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Abstract

Support vector machines (SVMs) with the Gaussian (RBF) kernel have been
popular for practical use. Model selection in this class of SVMs involves two
hyperparameters: the penalty parameter C' and the kernel width o. This paper
analyzes the behavior of the SVM classifier when these hyperparameters take
very small or very large values. Our results help in a good understanding of
the hyperparameter space that leads to an efficient heuristic method of searching
for hyperparameter values with small generalization errors. The analysis also
indicates that if complete model selection using the Gaussian kernel has been

conducted, there is no need to consider linear SVM.

1 Introduction

Given a training set of instance-label pairs (x;,y;),i = 1,...,l where z; € R" and

y € {1,—1}!, support vector machines (SVMs) (Vapnik 1998) require the solution



of the following (primal) optimization problem:
R g l
Lné% Jw W +C ; &
subject to  wyi(wlz +b) > 1§, (1.1)
&E>00=1,...,1

Here training vectors x; are mapped into a higher (maybe infinite) dimensional
space by the function ¢ as z; = ¢(z;). C' > 0 is the penalty parameter of the error
term.
Usually we solve (1.1) by solving the following dual problem:
moin F(a) = %aTQoz —cla
subject to 0< o, <C,i=1,...,1, (1.2)
y'a=0,

where e is the vector of all ones and () is an [ by [ positive semidefinite matrix.
The (i,j)-th element of @ is given by Qi; = viy; K(z;, ;) where K(x;,x;) =
&(z;)Td(x;) is called the kernel function. Then w = Zi:l a;y;0(x;) and

sgn(w’ ¢ (z) +b) = sgn(z Y K (z;, ) + b)

i=1
is the decision function.
We are particularly interested in the Gaussian kernel:
—||z —z*
202

K(z,7) = exp( ). (1.3)

Our aim is to analyze the behaviors of the SVM classifier when C' and/or o2 take
very small or very large values. The motivation is that, such an analysis will help
in a good understanding of the hyperparameter space that will lead to efficient
heuristic ways of searching for points in that space with small generalization errors.
Some of the behaviors that we will discuss are known in the literature (although,
details associated with these are usually not written down carefully) but some key
behaviors are new results that are not entirely obvious. Here is a quick summary

of the asymptotic behaviors of the SVM classifier that are derived in this paper:
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e Severe underfitting (the entire data space is assigned to the majority class)
occurs in the following cases: (a) o2 is fixed and C' — 0; (b) 0> — 0 and C

is fixed to a sufficiently small value; and (c) 02 — oo and C'is fixed.

e Severe overfitting (small regions around the training examples of the minor-
ity class are classified to be that class while the rest of the data space is
classified as the majority class) occurs in the case where 02 — 0 and C' is

fixed to a sufficiently large value.

e If 02 is fixed and C' — oo the SVM classifier strictly separates the training
examples of the two classes; this is a case of overfitting if the problem under

consideration has noise.

o If 02 — o0 and C' = Co? where C is fixed then the SVM classifier converges

to the Linear SVM classifier with penalty parameter C.

Figure 1 gives a summary of the asymptotic behaviors.

Asymptotic behaviors of the generalization error associated with the SVM
classifier as C' and/or o? take extreme values can be understood via a study of
corresponding behaviors of the leave-one-out (loo) error. The loo error is com-
puted as follows. For the i-th example, (1.1) and (1.2) are solved after leaving
out that example. The resulting classifier is applied to check if the i-th example
is misclassified. The procedure is repeated for each i. The fraction of examples
that are misclassified is the loo error.

This paper is organized as follows. In Section 2 we analyze the asymptotic
behaviors of the SVM classifier using the Gaussian kernel. The results lead to
a simple and efficient heuristic model selection strategy which is described in
Section 3. Experiments show that the proposed method is competitive with the
usual cross validation search strategy in terms of generalization error achieved,

while at the same time, it is much more efficient.

2 Asymptotic Behaviors

To establish various asymptotic behaviors of the SVM decision function as well as

the loo error, we need the following assumption, which will be assumed throughout
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Figure 1: A figurative summary of the asymptotic behaviors. The problem has 11
examples in class 1 (shown by x) and 7 examples in class 2 (shown by +). (Thus
class 1 is the majority class and class 2 is the minority class.) The plot in the center
shows the eight (log C,log c?) pairs tried. The decision curves corresponding to
these eight pairs are displayed in the surrounding plots at respective positions.
Plots without a decision curve correspond to underfitting classifiers for which the

entire input region is classified as class 1.



the paper.
Assumption 1
1. Iy > I+ 1 > 2 where l; and ly are the numbers of training examples in class

1 and class 2, respectively.*

2. Fori # j, x; # x;. That is, no two examples have identical x vectors.!

The following lemma is useful.

Lemma 1 For any given (C,0?), the solution (a) of (1.2) is unique. Also, for

every o2, {z; | yi = 1} and {z; | yi = —1} are linearly separable.

Proof. From (Micchelli 1986), if the Gaussian kernel is used and x; # x; Vi # j
from Assumption 1, @ is positive definite. By Corollary 1 of (Chang and Lin
2001b), we get linear separability in z-space. Uniqueness of « follows from the

fact that (1.2) is a strictly convex quadratic programming problem. O

We now discuss the various asymptotic behaviors. As the results of each case
are stated, it is useful to refer to the example shown in Figure 1 given in section
1. Wherever we come across results whose proofs do not shed any insight on the
asymptotic behaviors, we only state the results and relegate the proofs to the
appendix.

Case 1. ¢? fixed and C — 0
It can be shown (see the proof of Theorem 5 in (Chang and Lin 2001b) for

details) that, if C' is smaller than a certain positive value, the following holds:
a;=C Vi withy, =—-1. (2.1)

Let us take one such C. Using (2.1) together with Zﬁzl yio; = 0 and [ > Iy, it is

easy to see that there exists at least one ¢ for which «; < C' and y; = 1. For such

*If ly > 13 +1 > 2, then we can always interchange the two classes and apply
all the results derived in this paper. Cases where |l; — 5] < 1 or min{l;, b} < 2
correspond to abnormal situations that are not worth discussing in detail since
in practice the numbers of examples in the two classes rarely satisfy any of these

two conditions.
T This is a generic assumption that is easily satisfied if small random perturba-

tions are added to all training examples.



an ¢ we have

whz; +b> 1. (2.2)

For C' — 0 we have a; — 0 and so wlz = Zizl oy K (z;, ) — 0, where z = ¢(x).
These imply that, if X is any compact subset of R", then for any given 0 < a < 1
there exists C' > 0 such that for all ¢ < C we have

I
a
> 2 K (x5 < — X. 2.
b_aand];alyl (xl,x)]_QVxE (2.3)
Hence, for all C < C
f(x) >0Ve e X.

In particular, if we take X to be the compact subset of data space that is of
interest to the given problem, then for sufficiently small C' every point in this
subset is classified as class 1.

The first part of Assumption 1 allows us to use similar arguments for the case
of (1.2) with one example left out. Then we can also show that, as C' — 0, the
number of loo errors is l5. Thus C' — 0 corresponds to severe underfitting as

expected. Furthermore, we have the following properties as C' — 0.
L Jw|]*=a"Qa — 0
. l .
2. lime_y é D oieg o = lime_g % Zi:yi:fl a; = 21y

3. Using the equality of primal and dual objective function values at optimality
and the inequality o’ Qo < 1202 we get
RN o 1g "
gin();fz = é}g}) E(Z a; — o Qo) = 2.

It is useful to interpret the above asymptotic results geometrically; in particular,
study the movement of the top, middle and bottom planes defined by w?z+b =1,
wlz24+b=0and w'z+b= —1as C — 0. By (2.2) at least one example of class 1
lies on or above the top plane. By property 1 given above, the distance between
the top and bottom planes (which equals 2/||w||) goes to infinity. Hence, the
middle and bottom planes are forced to move down farther and farther away from

the location where the training points are located, causing the half space defined
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by wT z+4b > 0 to entirely cover X, the compact subset of interest to the problem,

after C' becomes sufficiently small.

Remark 2.1 The results given above for C' — 0 are general and apply to non-
Gaussian kernels also, assuming, of course, that all hyperparameters associated
with the kernel function are kept fixed. The results also apply if @) is a bounded
function of C' since Theorem 5 of (Chang and Lin 2001b) holds for this case.

Remark 2.2 For kernels whose values are bounded (e.g., the Gaussian kernel),

there is C' such that (2.3) holds for all x € R". Thus, for all C < C,
f(x) >0Vx e R".

That is, for all C < C every point is classified as class 1.

Case 2. ¢ fixed and C — oo

By Lemma 1 given at the beginning of this section, {z; | y; = 1} and {z; |
y; = —1} are linearly separable. This implies that it is possible to set § = 0 Vi
while still remaining feasible for (1.1). Thus, as C' — oo, the solution of (1.1)

approaches the solution of the hard margin problem:

1
min —wlw
w,b 2
subject to  wi(w'z +b) > 1,i=1,...,L (2.4)

A formal treatment of this is in (Lin 2001) which shows that if (2.4) is feasible,
then there exists a C* such that for C' > C*, the solution set of (1.1) is the same
as that of (2.4). An easy way to see this result is to solve (1.2) with C' = oo,
obtain the {a;} and set C* = max; ;.

The limiting SVM classifier classifies all training examples correctly and so it
is an overfitting classifier. In particular, severe overfitting occurs when o2 is small
since flexibility of the classifier is high when o2 is small.

For the case of C' — o0, it is not possible to make any conclusions about the
actual value of the loo error. That value depends on the dataset as well as on the
value of 0. However, after (1.2) is solved using all the examples it is possible to
give bounds on the loo error (Joachims 2000; Vapnik and Chapelle 2000) without

solving the quadratic programs obtained by leaving out one example at a time.
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Case 3. (C is fixed and 0% — 0
Let us define d;; = 1 for i = j and &;; = 0 if i # j. Since e~ IlFi—#l*/(20%) 5,

as 02 — 0, we consider the following problem:

1
min §aT04 —ela
subject to 0<qa; <C,i=1,...,1, (2.5)
yTa=0.

Using Lemma 2 (proof in Appendix A.1), as 02 — 0 the solution of (1.2) converges
to that of (2.5). Since l; > ls, the solution of (1.2) has 0 < «a; < C for at least
one i.¥ Thus b is uniquely determined and, as 0? — 0, it approaches the value of
b corresponding to the primal form of (2.5).

Therefore, let us study the solution of (2.5). In Appendix A.2, we show that

its solution is given by: «; = a™ if y; = 1; a; = a~ if y; = —1, where

RO > O SO > O
w:{qmﬁc_qm w_{%ﬂ if C' > Clim (26)

C  if C < Chm, LC/L i C < Ch,
and Cyy, = 201 /1. The threshold parameter b in the primal form corresponding to
(2.5) can be determined using the fact that 0 < a™ < C' (and hence all class 1
examples lie on the top plane defined by w’z +b = 1):

(2.7)

y_ Jh=b)/l it C > Cin,
| 1-0L0/L if C < Cin.

Consider the classifier function f(x) = w’z + b corresponding to (2.5). In Ap-

pendix A.2 we also show the following.

1. If C > Cym/2, f classifies all training examples correctly and classifies the

rest of the space as class 1. Thus it overfits the training data.

2. If C < Cyim/2, then f classifies the entire space as class 1 and so it underfits

the training data.

t As we show below (see (2.6)) the solution of (2.5) is well in the interior of (0, C')
for at least one i. Since, for small values of o2, the solution of (1.2) approaches
that of (2.5), it follows that the solution of (1.2) also has 0 < a; < C for at least

one 1.



3. The number of loo errors is [s.

Consider the SVM classifier corresponding to the Gaussian kernel for small values
of 02. Even though the number of loo errors tends to I, for all C, it is important
to note that the SVM classifier is qualitatively very different for large C' and small
C. For large C, there are small regions around each example of class 2 which
are classified as class 2 (overfitting) while for small C, there are no such regions
(underfitting).

It is interesting to note that, if o2 is small and C is greater than a threshold
which is around Cjy,, from (2.6), the SVM classifier does not depend on C'. Thus,
contour lines of constant generalization error are parallel to the C' axis in the

2

region where o° is small and C' is large.

Case 4. C is fixed and ¢% — 00

When o2 — oo, we can write

K(z,2) = exp(—|& —z|*/207)

|1z — | A
= 1_T+0(||$—I||2/02)
EE JEE L FE
= 1= 55~ g T o tollz —zll%/o%). (2.8)

Now consider (1.2). Using the simplification given above, we can write the first

(quadratic) term of the objective function in (1.2) as

Z Z OéiOéjyiyjK($i>$j) =T + w = Z Z@zagyz% o2’
i g

where
T, = E E o;05YY;5 Ty = — E E OéiOéjyiyjH%HQ,
i g i g
— E E aiajyiyjﬂa:jHQ, Ty =2 E E aiajyiijiij, and
i g i g

lim Ay . (2.9)

By the equality constraint of (1.2), T} = (3, ayy;)? = 0. We can also rewrite 15
as Ty = (3, auyillzil|*) (30, yy;) = 0. In a similar way, T3 = 0. By defining

a; = 02 Vi, (2.10)
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(1.2) can be written as ®

subject to 0< @&, <C,i=1,...,1, (2.11)

where f(z-j =zlz; + Ay and
(2.12)

q

Remark 2.3 Note that f(ij may not correspond to a valid kernel satisfying the
Mercer’s condition. But that is immaterial since we always operate with the con-

straint y7& = 0. In the presence of this constraint (1.2) and (2.11) are equivalent.

Remark 2.4 If C is fixed at some value and o2 is made large, C' of (2.11) goes to
zero and so the situation is similar to Case 1 that we discussed at the beginning
of this section. By (2.9), f(ij is a bounded function for large o2 (or, equivalently,
for small C’) By the last sentence of Remark 2.1, results of Case 1 can be applied
here. Thus, for C fixed and 0% — oo, (2.11) corresponds to a severely underfitting
classifier. Since (2.11) and (1.2) correspond to the same problem in different forms,
they have the same primal decision function (for full details see (A.8)). Therefore,

in this situation we get a severely underfitting classifier.

For a given C, as 02 — 0o and C varies with o2 as given by (2.12), we can see

that (2.11) is close to the following linear SVM problem:

min % Z Z QY T; T — Z Qi

subject to 0 < C,i=1,...,1, (2.13)

Qz
(VAN

yT& =

e

§ To do this, note that we need to divide the objective function by the term 2.
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We are interested in their corresponding decision functions which can lead us to

analyze the performance of (1.1). Now the primal form of (2.13) is

subject to  y; (@0 w; +0) > 1 &, (2.14)

Let (w(o?),b(c?)) and (i, b) denote primal optimal solutions of (1.1) and (2.14),

respectively. We then have the following theorem.

Theorem 2 For any x, limy_o w(c?)Tz = wTx. If the optimal b of (2.14) is

unique then limg2_, ., b(0?) = b and hence the following also hold:

1. For any x,
lim w(o?)"z + b(o?) = @ x + b; (2.15)

02—00

2. If WPz + b0, then for o2 sufficiently large,

sgn(w(o®)"z +b(o”)) = sgn(@"x +b).

The proof is in Appendix A.3. Thus, for a given C, the limiting SVM Gaussian

2 5 00 is same as the SVM linear kernel classifier for C.

kernel classifier as o
Hereafter, we will simply refer to the SVM linear kernel classifier as ‘Linear SVM’.
The above analysis can also be extended to show that, as 02 — oo, the loo error
corresponding to (1.1) and (2.13) are the same.

The above results also show that, in the part of the hyperparameter space
where o2 is large, if (C1,0?) and (Cy,02) are related by Cy/0? = Cy/0? = C,
the classifiers corresponding to the two combinations are nearly the same. Hence,
they both will give nearly the same value for generalization error (or an estimate
of it such as k-fold cross validation error or loo error). Thus, in this part of
the hyperparameter space, contour lines of such functions will be straight lines
with slope 1: logo? = logC' — logC. Then all classifiers defined by points on

that straight line for large o2 are nearly the same as the Linear SVM classifier

corresponding to C.
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Given that for any z, lim,2_. w(0?)?z = wTx holds without any assumption,
the assumption on the uniqueness of b in Theorem 2 should only be viewed as
a minor technical irritant.Y For normal situations, the uniqueness assumption
is a reasonable one to make. Unless C' is very small, typically there will be at
least one @; strictly in between 0 and C; when such an @; exists, Lemma 3 in
Appendix A.1 (as applied to (2.14)) implies the uniqueness of b. The case C very
small corresponds to the upper left part of the plane in which log C' and log o
are the horizontal and vertical axes. We can easily see this by considering C'
fixed and increasing o2 to large values (the upper part) or considering o2 fixed
and decreasing C' to small values (the left part). As Remark 2.4 and Case 1 of
this section show, each of these asymptotic behaviors corresponds to a severely
underfitting SVM decision function.

Finally, Theorem 2 also indicates that if complete model selection on (C,c?)
using the Gaussian kernel has been conducted, there is no need to consider linear

SVM. This helps the selection of kernels.

3 A Method of Model Selection

2 as the parameters of the hyperparameter

It is usual to take logC and logo
space. Putting together the results derived in the previous section, it is easy
to see that, in the asymptotic (outer) regions of the (logC,logo?) space there
exists a contour of generalization error (or an estimate such as loo error or k-fold
cross validation error) that looks like that shown in Figure 2 and which helps
separate the hyperparameter space into two regions: an overfitting/underfitting
region and a good region (which most likely has the hyperparameter set with the
best generalization error). (For loo, recall that, in the underfitting/overfitting
region, the number of loo errors is l3.) The straight line with unit slope in the
large o2 region (logo? = log C' — log C’) corresponds to the choice of C' which is

small enough to make the Linear SVM an underfitting one. The presence of a

¥ The assumption is needed to state results cleanly. If b is non-unique, SVM
classifiers also become non-unique and then it becomes clumsy to talk about

convergence of SVM decision functions.
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separating contour as outlined in Figure 2 has been observed on a number of real

world datasets (Lee 2001).

log 0?2 = log C' — log C

log 0
underfitting f
good’ iégion
underfitting overfitting
log Chim log C'

Figure 2: A rough boundary curve separating the underfitting/overfitting region
from the “good” region. For each fixed C, the equation logo? = logC' — log C
defines a straight line of unit slope. As 02 — oo along this line, the SVM classifier
converges to the Linear SVM classifier with penalty parameter C. The dotted
line corresponds to the choice of C' that gives optimal generalization error for the

Linear SVM.

When searching for a good set of values for log C' and log o2, it is usual to
form a two dimensional uniform grid (say r X r) of points in this space and find a
combination that gives the least value for some estimate of generalization error.
This is expensive since it requires the trying of r* (C,0?) pairs. The earlier
discussion relating to Figure 2 suggests a simple and efficient heuristic method for
finding a hyperparameter set with small generalization error: form a line of unit
slope which cuts through the middle part of the good region (see the dashed line in
Figure 2) and search on it for a good set of hyperparameters. The C' that defines
this line can be set to the optimal value of penalty parameter for the Linear SVM.

Thus, we propose the following procedure.
1. Search for the best C of Linear SVM and call it C.

2. Fix C from step 1 and search for the best (C, 0?) satisfying log 02 = log C' —

log C' using the Gaussian kernel.
The idea is that, as 0> — oo, SVM with Gaussian kernel behaves like Linear

13



SVM and so the best C' should happen in the upper part of the “good” region in
Figure 2. Then a search on the line defined by log 02 = log C' —log C' gives an even
better point in the “good” region. In many practical pattern recognition problems,
a linear classifier already gives a reasonably good performance and some added
nonlinearities help obtain finer improvements in accuracy. Step 2 of our procedure
can be thought of as a simple way of injecting the required nonlinearities via the
Gaussian kernel. Since the procedure only involves two one dimensional searches,
it requires only 2r pairs of (C,0?) to be tried.

To test the goodness of the proposed method, we compare it with the usual
method of using two dimensional grid search. For both, five-fold cross validation
was used to obtain estimates of generalization error. For the usual method, we
uniformly discretize the [—10,10] x [—10,10] region to 21> = 441 points. At
each point, a five-fold cross validation is conducted. The point with the best CV

accuracy is chosen and used to predict the test data.

Problem | #inputs | #trg | #test Test set error of | Test set error of

exs exs | Usual grid method | Proposed method
banana 2| 400 | 4900 0.1235 (6,-0) 0.1178 (-2,-2)
diabetes 8| 468 300 0.2433 (4,7) 0.2433 (4,6)
image 18 | 1300 | 1010 0.02475 (9,4) 0.02475 (1,0.5)
splice 60 | 1000 | 2175 0.09701 (1,4) 0.1011 (0,4)
ringnorm 20 | 400 | 7000 0.01429(-2,2) 0.018 (-3,2)
twonorm 20 | 400 | 7000 0.031 (1,3) 0.02914 (1,4)
waveform 21| 400 | 4600 0.1078 (0,3) 0.1078 (0,3)
tree 18 | 700 | 11692 0.1132 (8,4) 0.1246 (2,2)
adult 123 | 1605 | 29589 0.1614 (5,6) 0.1614 (5,6)
web 300 | 2477 | 38994 0.02223 (5,5) 0.02223 (5,5)

Table 3.1: Comparison of the model selection methods. For each approach, apart

from the test error, the optimal (log C,log o?) pair is also given.

For the proposed method, we search for C' by five-fold cross validation on
Linear SVM using uniformly spaced log C' values in [—8,2]. Then we discretize
[—8, 8] as values of logo? and check all points satisfying logo? = log C' — log C.
Because now fewer points have to be tried, we use the smaller grid spacing of 0.5
for both discretizations. The total number of points tried is 54.

To empirically evaluate the usefulness of the proposed method, we consider

14



several binary problems from (Rétsch 1999). For each problem (Rétsch 1999)
gives 100 realizations of the given dataset into (training set, test set) partitions.
We consider only the first of those realizations. In addition, the problem adult,
from the UCI “adult” data set (Asuncion and Newman 2007) and the problem
web, both as compiled by Platt (1998), are also included. For each of these two
datasets also, there are several realizations. For our study here, we only consider
the realization with the smallest training set; the full dataset with training data
(including duplicated ones) removed is taken as the test set. For all datasets used,
Table 3.1 gives the number of input variables, the number of training examples
and the number of test examples. All datasets are directly used as given in the
mentioned references, without any further normalization or scaling.

The SVM software LIBSVM (Chang and Lin 2001a) which implements a de-
composition method is employed for solving (1.2). Table 3.1 presents the test error
of the two methods as well as the corresponding chosen values of log C' and log 0.
It can be clearly seen that the new method is very competitive with the usual
method in terms of test set accuracy. For large datasets the proposed method has
the great advantage that it checks much fewer points on the (log C,log ¢?) plane
and so the savings in computing time can be large.

Note that, in the chosen problems the following quantities have a reasonably
wide range: test error (1.5% to 25%), the number of input variables (2 to 300)
and the number of training examples (400 to 2477); and so, the empirical evalua-
tion demonstrates the applicability of the proposed approach to different types of
datasets.

A remaining issue is how to decide the range of log C for determining C' in step
1. From Table 3.1 we can see that logC' = log C' — logo? is usually not a large
number. Furthermore, we observe that for all problems, after C' is greater than a
certain threshold, the cross validation accuracy of the Linear SVM is about the
same. Therefore, if we start searching from small C' values and go on to large C
values, the search can be stopped after the CV accuracy stops varying much. An
example of the variation of the five-fold CV accuracy of Linear SVM is given in
Figure 3.

For Linear SVMs we can formally establish that there exists a finite limiting
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6 7z 109(C) =) 0

Figure 3: Variation of CV accuracy of Linear SVM with C' for the image problem

value C* such that, for C' > C* the solution of the Linear SVM remains unchanged.
If {x; :y; =1} and {x; : y; = —1} are linearly separable then the above result is
easy to appreciate; the same ideas used in case 2 of section 2 can be applied to
show this. However, if {z; : y; = 1} and {x; : y; = —1} are not linearly separable
(which is typically the case) the result is non-trivial to establish. Here, we prove

the following theorem.

Theorem 3 There exists a finite value C* and (w*, b*) such that (w,b) = (w*, b*)
solves (1.2) YC' > C*. If this decision function is used, the loo error is same for

all C' > C*. Moreover, this w* is unique.

Details of the proof are in Appendix A 4.

A Appendix

A.1 Two useful Lemmas

Lemma 2 Consider an optimization problem with the form (1.2) and Q is a
function of 02 (denoted as Q(c?)). Let a(c?) be its solutions. For a given number
a, if
* 72 2 .
QF = 121m Q(o*) exists,

o°—a

then there exists convergent sequence {a(o2)} with o2 — a, and, the limit of

any such sequence is an optimal solution of (1.2) with the Hessian matriz Q*.
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Moreover, if Q* is positive definite, limy2_, a(c?) exists.

Proof. The feasible region of (1.2) is independent of % so is compact. Then
there exists convergent sequence {a(o?)} with limg .., 0 = a. For any one such

sequence, we have

L (@) Q(02)a(0?) — e"a(0?) < ~(@")TQ(o?)a” — ea", and
2 2 (A1)

L (02T Q (02)a(o?) - a(o?).

1
—(Oé*)TQ*Oé* o €TOZ* S 5

2

where o* is any optimal solution of (1.2) with the Hessian matrix Q*. If a(o3)

goes to @, taking the limit of (A.1),
1

1
é(a*)TQ*a* e — Q@TQ*d —cla.

Thus, @ is an optimal solution too.
If Q* is positive definite, (1.2) is a strictly convex problem with a unique

optimal solution. This implies that lim,2_, a(c?) exists. O

Lemma 3 If (1.2) has an optimal solution with at least one free variable (i.e.,

0 < a; < C for at least one i), then the optimal b of (1.1) is unique.

Proof.
The Karush-Kuhn-Tucker (KKT) condition, (i.e. the optimality condition) of
(1.2) is: If « is an optimal solution, there is a number b and two nonnegative

vectors A and p such that

VF(a)+by=X\—p,
)\ZOQ:O,/M(C—O[)@:O,)\ZZO,,LLZZO,Z:L,l,

where VF(a) = Qa — e is the gradient of F(a) = 1/2a”Qa — e’'a. This can be
rewritten as
VFE(a); +by; <0 if a; =C, (A.2)
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Note that
VE(a); = yw'z —1

is independent of different optimal solutions « as the primal optimal solution w
is unique.

Let (w,b,&) denote a primal solution. As already said, w is unique. By con-
vexity of the solution set, the set of all possible b solutions, B is an interval. Once
b is chosen, £ is uniquely defined. By assumption there exists b € B and a corre-
sponding Lagrange multiplier vector a(b) with a free alpha, say 0 < a(b), < C.
Thus «(b) is an optimal solution of (1.2) and so, by (A.2), VF(a); + by, = 0.

Denote
Ag = {Z | VF(Oé)z + byl > 0}, AC = {Z | VF(OOZ + byz < O}, and
Ap={i|i¢ AU Ag).

Let us define 2e and 2f to be the minimum and maximum of the following set:
{0 | VF(a); + 0""y; > 0if i € Ag; VF(a); + 0"y, < 0if i € Ac}.  (A.3)

Clearly e < b < f. Suppose B is not a singleton. Now choose 0" € B N e, f]
such that 0™ # b. Let a(b™") be any Lagrange multiplier corresponding to b"¢".
Thus a(b"") and 0™ satisfy (A.2). Suppose b"” > b and y, = 1. Then

VE(a)p+ 0"y > 0so a(d™), =0 < a(b). (A.4)

If we use (A.2) as applied to (b, a(b)) and (b, a(b™")), (A.3) implies the follow-
ing: a(b); = a(b""); Vi € Ay U Ac with y; = yi; also, a(b); > a(b™"); Vi € Ap
with y; = yx. Note that & is an element of this second group. Thus, with (A.4),

> ad)i> ) a™). (A.5)

VY =Y, ©Yi =Yk
This is a violation of the fact that both a(b) and a(b™") are solutions of (1.2)
since, for a given dual solution «a, dual cost is (|[w]|*/2) =237, _; a; and the first
term is same for a(b) as well as a(b""). If yp = —1, the proof is the same but
(A.5) becomes ;. a(b); < >, _, a(b");. A similar contradiction can be

reached if b"*" < b. Thus B is a singleton and b is unique. O
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A.2 Optimal solution of (2.5)

Karush-Kuhn-Tucker (KKT) conditions applied to (2.5) correspond to the exis-

tence of a scalar b and two nonnegative vectors A and p such that

o —1+by; =N — i,
(A.6)
Oéz‘)\i :0,(C—O{Z)IMZ :O,Z: 17...,l.
To show that the solution is given by (2.6) and (2.7), all that we need to do is to
show the existence of A\ and p so that (A.6) holds. For the solution (2.6), when

C' > Clim, using b defined in (2.7),
ai—14byi=0 Vi

so we can simply choose A = 1 = 0 so that (A.6) is satisfied.
If C < Oljm,

so (A.6) also holds, Therefore, (2.6) gives an optimal solution for (2.5).

Let us now analyze properties of the classifier function f associated with (2.5).
Note using (2.7) that b > 0. For z # x;, exp(—||z — z;||*/o?) — 0 as o* — 0.
Therefore, for such z, the classifier function corresponding to (2.5) is given by
f(x) = b. Since b > 0, all points x not in the training set are classified as class
1 irrespective of the value of C'. This together with item (2) of Assumption 1
implies that the number of loo errors is equal to [s.

For a training point z; we have f(z;) — y;a; + b as 0> — 0. Thus after
o? is sufficiently small, all class 1 training points are classified correctly by f.
For training points z; in class 2, we can use (2.6) and (2.7) to show that: (i)
for C > Cyn/2, all of those points are classified correctly by f; and, (ii) for
C' < Chim/2, all of those points are classified incorrectly by f.
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A.3 Proof of Theorem 2

To prove Theorem 2, first we write down the primal form of (2.11):

l
R ISR
Z OE S
g%% 2w w + -
subject to  y; (0" P(x;) +b) > 1 -, (A7)

where qg(a:) = 0¢(z).l By defining w = o, multiplying the objective function of
(A.7) by ¢, and using (2.12), (A.7) has exactly the same form as (1.1), so we can
say

b=>b¢=¢, and 0 () + b= wl¢(x) +b. (A.8)

A difficulty in proving this theorem is that the solution of (A.7) is an element
of a vector space that is different from that of a solution of (2.14). Hence, to build
the relation as 02 — oo we will consider their duals using Lemma 2.

Assume @(0?) is the solution of (2.11) under a given C. It is in a bounded
region for all 02 > 0 so there is a convergent sequence &(o}) — & as o7 — oco. We
can apply Lemma 2 as now the ij component of the Hessian of (2.11) is a function
of o%:

2 2
—llei—a;ll/(20%) _ 1 ]| ]
(e + 952 + 902 )

— 00. Therefore, a(o?) converges to an optimal

yiyjf(z'j = 02%%

with the limit y;y;27 x; as o2
solution & of (2.13).

We denote that w(0?) and @ are unique optimal solutions of (A.7) and (2.14),

respectively. Then, for any such convergent sequence {&(07)}52 ,, using y7a (o) =

I'Tt should be pointed out that (2.11) is not directly the dual of (A.7). The
dual of (A.7) reduces to (2.11) when the y”& = 0 constraint is used.
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0, we have that for any =,

lim @(0})"6(2)

O'k*)OO

~ im zyz S(oid(e) 3

O'k—>OO

= lim Y yid(o)i(of — aill?/2 + oTw — |J2]?/2)

G'QHOO
k =1
= lim Zyz (o)i(=llwill*/2 + 2}'x) (A.9)
O'k—>OO
= Z yidir] © + d(@) = 0"z + d(@), (A.10)

where (A.9) follows from (2.8) and y7@&(0?) = 0 and d(&) = — Y\, vid|zi]|?/2.
By a similar way we can prove

lim w(op) w(o})

2
Uk—>OO

I
= hm ZZ& Uk e Uk Jylyj(b(xl)T(;(xj)

G'k—>OO 1/:1 J:l

I
= ZZ& 01)i0(0}) jyiy i v; = W (A.11)

=1 j=1
Note that (A.11) follows from the discussion between (2.8) and (2.11). The last
equality is via @ = S'_| @,x; as W is the optimal solution of (2.11).
Next we consider that (w,b) is the unique optimal solution of (2.14). The
constraints of (A.7) imply that
max{1 — @(0*)" ¢(z;) — €(0%)i} < b(0®) < max{—1 —w(o®)To(x;) +&(0%),}.
Yi= Yi=—

Note that the primal-dual optimality condition implies

! T (2
NI a(o?)
g;&a Ji< —&— st

With (A.9) and the assumption /; > 1 and I, > 1, after o is large enough, b(0?) is
in a bounded region. When (i (0?), b(c?)) is optimal for (A.7), the optimal £(o?)

18

§(0%)i = max(0,1 — yi(w(0*)" d(:) + b(0?))).
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For any convergent sequence 13(0',%) — b* with 07 — oo, we can further have
a subsequence such that {a(o?)} converges. Thus, we can consider any such

sequence with both properties. Then, (A.10) implies

£(01)i = & = max(0, 1 — y;(w"a; + d(@) + b)), (A.12)

Hence, (w,b* 4 d(&), £*) is feasible for (2.14). By defining

E(o7r)i = max(0,1 — y,(@(0}) ¢ (x;) — d(a) + b)),
(w(02),b — d(&),£(a?)) is feasible for (A.7). In addition, using (A.10),

E=1 lim £(02) = max(0, 1 — y; (0" z; + b)), (A.13)

UkHOO

o (,b,€) is optimal for (2.14). Thus,
I

l
(o})" (o) +OZsak )i < gi(od) (o} + CY_EoR (ALY)

I/\
DO | —
@Y
iM-

—
s
Sy

l\DI»—t
DO | —
)—l

With (A.11), (A.12), and (A.13), taking the limit (A.14) becomes

! l

Therefore, we have that (o, b* + (d) €*) is optimal for (2 14). Since b is unique

DO | —
N)Ir—t

by assumption,

b*+d(a) =b. (A.15)
Now we are ready to prove the main result (2.15). If it is wrong, there is € > 0

and a sequence {w(o})} with ¢ — oo such that
[w(02) T p(x) + b(o2) — T x — b| > €, VE. (A.16)

Since we can find an infinite subset K such that limpex 2 o0 b(o?) = b* and (A.10)
holds, with b(c?) = b(c?) from (A.8), the above analysis (i.e., (A.10) and (A.15))
shows that

lim  w(o}) é(x) + b(o})

kEK,Uz—wo
= W'z 4d@a) +b—d@)
= @'z +b.
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This contradicts (A.16) so (2.15) is valid.
Therefore, if @7z + b # 0, after o2 is sufficiently large,

sgn(w(o?) ¢ (z) + b(c?)) = sgn(w’z + b).

A.4 Proof of Theorem 3

Let o' be a feasible vector of (1.2) for C'= C; and o? be a feasible vector of (1.2)
for C' = Cy. We say that a! and o? are on the same face if the following hold:
H{il0<a<Ci}={i|0<a; <C}; (i) {i |y =C1} ={i | o = Ca;
and, (iii) {7 | o} =0} = {i | a? = 0}. To prove Theorem 3 we need the following

result.

Lemma 4 If C) < C5 and their corresponding duals have optimal solutions at
the same face, then for any C; < C' < Oy, there is at least one optimal solution
at the same face. Furthermore, there are optimal solutions a and b of (1.2) which

form linear functions of C' in [Cy, Cs).

Proof of Lemma 4:
If o' and o? are optimal solutions at the same face corresponding to C; and

Cs, then they satisfy the following KKT conditions, respectively:

Qa' —e+bly =\ —p!, Na; =0,(C" —aj)p; =0,

(2

Qo —e+ by =X\ — 3 M a? =0,(C% —a)u? = 0.

2 3

Since they are at the same face,

Na; =0,)\ai =0,

(A.17)
(C' = aDui =0,(C* = af)u; = 0.
As O < C < (5, we can have 0 < 7 < 1 such that
C':TC’1—|—(1—T)CQ. (A18)
Let
a=1at+ (1 —7)ad A =7 4 (1 —7)\%, (A.19)

p=rut+ (1 —7)pb=7b" 4 (1 —7)b%
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Then a, A, i, b satisfy the KKT condition at C":

QOé—e—i-by:)\—M,)\iOéi:Oa(c_@i)ﬂi:Oa
0<a; <C, N >0, >0,y a=0.

Using (A.18),
o C —Cy
O =0y
Putting it into (A.19), o and b are linear functions of C' where C' € [C}, Cy]. This

proves the lemma. O

Let us now prove Theorem 3. As we already mentioned, if the points of
the two classes are linearly separable in x space then the proof of the result is
straightforward. So let us only give a proof for the case of linearly non-separable
points. Since the number of faces is finite, by Lemma 4 there exists a C* such
that for C > C*, there are optimal solutions at the same face. For the rest of the
proof let us only consider optimal solutions on a single face.

For any C} > C*, Lemma 4 implies that there are optimal solutions v and b

which form linear functions of C' in the interval [C*, C]. Since

l

Y G= Y —lQa) —1+byl, (A.20)

i=1 0 =C

22:1 & is a linear function of C' in this interval and can be represented as
l
Y &=AC+B, (A.21)
i=1

where A and B are constants. If we consider another Cy > (7, 22:1 & is also a
linear function of C'in [C*, Cs]. For each C, the optimal w”w as well as &
are unique. Thus, the two linear functions have the same values at more than two
points, so they are indeed identical. Therefore, (A.21) holds for any C' > C*.
Since Zi:l & is a decreasing function of C' (e.g., using techniques similar to
(Chang and Lin 2001b, Lemma 4)), A < 0. However, A cannot be negative as
otherwise 22:1 & goes to —oo as C' increases. Hence, A = 0 and so 22:1 & is a

constant for C' > C*.
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If (wh, o', €Y) and (w? b2, &%) are optimal solutions at C' = C; and Cl, respec-

tively, then
! !
1 1
§(w1)Tw1 L0 Z&l < §(w2)Tw2 +C4 Z &
i=1 i=1

and

l l
1 1
?MVM+@§}fg?wﬁw+@§};
=1 =1

imply that (w!)Tw! = (w?)Tw?. That is, a’Qa is a constant for C' > C*.

Therefore (w?,b?,£?) is also feasible and optimal when C' = C). Since the
solution of w is unique (e.g., (Lin 2001, Lemma 1)), w! = w?.

IfF={i|0<a; <C}#0,thereis x; such that w?z; +b = y;. Hence b* = b?
and so the decision functions as well as the loo rate are the same for C' > C*.

On the other hand, if F = () and we denote a(C') the solution of (1.2) at a
given C, then o(C) = (C/C*)a(C*) for all C > C*. As w'w = a’ Qa becomes
a constant, we have w = 0 after C' > C*. However, since F = (), the optimal b
might not be unique under the same C. For any one of such b, (w,b) is optimal
for (1.2) for all C' > C*.

Finally, since ww becomes a constant, for C > C*, the solution of (1.2) is

also a solution of

i=1
subject to yi(wai +b)>1-¢,

&>0i=1,...,1

This completes the proof of Theorem 3. O
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