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Abstract

Supp ort v ector mac hines (SVMs) with the Gaussian (RBF) k ernel ha v e b een

p opular for practical use. Mo del selection in this class of SVMs in v olv es t w o

h yp erparameters: the p enalt y parameter C and the k ernel width � . This pap er

analyzes the b eha vior of the SVM classi�er when these h yp erparameters tak e

v ery small or v ery large v alues. Our results help in a go o d understanding of

the h yp erparameter space that leads to an e�cien t heuristic metho d of searc hing

for h yp erparameter v alues with small generalization errors. The analysis also

indicates that if complete mo del selection using the Gaussian k ernel has b een

conducted, there is no need to consider linear SVM.

1 In tro duction

Giv en a training set of instance-lab el pairs ( x

i

; y

i

) ; i = 1 ; : : : ; l where x

i

2 R

n

and

y 2 f 1 ; � 1 g

l

, supp ort v ector mac hines (SVMs) (V apnik 1998) require the solution
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of the follo wing (primal) optimization problem:

min

w ;b;�

1

2

w

T

w + C

l

X

i =1

�

i

sub ject to y

i

( w

T

z

i

+ b ) � 1 � �

i

; (1.1)

�

i

� 0 ; i = 1 ; : : : ; l :

Here training v ectors x

i

are mapp ed in to a higher (ma yb e in�nite) dimensional

space b y the function � as z

i

= � ( x

i

). C > 0 is the p enalt y parameter of the error

term.

Usually w e solv e (1.1) b y solving the follo wing dual problem:

min

�

F ( � ) =

1

2

�

T

Q� � e

T

�

sub ject to 0 � �

i

� C ; i = 1 ; : : : ; l ; (1.2)

y

T

� = 0 ;

where e is the v ector of all ones and Q is an l b y l p ositiv e semide�nite matrix.

The ( i; j )-th elemen t of Q is giv en b y Q

ij

� y

i

y

j

K ( x

i

; x

j

) where K ( x

i

; x

j

) �

� ( x

i

)

T

� ( x

j

) is called the k ernel function. Then w =

P

l

i =1

�

i

y

i

� ( x

i

) and

sgn( w

T

� ( x ) + b ) = sgn (

l

X

i =1

�

i

y

i

K ( x

i

; x ) + b )

is the decision function.

W e are particularly in terested in the Gaussian k ernel:

K ( ~ x; �x ) = exp (

�k ~x � �x k

2

2 �

2

) : (1.3)

Our aim is to analyze the b eha viors of the SVM classi�er when C and/or �

2

tak e

v ery small or v ery large v alues. The motiv ation is that, suc h an analysis will help

in a go o d understanding of the h yp erparameter space that will lead to e�cien t

heuristic w a ys of searc hing for p oin ts in that space with small generalization errors.

Some of the b eha viors that w e will discuss are kno wn in the literature (although,

details asso ciated with these are usually not written do wn carefully) but some k ey

b eha viors are new results that are not en tirely ob vious. Here is a quic k summary

of the asymptotic b eha viors of the SVM classi�er that are deriv ed in this pap er:
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� Sev ere under�tting (the en tire data space is assigned to the ma jorit y class)

o ccurs in the follo wing cases: (a) �

2

is �xed and C ! 0; (b) �

2

! 0 and C

is �xed to a su�cien tly small v alue; and (c) �

2

! 1 and C is �xed.

� Sev ere o v er�tting (small regions around the training examples of the minor-

it y class are classi�ed to b e that class while the rest of the data space is

classi�ed as the ma jorit y class) o ccurs in the case where �

2

! 0 and C is

�xed to a su�cien tly large v alue.

� If �

2

is �xed and C ! 1 the SVM classi�er strictly separates the training

examples of the t w o classes; this is a case of o v er�tting if the problem under

consideration has noise.

� If �

2

! 1 and C =

~

C �

2

where

~

C is �xed then the SVM classi�er con v erges

to the Linear SVM classi�er with p enalt y parameter

~

C .

Figure 1 giv es a summary of the asymptotic b eha viors.

Asymptotic b eha viors of the generalization error asso ciated with the SVM

classi�er as C and/or �

2

tak e extreme v alues can b e understo o d via a study of

corresp onding b eha viors of the lea v e-one-out (lo o) error. The lo o error is com-

puted as follo ws. F or the i -th example, (1.1) and (1.2) are solv ed after lea ving

out that example. The resulting classi�er is applied to c hec k if the i -th example

is misclassi�ed. The pro cedure is rep eated for eac h i . The fraction of examples

that are misclassi�ed is the lo o error.

This pap er is organized as follo ws. In Section 2 w e analyze the asymptotic

b eha viors of the SVM classi�er using the Gaussian k ernel. The results lead to

a simple and e�cien t heuristic mo del selection strategy whic h is describ ed in

Section 3. Exp erimen ts sho w that the prop osed metho d is comp etitiv e with the

usual cross v alidation searc h strategy in terms of generalization error ac hiev ed,

while at the same time, it is m uc h more e�cien t.

2 Asymptotic Beha viors

T o establish v arious asymptotic b eha viors of the SVM decision function as w ell as

the lo o error, w e need the follo wing assumption, whic h will b e assumed throughout
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Figure 1: A �gurativ e summary of the asymptotic b eha viors. The problem has 11

examples in class 1 (sho wn b y � ) and 7 examples in class 2 (sho wn b y +). (Th us

class 1 is the ma jorit y class and class 2 is the minorit y class.) The plot in the cen ter

sho ws the eigh t (log C ; log �

2

) pairs tried. The decision curv es corresp onding to

these eigh t pairs are displa y ed in the surrounding plots at resp ectiv e p ositions.

Plots without a decision curv e corresp ond to under�tting classi�ers for whic h the

en tire input region is classi�ed as class 1.
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the pap er.

Assumption 1

1. l

1

> l

2

+ 1 > 2 where l

1

and l

2

are the n um b ers of training examples in class

1 and class 2, resp ectiv ely .

�

2. F or i 6= j , x

i

6= x

j

. That is, no t w o examples ha v e iden tical x v ectors.

y

The follo wing lemma is useful.

Lemma 1 F or any given ( C ; �

2

) , the solution ( � ) of (1.2) is unique. A lso, for

every �

2

, f z

i

j y

i

= 1 g and f z

i

j y

i

= � 1 g ar e line arly sep ar able.

Pro of. F rom (Micc helli 1986), if the Gaussian k ernel is used and x

i

6= x

j

8 i 6= j

from Assumption 1, Q is p ositiv e de�nite. By Corollary 1 of (Chang and Lin

2001b), w e get linear separabilit y in z -space. Uniqueness of � follo ws from the

fact that (1.2) is a strictly con v ex quadratic programming problem. 2

W e no w discuss the v arious asymptotic b eha viors. As the results of eac h case

are stated, it is useful to refer to the example sho wn in Figure 1 giv en in section

1. Wherev er w e come across results whose pro ofs do not shed an y insigh t on the

asymptotic b eha viors, w e only state the results and relegate the pro ofs to the

app endix.

Case 1. �

2

�xed and C ! 0

It can b e sho wn (see the pro of of Theorem 5 in (Chang and Lin 2001b) for

details) that, if C is smaller than a certain p ositiv e v alue, the follo wing holds:

�

i

= C 8 i with y

i

= � 1 : (2.1)

Let us tak e one suc h C . Using (2.1) together with

P

l

i =1

y

i

�

i

= 0 and l

1

> l

2

, it is

easy to see that there exists at least one i for whic h �

i

< C and y

i

= 1. F or suc h

�

If l

2

> l

1

+ 1 > 2, then w e can alw a ys in terc hange the t w o classes and apply

all the results deriv ed in this pap er. Cases where j l

1

� l

2

j � 1 or min f l

1

; l

2

g < 2

corresp ond to abnormal situations that are not w orth discussing in detail since

in practice the n um b ers of examples in the t w o classes rarely satisfy an y of these

t w o conditions.

y

This is a generic assumption that is easily satis�ed if small random p erturba-

tions are added to all training examples.
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an i w e ha v e

w

T

z

i

+ b � 1 : (2.2)

F or C ! 0 w e ha v e �

i

! 0 and so w

T

z =

P

l

i =1

�

i

y

i

K ( x

i

; x ) ! 0, where z = � ( x ).

These imply that, if X is an y compact subset of R

n

, then for an y giv en 0 < a < 1

there exists

�

C > 0 suc h that for all C �

�

C w e ha v e

b � a and j

l

X

i =1

�

i

y

i

K ( x

i

; x ) j �

a

2

8 x 2 X : (2.3)

Hence, for all C �

�

C

f ( x ) > 0 8 x 2 X :

In particular, if w e tak e X to b e the compact subset of data space that is of

in terest to the giv en problem, then for su�cien tly small C ev ery p oin t in this

subset is classi�ed as class 1.

The �rst part of Assumption 1 allo ws us to use similar argumen ts for the case

of (1.2) with one example left out. Then w e can also sho w that, as C ! 0, the

n um b er of lo o errors is l

2

. Th us C ! 0 corresp onds to sev ere under�tting as

exp ected. F urthermore, w e ha v e the follo wing prop erties as C ! 0.

1. k w k

2

= �

T

Q� ! 0

2. lim

C ! 0

1

C

P

l

i =1

�

i

= lim

C ! 0

2

C

P

i : y

i

= � 1

�

i

= 2 l

2

3. Using the equalit y of primal and dual ob jectiv e function v alues at optimalit y

and the inequalit y �

T

Q� � l

2

C

2

w e get

lim

C ! 0

l

X

i =1

�

i

= lim

C ! 0

1

C

(

l

X

i =1

�

i

� �

T

Q� ) = 2 l

2

:

It is useful to in terpret the ab o v e asymptotic results geometrically; in particular,

study the mo v emen t of the top, middle and b ottom planes de�ned b y w

T

z + b = 1,

w

T

z + b = 0 and w

T

z + b = � 1 as C ! 0. By (2.2) at least one example of class 1

lies on or ab o v e the top plane. By prop ert y 1 giv en ab o v e, the distance b et w een

the top and b ottom planes (whic h equals 2 = k w k ) go es to in�nit y . Hence, the

middle and b ottom planes are forced to mo v e do wn farther and farther a w a y from

the lo cation where the training p oin ts are lo cated, causing the half space de�ned
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b y w

T

z + b � 0 to en tirely co v er X , the compact subset of in terest to the problem,

after C b ecomes su�cien tly small.

Remark 2.1 The results giv en ab o v e for C ! 0 are general and apply to non-

Gaussian k ernels also, assuming, of course, that all h yp erparameters asso ciated

with the k ernel function are k ept �xed. The results also apply if Q is a b ounded

function of C since Theorem 5 of (Chang and Lin 2001b) holds for this case.

Remark 2.2 F or k ernels whose v alues are b ounded (e.g., the Gaussian k ernel),

there is

�

C suc h that (2.3) holds for all x 2 R

n

. Th us, for all C �

�

C ,

f ( x ) > 0 8 x 2 R

n

:

That is, for all C �

�

C ev ery p oin t is classi�ed as class 1.

Case 2. �

2

�xed and C ! 1

By Lemma 1 giv en at the b eginning of this section, f z

i

j y

i

= 1 g and f z

i

j

y

i

= � 1 g are linearly separable. This implies that it is p ossible to set �

i

= 0 8 i

while still remaining feasible for (1.1). Th us, as C ! 1 , the solution of (1.1)

approac hes the solution of the hard margin problem:

min

w ;b

1

2

w

T

w

sub ject to y

i

( w

T

z

i

+ b ) � 1 ; i = 1 ; : : : ; l : (2.4)

A formal treatmen t of this is in (Lin 2001) whic h sho ws that if (2.4) is feasible,

then there exists a C

�

suc h that for C � C

�

, the solution set of (1.1) is the same

as that of (2.4). An easy w a y to see this result is to solv e (1.2) with C = 1 ,

obtain the f �

i

g and set C

�

= max

i

�

i

.

The limiting SVM classi�er classi�es all training examples correctly and so it

is an o v er�tting classi�er. In particular, sev ere o v er�tting o ccurs when �

2

is small

since 
exibilit y of the classi�er is high when �

2

is small.

F or the case of C ! 1 , it is not p ossible to mak e an y conclusions ab out the

actual v alue of the lo o error. That v alue dep ends on the dataset as w ell as on the

v alue of �

2

. Ho w ev er, after (1.2) is solv ed using all the examples it is p ossible to

giv e b ounds on the lo o error (Joac hims 2000; V apnik and Chap elle 2000) without

solving the quadratic programs obtained b y lea ving out one example at a time.
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Case 3. C is �xed and �

2

! 0

Let us de�ne �

ij

= 1 for i = j and �

ij

= 0 if i 6= j . Since e

�k x

i

� x

j

k

2

= (2 �

2

)

! �

ij

as �

2

! 0, w e consider the follo wing problem:

min

�

1

2

�

T

� � e

T

�

sub ject to 0 � �

i

� C ; i = 1 ; : : : ; l ; (2.5)

y

T

� = 0 :

Using Lemma 2 (pro of in App endix A.1), as �

2

! 0 the solution of (1.2) con v erges

to that of (2.5). Since l

1

> l

2

, the solution of (1.2) has 0 < �

i

< C for at least

one i .

z

Th us b is uniquely determined and, as �

2

! 0, it approac hes the v alue of

b corresp onding to the primal form of (2.5).

Therefore, let us study the solution of (2.5). In App endix A.2, w e sho w that

its solution is giv en b y: �

i

= �

+

if y

i

= 1; �

i

= �

�

if y

i

= � 1, where

�

�

=

(

C

lim

if C � C

lim

C if C < C

lim

;

�

+

=

(

2 l

2

=l if C � C

lim

l

2

C =l

1

if C < C

lim

;

(2.6)

and C

lim

= 2 l

1

=l . The threshold parameter b in the primal form corresp onding to

(2.5) can b e determined using the fact that 0 < �

+

< C (and hence all class 1

examples lie on the top plane de�ned b y w

T

z + b = 1):

b =

(

( l

1

� l

2

) =l if C � C

lim

;

1 � l

2

C =l

1

if C < C

lim

:

(2.7)

Consider the classi�er function f ( x ) = w

T

z + b corresp onding to (2.5). In Ap-

p endix A.2 w e also sho w the follo wing.

1. If C � C

lim

= 2, f classi�es all training examples correctly and classi�es the

rest of the space as class 1. Th us it o v er�ts the training data.

2. If C < C

lim

= 2, then f classi�es the en tire space as class 1 and so it under�ts

the training data.

z

As w e sho w b elo w (see (2.6)) the solution of (2.5) is w ell in the in terior of (0 ; C )

for at least one i . Since, for small v alues of �

2

, the solution of (1.2) approac hes

that of (2.5), it follo ws that the solution of (1.2) also has 0 < �

i

< C for at least

one i .
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3. The n um b er of lo o errors is l

2

.

Consider the SVM classi�er corresp onding to the Gaussian k ernel for small v alues

of �

2

. Ev en though the n um b er of lo o errors tends to l

2

for all C , it is imp ortan t

to note that the SVM classi�er is qualitativ ely v ery di�eren t for large C and small

C . F or large C , there are small regions around eac h example of class 2 whic h

are classi�ed as class 2 (o v er�tting) while for small C , there are no suc h regions

(under�tting).

It is in teresting to note that, if �

2

is small and C is greater than a threshold

whic h is around C

lim

, from (2.6), the SVM classi�er do es not dep end on C . Th us,

con tour lines of constan t generalization error are parallel to the C axis in the

region where �

2

is small and C is large.

Case 4. C is �xed and �

2

! 1

When �

2

! 1 , w e can write

K ( ~ x; �x ) = exp ( �k ~x � �x k

2

= 2 �

2

)

= 1 �

k ~x � �x k

2

2 �

2

+ o ( k ~x � �x k

2

=�

2

)

= 1 �

k ~x k

2

2 �

2

�

k �x k

2

2 �

2

+

~x

T

�x

�

2

+ o ( k ~x � �x k

2

=�

2

) : (2.8)

No w consider (1.2). Using the simpli�cation giv en ab o v e, w e can write the �rst

(quadratic) term of the ob jectiv e function in (1.2) as

X

i

X

j

�

i

�

j

y

i

y

j

K ( x

i

; x

j

) = T

1

+

T

2

+ T

3

+ T

4

2 �

2

+

1

2

X

i

X

j

�

i

�

j

y

i

y

j

�

ij

�

2

;

where

T

1

=

X

i

X

j

�

i

�

j

y

i

y

j

; T

2

= �

X

i

X

j

�

i

�

j

y

i

y

j

k x

i

k

2

;

T

3

= �

X

i

X

j

�

i

�

j

y

i

y

j

k x

j

k

2

; T

4

= 2

X

i

X

j

�

i

�

j

y

i

y

j

x

T

i

x

j

; and

lim

�

2

!1

�

ij

= 0 : (2.9)

By the equalit y constrain t of (1.2), T

1

= (

P

i

�

i

y

i

)

2

= 0. W e can also rewrite T

2

as T

2

= (

P

i

�

i

y

i

k x

i

k

2

)(

P

j

�

j

y

j

) = 0. In a similar w a y , T

3

= 0. By de�ning

~�

i

=

�

i

�

2

8 i; (2.10)
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(1.2) can b e written as

x

min

~�

F

�

2

=

1

2

X

i

X

j

~�

i

~�

j

y

i

y

j

~

K

ij

�

X

i

~�

i

sub ject to 0 � ~�

i

�

~

C ; i = 1 ; : : : ; l ; (2.11)

y

T

~� = 0 ;

where

~

K

ij

= x

T

i

x

j

+ �

ij

and

~

C =

C

�

2

: (2.12)

Remark 2.3 Note that

~

K

ij

ma y not corresp ond to a v alid k ernel satisfying the

Mercer's condition. But that is immaterial since w e alw a ys op erate with the con-

strain t y

T

~� = 0. In the presence of this constrain t (1.2) and (2.11) are equiv alen t.

Remark 2.4 If C is �xed at some v alue and �

2

is made large,

~

C of (2.11) go es to

zero and so the situation is similar to Case 1 that w e discussed at the b eginning

of this section. By (2.9),

~

K

ij

is a b ounded function for large �

2

(or, equiv alen tly ,

for small

~

C ). By the last sen tence of Remark 2.1, results of Case 1 can b e applied

here. Th us, for C �xed and �

2

! 1 , (2.11) corresp onds to a sev erely under�tting

classi�er. Since (2.11) and (1.2) corresp ond to the same problem in di�eren t forms,

they ha v e the same primal decision function (for full details see (A.8)). Therefore,

in this situation w e get a sev erely under�tting classi�er.

F or a giv en

~

C , as �

2

! 1 and C v aries with �

2

as giv en b y (2.12), w e can see

that (2.11) is close to the follo wing linear SVM problem:

min

~�

1

2

X

i

X

j

~�

i

~�

j

y

i

y

j

x

T

i

x

j

�

X

i

~�

i

sub ject to 0 � ~�

i

�

~

C ; i = 1 ; : : : ; l ; (2.13)

y

T

~� = 0 :

x

T o do this, note that w e need to divide the ob jectiv e function b y the term �

2

.
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W e are in terested in their corresp onding decision functions whic h can lead us to

analyze the p erformance of (1.1). No w the primal form of (2.13) is

min

~w ;

~

b;

~

�

1

2

~w

T

~w +

~

C

l

X

i =1

~

�

i

sub ject to y

i

( ~w

T

x

i

+

~

b ) � 1 �

~

�

i

; (2.14)

~

�

i

� 0 ; i = 1 ; : : : ; l :

Let ( w ( �

2

) ; b ( �

2

)) and ( ~w ;

~

b ) denote primal optimal solutions of (1.1) and (2.14),

resp ectiv ely . W e then ha v e the follo wing theorem.

Theorem 2 F or any x , lim

�

2

!1

w ( �

2

)

T

z = ~w

T

x . If the optimal

~

b of (2.14) is

unique then lim

�

2

!1

b ( �

2

) =

~

b and henc e the fol lowing also hold:

1. F or any x ,

lim

�

2

!1

w ( �

2

)

T

z + b ( �

2

) = ~w

T

x +

~

b ; (2.15)

2. If ~w

T

x +

~

b 6= 0 , then for �

2

su�ciently lar ge,

sgn ( w ( �

2

)

T

z + b ( �

2

)) = sgn ( ~w

T

x +

~

b ) :

The pro of is in App endix A.3. Thus, for a given

~

C , the limiting SVM Gaussian

kernel classi�er as �

2

! 1 is same as the SVM line ar kernel classi�er for

~

C .

Hereafter, w e will simply refer to the SVM linear k ernel classi�er as `Linear SVM'.

The ab o v e analysis can also b e extended to sho w that, as �

2

! 1 , the lo o error

corresp onding to (1.1) and (2.13) are the same.

The ab o v e results also sho w that, in the part of the h yp erparameter space

where �

2

is large, if ( C

1

; �

2

1

) and ( C

2

; �

2

2

) are related b y C

1

=�

2

1

= C

2

=�

2

2

=

~

C ,

the classi�ers corresp onding to the t w o com binations are nearly the same. Hence,

they b oth will giv e nearly the same v alue for generalization error (or an estimate

of it suc h as k -fold cross v alidation error or lo o error). Th us, in this part of

the h yp erparameter space, con tour lines of suc h functions will b e straigh t lines

with slop e 1: log �

2

= log C � log

~

C . Then all classi�ers de�ned b y p oin ts on

that straigh t line for large �

2

are nearly the same as the Linear SVM classi�er

corresp onding to

~

C .

11



Giv en that for an y x , lim

�

2

!1

w ( �

2

)

T

z = ~w

T

x holds without an y assumption,

the assumption on the uniqueness of

~

b in Theorem 2 should only b e view ed as

a minor tec hnical irritan t.

{

F or normal situations, the uniqueness assumption

is a reasonable one to mak e. Unless

~

C is v ery small, t ypically there will b e at

least one ~�

i

strictly in b et w een 0 and

~

C ; when suc h an ~�

i

exists, Lemma 3 in

App endix A.1 (as applied to (2.14)) implies the uniqueness of

~

b . The case

~

C v ery

small corresp onds to the upp er left part of the plane in whic h log C and log �

2

are the horizon tal and v ertical axes. W e can easily see this b y considering C

�xed and increasing �

2

to large v alues (the upp er part) or considering �

2

�xed

and decreasing C to small v alues (the left part). As Remark 2.4 and Case 1 of

this section sho w, eac h of these asymptotic b eha viors corresp onds to a sev erely

under�tting SVM decision function.

Finally , Theorem 2 also indicates that if complete mo del selection on ( C ; �

2

)

using the Gaussian k ernel has b een conducted, there is no need to consider linear

SVM. This helps the selection of k ernels.

3 A Metho d of Mo del Selection

It is usual to tak e log C and log �

2

as the parameters of the h yp erparameter

space. Putting together the results deriv ed in the previous section, it is easy

to see that, in the asymptotic (outer) regions of the (log C ; log �

2

) space there

exists a con tour of generalization error (or an estimate suc h as lo o error or k -fold

cross v alidation error) that lo oks lik e that sho wn in Figure 2 and whic h helps

separate the h yp erparameter space in to t w o regions: an o v er�tting/under�tting

region and a go o d region (whic h most lik ely has the h yp erparameter set with the

b est generalization error). (F or lo o, recall that, in the under�tting/o v er�tting

region, the n um b er of lo o errors is l

2

.) The straigh t line with unit slop e in the

large �

2

region (log �

2

= log C � log

~

C ) corresp onds to the c hoice of

~

C whic h is

small enough to mak e the Linear SVM an under�tting one. The presence of a

{

The assumption is needed to state results cleanly . If

~

b is non-unique, SVM

classi�ers also b ecome non-unique and then it b ecomes clumsy to talk ab out

con v ergence of SVM decision functions.

12



separating con tour as outlined in Figure 2 has b een observ ed on a n um b er of real

w orld datasets (Lee 2001).

log C

lim

log C

log �

2

under�tting

under�tting o v er�tting

go o d region

log �

2

= log C � log

~

C

Figure 2: A rough b oundary curv e separating the under�tting/o v er�tting region

from the \go o d" region. F or eac h �xed

~

C , the equation log �

2

= log C � log

~

C

de�nes a straigh t line of unit slop e. As �

2

! 1 along this line, the SVM classi�er

con v erges to the Linear SVM classi�er with p enalt y parameter

~

C . The dotted

line corresp onds to the c hoice of

~

C that giv es optimal generalization error for the

Linear SVM.

When searc hing for a go o d set of v alues for log C and log �

2

, it is usual to

form a t w o dimensional uniform grid (sa y r � r ) of p oin ts in this space and �nd a

com bination that giv es the least v alue for some estimate of generalization error.

This is exp ensiv e since it requires the trying of r

2

( C ; �

2

) pairs. The earlier

discussion relating to Figure 2 suggests a simple and e�cien t heuristic metho d for

�nding a h yp erparameter set with small generalization error: form a line of unit

slop e whic h cuts through the middle part of the go o d region (see the dashed line in

Figure 2) and searc h on it for a go o d set of h yp erparameters. The

~

C that de�nes

this line can b e set to the optimal v alue of p enalt y parameter for the Linear SVM.

Th us, w e prop ose the follo wing pro cedure.

1. Searc h for the b est C of Linear SVM and call it

~

C .

2. Fix

~

C from step 1 and searc h for the b est ( C ; �

2

) satisfying log �

2

= log C �

log

~

C using the Gaussian k ernel.

The idea is that, as �

2

! 1 , SVM with Gaussian k ernel b eha v es lik e Linear

13



SVM and so the b est

~

C should happ en in the upp er part of the \go o d" region in

Figure 2. Then a searc h on the line de�ned b y log �

2

= log C � log

~

C giv es an ev en

b etter p oin t in the \go o d" region. In man y practical pattern recognition problems,

a linear classi�er already giv es a reasonably go o d p erformance and some added

nonlinearities help obtain �ner impro v emen ts in accuracy . Step 2 of our pro cedure

can b e though t of as a simple w a y of injecting the required nonlinearities via the

Gaussian k ernel. Since the pro cedure only in v olv es t w o one dimensional searc hes,

it requires only 2 r pairs of ( C ; �

2

) to b e tried.

T o test the go o dness of the prop osed metho d, w e compare it with the usual

metho d of using t w o dimensional grid searc h. F or b oth, �v e-fold cross v alidation

w as used to obtain estimates of generalization error. F or the usual metho d, w e

uniformly discretize the [ � 10 ; 10] � [ � 10 ; 10] region to 21

2

= 441 p oin ts. A t

eac h p oin t, a �v e-fold cross v alidation is conducted. The p oin t with the b est CV

accuracy is c hosen and used to predict the test data.

Problem #inputs #trg #test T est set error of T est set error of

exs exs Usual grid metho d Prop osed metho d

banana 2 400 4900 0.1235 (6,-0) 0.1178 (-2,-2)

diab etes 8 468 300 0.2433 (4,7) 0.2433 (4,6)

image 18 1300 1010 0.02475 (9,4) 0.02475 (1,0.5)

splice 60 1000 2175 0.09701 (1,4) 0.1011 (0,4)

ringno rm 20 400 7000 0.01429(-2,2) 0.018 (-3,2)

t w ono rm 20 400 7000 0.031 (1,3) 0.02914 (1,4)

w avefo rm 21 400 4600 0.1078 (0,3) 0.1078 (0,3)

tree 18 700 11692 0.1132 (8,4) 0.1246 (2,2)

adult 123 1605 29589 0.1614 (5,6) 0.1614 (5,6)

w eb 300 2477 38994 0.02223 (5,5) 0.02223 (5,5)

T able 3.1: Comparison of the mo del selection metho ds. F or eac h approac h, apart

from the test error, the optimal (log C ; log �

2

) pair is also giv en.

F or the prop osed metho d, w e searc h for

~

C b y �v e-fold cross v alidation on

Linear SVM using uniformly spaced log C v alues in [ � 8 ; 2]. Then w e discretize

[ � 8 ; 8] as v alues of log �

2

and c hec k all p oin ts satisfying log �

2

= log C � log

~

C .

Because no w few er p oin ts ha v e to b e tried, w e use the smaller grid spacing of 0.5

for b oth discretizations. The total n um b er of p oin ts tried is 54.

T o empirically ev aluate the usefulness of the prop osed metho d, w e consider

14



sev eral binary problems from (R• atsc h 1999). F or eac h problem (R• atsc h 1999)

giv es 100 realizations of the giv en dataset in to (training set, test set) partitions.

W e consider only the �rst of those realizations. In addition, the problem adult ,

from the UCI \adult" data set (Blak e and Merz 1998) and the problem w eb , b oth

as compiled b y Platt (1998), are also included. F or eac h of these t w o datasets also,

there are sev eral realizations. F or our study here, w e only consider the realization

with the smallest training set; the full dataset with training data (including du-

plicated ones) remo v ed is tak en as the test set. F or all datasets used, T able 3.1

giv es the n um b er of input v ariables, the n um b er of training examples and the

n um b er of test examples. All datasets are directly used as giv en in the men tioned

references, without an y further normalization or scaling.

The SVM soft w are LIBSVM (Chang and Lin 2001a) whic h implemen ts a de-

comp osition metho d is emplo y ed for solving (1.2). T able 3.1 presen ts the test error

of the t w o metho ds as w ell as the corresp onding c hosen v alues of log C and log �

2

.

It can b e clearly seen that the new metho d is v ery comp etitiv e with the usual

metho d in terms of test set accuracy . F or large datasets the prop osed metho d has

the great adv an tage that it c hec ks m uc h few er p oin ts on the (log C ; log �

2

) plane

and so the sa vings in computing time can b e large.

Note that, in the c hosen problems the follo wing quan tities ha v e a reasonably

wide range: test error (1.5% to 25%), the n um b er of input v ariables (2 to 300)

and the n um b er of training examples (400 to 2477); and so, the empirical ev alua-

tion demonstrates the applicabilit y of the prop osed approac h to di�eren t t yp es of

datasets.

A remaining issue is ho w to decide the range of log C for determining

~

C in step

1. F rom T able 3.1 w e can see that log

~

C = log C � log �

2

is usually not a large

n um b er. F urthermore, w e observ e that for all problems, after C is greater than a

certain threshold, the cross v alidation accuracy of the Linear SVM is ab out the

same. Therefore, if w e start searc hing from small C v alues and go on to large C

v alues, the searc h can b e stopp ed after the CV accuracy stops v arying m uc h. An

example of the v ariation of the �v e-fold CV accuracy of Linear SVM is giv en in

Figure 3.

F or Linear SVMs w e can formally establish that there exists a �nite limiting
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Figure 3: V ariation of CV accuracy of Linear SVM with C for the image problem

v alue C

�

suc h that, for C � C

�

the solution of the Linear SVM remains unc hanged.

If f x

i

: y

i

= 1 g and f x

i

: y

i

= � 1 g are linearly separable then the ab o v e result is

easy to appreciate; the same ideas used in case 2 of section 2 can b e applied to

sho w this. Ho w ev er, if f x

i

: y

i

= 1 g and f x

i

: y

i

= � 1 g are not linearly separable

(whic h is t ypically the case) the result is non-trivial to establish. Here, w e pro v e

the follo wing theorem.

Theorem 3 Ther e exists a �nite value C

�

and ( w

�

; b

�

) such that ( w ; b ) = ( w

�

; b

�

)

solves (1.2) 8 C � C

�

. If this de cision function is use d, the lo o err or is same for

al l C � C

�

. Mor e over, this w

�

is unique.

Details of the pro of are in App endix A.4.

A App endix

A.1 Tw o useful Lemmas

Lemma 2 Consider an optimization pr oblem with the form (1.2) and Q is a

function of �

2

(denote d as Q ( �

2

) ). L et � ( �

2

) b e its solutions. F or a given numb er

a , if

Q

�

� lim

�

2

! a

Q ( �

2

) exists ;

then ther e exists c onver gent se quenc e f � ( �

2

k

) g with �

2

k

! a , and, the limit of

any such se quenc e is an optimal solution of (1.2) with the Hessian matrix Q

�

.
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Mor e over, if Q

�

is p ositive de�nite, lim

�

2

! a

� ( �

2

) exists.

Pro of. The feasible region of (1.2) is indep enden t of �

2

so is compact. Then

there exists con v ergen t sequence f � ( �

2

k

) g with lim

k !1

�

2

k

= a . F or an y one suc h

sequence, w e ha v e

1

2

� ( �

2

k

)

T

Q ( �

2

k

) � ( �

2

k

) � e

T

� ( �

2

k

) �

1

2

( �

�

)

T

Q ( �

2

k

) �

�

� e

T

�

�

; and

1

2

( �

�

)

T

Q

�

�

�

� e

T

�

�

�

1

2

� ( �

2

k

)

T

Q

�

( �

2

k

) � ( �

2

k

) � e

T

� ( �

2

k

) ;

(A.1)

where �

�

is an y optimal solution of (1.2) with the Hessian matrix Q

�

. If � ( �

2

k

)

go es to �� , taking the limit of (A.1),

1

2

( �

�

)

T

Q

�

�

�

� e

T

�

�

=

1

2

��

T

Q

�

�� � e

T

�� :

Th us, �� is an optimal solution to o.

If Q

�

is p ositiv e de�nite, (1.2) is a strictly con v ex problem with a unique

optimal solution. This implies that lim

�

2

! a

� ( �

2

) exists. 2

Lemma 3 If (1.2) has an optimal solution with at le ast one fr e e variable (i.e.,

0 < �

i

< C for at le ast one i ), then the optimal b of (1.1) is unique.

Pro of.

The Karush-Kuhn-T uc k er (KKT) condition, (i.e. the optimalit y condition) of

(1.2) is: If � is an optimal solution, there is a n um b er b and t w o nonnegativ e

v ectors � and � suc h that

r F ( � ) + by = � � �;

�

i

�

i

= 0 ; �

i

( C � � )

i

= 0 ; �

i

� 0 ; �

i

� 0 ; i = 1 ; : : : ; l ;

where r F ( � ) = Q� � e is the gradien t of F ( � ) = 1 = 2 �

T

Q� � e

T

� . This can b e

rewritten as

r F ( � )

i

+ by

i

� 0 if �

i

= 0 ;

r F ( � )

i

+ by

i

� 0 if �

i

= C ; (A.2)

r F ( � )

i

+ by

i

= 0 if 0 < �

i

< C :

17



Note that

r F ( � )

i

= y

i

w

T

z

i

� 1

is indep enden t of di�eren t optimal solutions � as the primal optimal solution w

is unique.

Let ( w ; b; � ) denote a primal solution. As already said, w is unique. By con-

v exit y of the solution set, the set of all p ossible b solutions, B is an in terv al. Once

b is c hosen, � is uniquely de�ned. By assumption there exists b 2 B and a corre-

sp onding Lagrange m ultiplier v ector � ( b ) with a free alpha, sa y 0 < � ( b )

k

< C .

Th us � ( b ) is an optimal solution of (1.2) and so, b y (A.2), r F ( � )

k

+ by

k

= 0.

Denote

A

0

= f i j r F ( � )

i

+ by

i

> 0 g ; A

C

= f i j r F ( � )

i

+ by

i

< 0 g ; and

A

F

= f i j i =2 A

0

[ A

C

g :

Let us de�ne 2 e and 2 f to b e the minim um and maxim um of the follo wing set:

f b

new

j r F ( � )

i

+ b

new

y

i

> 0 if i 2 A

0

; r F ( � )

i

+ b

new

y

i

< 0 if i 2 A

C

g : (A.3)

Clearly e < b < f . Supp ose B is not a singleton. No w c ho ose b

new

2 B \ [ e; f ]

suc h that b

new

6= b . Let � ( b

new

) b e an y Lagrange m ultiplier corresp onding to b

new

.

Th us � ( b

new

) and b

new

satisfy (A.2). Supp ose b

new

> b and y

k

= 1. Then

r F ( � )

k

+ b

new

y

k

> 0 so � ( b

new

)

k

= 0 < � ( b )

k

: (A.4)

If w e use (A.2) as applied to ( b; � ( b )) and ( b

new

; � ( b

new

)), (A.3) implies the follo w-

ing: � ( b )

i

= � ( b

new

)

i

8 i 2 A

0

[ A

C

with y

i

= y

k

; also, � ( b )

i

� � ( b

new

)

i

8 i 2 A

F

with y

i

= y

k

. Note that k is an elemen t of this second group. Th us, with (A.4),

X

i : y

i

= y

k

� ( b )

i

>

X

i : y

i

= y

k

� ( b

new

)

i

: (A.5)

This is a violation of the fact that b oth � ( b ) and � ( b

new

) are solutions of (1.2)

since, for a giv en dual solution � , dual cost is ( k w k

2

= 2) � 2

P

i : y

i

=1

�

i

and the �rst

term is same for � ( b ) as w ell as � ( b

new

). If y

k

= � 1, the pro of is the same but

(A.5) b ecomes

P

i : y

i

= y

k

� ( b )

i

<

P

i : y

i

= y

k

� ( b

new

)

i

: A similar con tradiction can b e

reac hed if b

new

< b . Th us B is a singleton and b is unique. 2
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A.2 Optimal solution of (2.5)

Karush-Kuhn-T uc k er (KKT) conditions applied to (2.5) corresp ond to the exis-

tence of a scalar b and t w o nonnegativ e v ectors � and � suc h that

�

i

� 1 + by

i

= �

i

� �

i

;

�

i

�

i

= 0 ; ( C � �

i

) �

i

= 0 ; i = 1 ; : : : ; l :

(A.6)

T o sho w that the solution is giv en b y (2.6) and (2.7), all that w e need to do is to

sho w the existence of � and � so that (A.6) holds. F or the solution (2.6), when

C � C

lim

, using b de�ned in (2.7),

�

i

� 1 + by

i

= 0 8 i

so w e can simply c ho ose � = � = 0 so that (A.6) is satis�ed.

If C < C

lim

,

�

i

� 1 + by

i

=

(

0 if y

i

= 1 ;

C l

l

1

� 2 � 0 if y

i

= � 1 ;

so (A.6) also holds, Therefore, (2.6) giv es an optimal solution for (2.5).

Let us no w analyze prop erties of the classi�er function f asso ciated with (2.5).

Note using (2.7) that b > 0. F or x 6= x

i

, exp ( �k x � x

i

k

2

=�

2

) ! 0 as �

2

! 0.

Therefore, for suc h x , the classi�er function corresp onding to (2.5) is giv en b y

f ( x ) = b . Since b > 0, all p oin ts x not in the training set are classi�ed as class

1 irresp ectiv e of the v alue of C . This together with item (2) of Assumption 1

implies that the n um b er of lo o errors is equal to l

2

.

F or a training p oin t x

i

w e ha v e f ( x

i

) ! y

i

�

i

+ b as �

2

! 0. Th us after

�

2

is su�cien tly small, all class 1 training p oin ts are classi�ed correctly b y f .

F or training p oin ts x

i

in class 2, w e can use (2.6) and (2.7) to sho w that: (i)

for C > C

lim

= 2, all of those p oin ts are classi�ed correctly b y f ; and, (ii) for

C � C

lim

= 2, all of those p oin ts are classi�ed incorrectly b y f .
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A.3 Pro of of Theorem 2

T o pro v e Theorem 2, �rst w e write do wn the primal form of (2.11):

min

~w ;

~

b;

~

�

1

2

~w

T

~w +

~

C

l

X

i =1

~

�

i

sub ject to y

i

( ~w

T

~

� ( x

i

) +

~

b ) � 1 �

~

�

i

; (A.7)

~

�

i

� 0 ; i = 1 ; : : : ; l ;

where

~

� ( x ) � � � ( x ).

k

By de�ning w � � ~w , m ultiplying the ob jectiv e function of

(A.7) b y �

2

, and using (2.12), (A.7) has exactly the same form as (1.1), so w e can

sa y

b =

~

b; � =

~

� ; and ~w

T

~

� ( x ) +

~

b = w

T

� ( x ) + b: (A.8)

A di�cult y in pro ving this theorem is that the solution of (A.7) is an elemen t

of a v ector space that is di�eren t from that of a solution of (2.14). Hence, to build

the relation as �

2

! 1 w e will consider their duals using Lemma 2.

Assume ~� ( �

2

) is the solution of (2.11) under a giv en

~

C . It is in a b ounded

region for all �

2

> 0 so there is a con v ergen t sequence ~� ( �

2

k

) ! ~� as �

2

k

! 1 . W e

can apply Lemma 2 as no w the ij comp onen t of the Hessian of (2.11) is a function

of �

2

:

y

i

y

j

~

K

ij

= �

2

y

i

y

j

�

e

�k x

i

� x

j

k = (2 �

2

)

� 1 +

k x

i

k

2

2 �

2

+

k x

j

k

2

2 �

2

�

with the limit y

i

y

j

x

T

i

x

j

as �

2

! 1 . Therefore, ~� ( �

2

k

) con v erges to an optimal

solution ~� of (2.13).

W e denote that ~w ( �

2

) and ~w are unique optimal solutions of (A.7) and (2.14),

resp ectiv ely . Then, for an y suc h con v ergen t sequence f ~� ( �

2

k

) g

1

k =1

, using y

T

~� ( �

2

k

) =

k

It should b e p oin ted out that (2.11) is not directly the dual of (A.7). The

dual of (A.7) reduces to (2.11) when the y

T

~� = 0 constrain t is used.
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0, w e ha v e that for an y x ,

lim

�

2

k

!1

~w ( �

2

k

)

T

~

� ( x )

= lim

�

2

k

!1

l

X

i =1

y

i

~� ( �

2

k

)

i

~

� ( x

i

)

T

~

� ( x )

= lim

�

2

k

!1

l

X

i =1

y

i

~� ( �

2

k

)

i

�

�

2

k

� k x

i

k

2

= 2 + x

T

i

x � k x k

2

= 2

�

= lim

�

2

k

!1

l

X

i =1

y

i

~� ( �

2

k

)

i

�

�k x

i

k

2

= 2 + x

T

i

x

�

(A.9)

=

l

X

i =1

y

i

~�

i

x

T

i

x + d ( ~ � ) = ~w

T

x + d ( ~ � ) ; (A.10)

where (A.9) follo ws from (2.8) and y

T

~� ( �

2

k

) = 0 and d ( ~ � ) � �

P

l

i =1

y

i

~� k x

i

k

2

= 2.

By a similar w a y w e can pro v e

lim

�

2

k

!1

~w ( �

2

k

)

T

~w ( �

2

k

)

= lim

�

2

k

!1

l

X

i =1

l

X

j =1

~� ( �

2

k

)

i

~� ( �

2

k

)

j

y

i

y

j

~

� ( x

i

)

T

~

� ( x

j

)

=

l

X

i =1

l

X

j =1

~� ( �

2

k

)

i

~� ( �

2

k

)

j

y

i

y

j

x

T

i

x

j

= ~w

T

~w : (A.11)

Note that (A.11) follo ws from the discussion b et w een (2.8) and (2.11). The last

equalit y is via ~w =

P

l

i =1

~�

o

x

i

as ~w is the optimal solution of (2.11).

Next w e consider that ( ~w ;

~

b ) is the unique optimal solution of (2.14). The

constrain ts of (A.7) imply that

max

y

i

=1

f 1 � ~w ( �

2

)

T

~

� ( x

i

) �

~

� ( �

2

)

i

g �

~

b ( �

2

) � max

y

i

= � 1

f� 1 � ~w ( �

2

)

T

~

� ( x

i

) +

~

� ( �

2

)

i

g :

Note that the primal-dual optimalit y condition implies

0 �

~

� ( �

2

)

i

�

l

X

i =1

~

� ( �

2

)

i

�

e

T

~� ( �

2

)

~

C

� l :

With (A.9) and the assumption l

1

� 1 and l

2

� 1, after �

2

is large enough,

~

b ( �

2

) is

in a b ounded region. When ( ~w ( �

2

) ;

~

b ( �

2

)) is optimal for (A.7), the optimal

~

� ( �

2

)

is

~

� ( �

2

)

i

� max(0 ; 1 � y

i

( ~w ( �

2

)

T

~

� ( x

i

) +

~

b ( �

2

))) :
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F or an y con v ergen t sequence

~

b ( �

2

k

) ! b

�

with �

2

k

! 1 , w e can further ha v e

a subsequence suc h that f ~� ( �

2

k

) g con v erges. Th us, w e can consider an y suc h

sequence with b oth prop erties. Then, (A.10) implies

~

� ( �

2

k

)

i

! �

�

i

= max(0 ; 1 � y

i

( ~w

T

x

i

+ d ( ~ � ) + b

�

)) : (A.12)

Hence, ( ~w ; b

�

+ d ( ~ � ) ; �

�

) is feasible for (2.14). By de�ning

�

� ( �

2

k

)

i

� max(0 ; 1 � y

i

( ~w ( �

2

k

)

T

~

� ( x

i

) � d ( ~ � ) +

~

b )) ;

( ~w ( �

2

k

) ;

~

b � d ( ~ � ) ;

�

� ( �

2

k

)) is feasible for (A.7). In addition, using (A.10),

~

� � lim

�

2

k

!1

�

� ( �

2

k

) = max (0 ; 1 � y

i

( ~w

T

x

i

+

~

b )) ; (A.13)

so ( ~w ;

~

b;

~

� ) is optimal for (2.14). Th us,

1

2

~w

T

~w +

~

C

l

X

i =1

~

�

i

�

1

2

~w

T

~w +

~

C

l

X

i =1

�

�

i

; and

1

2

~w ( �

2

k

)

T

~w ( �

2

k

) +

~

C

l

X

i =1

~

� ( �

2

k

)

i

�

1

2

~w ( �

2

k

)

T

~w ( �

2

k

) +

~

C

l

X

i =1

�

� ( �

2

k

)

i

: (A.14)

With (A.11), (A.12), and (A.13), taking the limit (A.14) b ecomes

1

2

~w

T

~w +

~

C

l

X

i =1

�

�

i

�

1

2

~w

T

~w +

~

C

l

X

i =1

~

�

i

:

Therefore, w e ha v e that ( ~w ; b

�

+ d ( ~ � ) ; �

�

) is optimal for (2.14). Since

~

b is unique

b y assumption,

b

�

+ d ( ~ � ) =

~

b : (A.15)

No w w e are ready to pro v e the main result (2.15). If it is wrong, there is � > 0

and a sequence f ~w ( �

2

k

) g with �

2

k

! 1 suc h that

j ~w ( �

2

k

)

T

~

� ( x ) + b ( �

2

k

) � ~w

T

x �

~

b j � �; 8 k : (A.16)

Since w e can �nd an in�nite subset K suc h that lim

k 2 K ;�

2

k

!1

~

b ( �

2

k

) = b

�

and (A.10)

holds, with b ( �

2

) =

~

b ( �

2

) from (A.8), the ab o v e analysis (i.e., (A.10) and (A.15))

sho ws that

lim

k 2 K ;�

2

k

!1

w ( �

2

k

)

T

� ( x ) + b ( �

2

k

)

= ~w

T

x + d ( ~ � ) +

~

b � d ( ~ � )

= ~w

T

x +

~

b:
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This con tradicts (A.16) so (2.15) is v alid.

Therefore, if ~w

T

x +

~

b 6= 0, after �

2

is su�cien tly large,

sgn( w ( �

2

)

T

� ( x ) + b ( �

2

)) = sgn ( ~w

T

x +

~

b ) :

A.4 Pro of of Theorem 3

Let �

1

b e a feasible v ector of (1.2) for C = C

1

and �

2

b e a feasible v ector of (1.2)

for C = C

2

. W e sa y that �

1

and �

2

are on the same face if the follo wing hold:

(i) f i j 0 < �

1

i

< C

1

g = f i j 0 < �

2

i

< C

2

g ; (ii) f i j �

1

i

= C

1

g = f i j �

2

i

= C

2

g ;

and, (iii) f i j �

1

i

= 0 g = f i j �

2

i

= 0 g . T o pro v e Theorem 3 w e need the follo wing

result.

Lemma 4 If C

1

< C

2

and their c orr esp onding duals have optimal solutions at

the same fac e, then for any C

1

� C � C

2

, ther e is at le ast one optimal solution

at the same fac e. F urthermor e, ther e ar e optimal solutions � and b of (1.2) which

form line ar functions of C in [ C

1

; C

2

] .

Pro of of Lemma 4:

If �

1

and �

2

are optimal solutions at the same face corresp onding to C

1

and

C

2

, then they satisfy the follo wing KKT conditions, resp ectiv ely:

Q�

1

� e + b

1

y = �

1

� �

1

; �

1

i

�

1

i

= 0 ; ( C

1

� �

1

i

) �

1

i

= 0 ;

Q�

2

� e + b

2

y = �

2

� �

2

; �

2

i

�

2

i

= 0 ; ( C

2

� �

2

i

) �

2

i

= 0 :

Since they are at the same face,

�

2

i

�

1

i

= 0 ; �

1

i

�

2

i

= 0 ;

( C

1

� �

1

i

) �

2

i

= 0 ; ( C

2

� �

2

i

) �

1

i

= 0 :

(A.17)

As C

1

� C � C

2

, w e can ha v e 0 � � � 1 suc h that

C = � C

1

+ (1 � � ) C

2

: (A.18)

Let

� � � �

1

+ (1 � � ) �

2

; � � � �

1

+ (1 � � ) �

2

; (A.19)

� � � �

1

+ (1 � � ) �

2

; b � � b

1

+ (1 � � ) b

2

:
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Then � ; �; �; b satisfy the KKT condition at C :

Q� � e + by = � � �; �

i

�

i

= 0 ; ( C � �

i

) �

i

= 0 ;

0 � �

i

� C ; �

i

� 0 ; �

i

� 0 ; y

T

� = 0 :

Using (A.18),

� =

C � C

2

C

1

� C

2

:

Putting it in to (A.19), � and b are linear functions of C where C 2 [ C

1

; C

2

]. This

pro v es the lemma. 2

Let us no w pro v e Theorem 3. As w e already men tioned, if the p oin ts of

the t w o classes are linearly separable in x space then the pro of of the result is

straigh tforw ard. So let us only giv e a pro of for the case of linearly non-separable

p oin ts. Since the n um b er of faces is �nite, b y Lemma 4 there exists a C

�

suc h

that for C � C

�

, there are optimal solutions at the same face. F or the rest of the

pro of let us only consider optimal solutions on a single face.

F or an y C

1

> C

�

, Lemma 4 implies that there are optimal solutions � and b

whic h form linear functions of C in the in terv al [ C

�

; C

1

]. Since

l

X

i =1

�

i

=

X

i : �

i

= C

� [( Q� )

i

� 1 + by

i

] ; (A.20)

P

l

i =1

�

i

is a linear function of C in this in terv al and can b e represen ted as

l

X

i =1

�

i

= AC + B ; (A.21)

where A and B are constan ts. If w e consider another C

2

> C

1

,

P

l

i =1

�

i

is also a

linear function of C in [ C

�

; C

2

]. F or eac h C , the optimal

1

2

w

T

w as w ell as

P

l

i =1

�

i

are unique. Th us, the t w o linear functions ha v e the same v alues at more than t w o

p oin ts, so they are indeed iden tical. Therefore, (A.21) holds for an y C � C

�

.

Since

P

l

i =1

�

i

is a decreasing function of C (e.g., using tec hniques similar to

(Chang and Lin 2001b, Lemma 4)), A � 0. Ho w ev er, A cannot b e negativ e as

otherwise

P

l

i =1

�

i

go es to �1 as C increases. Hence, A = 0 and so

P

l

i =1

�

i

is a

constan t for C � C

�

.
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If ( w

1

; b

1

; �

1

) and ( w

2

; b

2

; �

2

) are optimal solutions at C = C

1

and C

2

, resp ec-

tiv ely , then

1

2

( w

1

)

T

w

1

+ C

1

l

X

i =1

�

1

i

�

1

2

( w

2

)

T

w

2

+ C

1

l

X

i =1

�

2

i

and

1

2

( w

2

)

T

w

2

+ C

2

l

X

i =1

�

2

i

�

1

2

( w

1

)

T

w

1

+ C

2

l

X

i =1

�

1

i

imply that ( w

1

)

T

w

1

= ( w

2

)

T

w

2

. That is, �

T

Q� is a constan t for C � C

�

.

Therefore ( w

2

; b

2

; �

2

) is also feasible and optimal when C = C

1

. Since the

solution of w is unique (e.g., (Lin 2001, Lemma 1)), w

1

= w

2

.

If F = f i j 0 < �

i

< C g 6= ; , there is x

i

suc h that w

T

x

i

+ b = y

i

. Hence b

1

= b

2

and so the decision functions as w ell as the lo o rate are the same for C � C

�

.

On the other hand, if F = ; and w e denote � ( C ) the solution of (1.2) at a

giv en C , then � ( C ) = ( C =C

�

) � ( C

�

) for all C � C

�

. As w

T

w = �

T

Q� b ecomes

a constan t, w e ha v e w = 0 after C � C

�

. Ho w ev er, since F = ; , the optimal b

migh t not b e unique under the same C . F or an y one of suc h b , ( w ; b ) is optimal

for (1.2) for all C � C

�

.

Finally , since w

T

w b ecomes a constan t, for C � C

�

, the solution of (1.2) is

also a solution of

min

w ;b;�

l

X

i =1

�

i

sub ject to y

i

( w

T

x

i

+ b ) � 1 � �

i

;

�

i

� 0 ; i = 1 ; : : : ; l :

This completes the pro of of Theorem 3. 2
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