize the projection

¥ri

II]]I]Z Z d( (;%(aj, i) }:,_;j)z

a;,b 1
i=1 g=1
predicted projection

Euclidean distance
error

Bundle adjustment E“}*;EF;I ‘EV 5 aj (parameters for the j-th camera) {1 bi
(parameters for the i-th pomt) ffll 4 predicated projection A IEf [F5Y; v PREL ik
‘[ » [} predicated projection HiEkL camera projection matrix o Frl [ HjERLAZ— (A
nonlinear least square » FEH [fU7H £+ L Levenberg-Marquardt method °



