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È, 7¥ÿu˜ƒ}& (functional analy-

sis) Fû˝í3æ5ø�

ä³í…”:

bnj(4Hb, |òQ/|��œl

Jk*°:�j˙ íjÇá�

A−→x =
−→
b A : Rn → Rm (1)

w2

−→x = (x1, x2 · · ·xn)T ∈ Rn

−→
b = (b1, b2 · · · bm)T ∈ Rm

Ê¤²¾·uJW²¾V[ý� w2 A uø

_ m× n ä³

A =




a11 . . . a1n

a21 . . . a2n

am1 . . . amn




aij ∈ R, 1 ≤ i ≤ m, 1 ≤ j ≤ n (2)

ílBbøä³ A eÑ²¾�(õÒ,

ä³u²¾íR�)

A = [A1, . . . , An] (3)

Aj =




a1j

a2j
...

amj


 1 ≤ j ≤ n (4)

�7,H5!‹, Bbªø (1) �í˝i[

Ñ²¾í(4 ¯:

A−→x =




a11 . . . a1n

a21 . . . a2n
...

...
...

am1 . . . amn







x1
...
...

xn




= [A1, . . . , An]




x1
...

xn




= x1A1 + · · ·+ xnAn =
−→
b (5)

1
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Å (A): à‹Bbø²¾




x1
...

xn


 eÑä

³íu, † (5) �°v6µsBb, ä³�Ê

¬Giw«�ÑW«�� (°Ü�Ê˝Gi†

Ñ�«��) 7w¶†Ñ

x1 × (�øW) + x2 × (�ùW) + · · ·
+xn × (� n W) (6)

Å (B): â (5) �Bb6ªI� “W

˛È” (column space) íÔ$, â¤i�

7k, ° A−→x =
−→
b íj, óçk°F�

A1 · · ·An í(4 ¯£ß�k
−→
b , ¹°

(x1 · · · xn) ∈ Rn U)

x1A1 + · · ·+ xnAn =
−→
b

Å (C): (5) �ª6ŒBbpëä³í

!¯�, øOÊ(4Hbí{…uøä³e

Ñ(4‰² (linear transformation), Ä¤

ä³í!¯�ªeÑuƒb5¯Aí!¯�,

O¥�T¶, úçÞ7k, 6Œ1.×� Ê¥

³Bbı��â (5) £ø<�Àí!…«�

V}pä³í!¯�

A(BC) = (AB)C�

â(5) �ø²¾ A−→x Ñä³ A 5W²¾í

(4 ¯, ‚à¥_–1, BbªJúä³í

�¶�Çø_i�íñ}, #ìLøä³

B = [B1, B2, · · ·Bk]

Bi Ñä³ B 5� i W²¾, Ä¤ä³ A D

ä³ B 5ó�ª[ Ñ

AB = A[B1, B2, · · ·Bk]

= [AB1, AB2, · · · , ABk]

¹ä³ AB í� i W²¾ (AB)i Ñä³ A

�ä³ B í� i W²¾ ABi� â (5) �ø

ABi b�<2wl²‘KÑ Bi Ñø n &W

²¾, ¹ä³ B Ñø n× k ä³

B = [B1, B2, · · · , Bk]

=




b11 . . . b1k
...

...

bn1 . . . bnk




°Ü, ä³ BC b�<2Ñ C Ñø k× l ä

³�

C = [C1, · · · , Cl] =




c11 . . . b1l
...

...

ck1 . . . ckl




BbÛÊ5?ä³5!¯�, â (5) �ø

A(BCi) = A(c1iB1 + · · ·+ ckiBk)

= c1iAB1 + · · ·+ ckiABk

= [AB1, · · · , ABk]




c1i
...

cki




= [AB1, · · · , ABk]Ci

yŸ‚à (5) �ª)ä³5!¯�

A(BC) = A(B[C1, · · · , Cl])

= A[BC1, · · · , BCl]

= [A(BC1), · · · , A(BCl)]
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= [(AB)C1, · · · , (AB)Cl]

= (AB)[C1, · · · , Cl]

= (AB)C

Å (D): (5) �µsBbí´.cà¤�

Ê2ç¼¨ÿ�ø Cramer t�, ?ªâ¤

�y‹õW��í4”7), çÍ´u*j

:�j˙ Çá

A−→x =
−→
b

¤v A Ñø n×n ä³²¾, −→x ,
−→
b †eÑ

n×1 ä³, ÑO�Zà¯U [A
i←−−→b ] [ý

ø n × n ä³, w2ä³ A = [A1 · · ·An]

5� i W²¾Ñ²¾
−→
b F¦H, ¹

[A
i←−−→b ] = [A1 · · ·Ai−1,

−→
b , Ai+1, · · · , An]

Oâ (5) �1‚àW«�!…,uä³�Ê

¬Gi5Ÿ†)

[A1 · · ·Ai−1, A
−→x , Ai+1, · · ·An]

= [A1, · · ·Ai−1, x1A1 + · · ·+ xnAn, Ai+1,

· · ·An]

= [A1, · · ·Ai−1, Ai, Ai+1 · · ·An]

×




1 0 x1 0 0

0 1 x2 0 0
...

...
...

...
...

0 0 xn 0 1




= A[I
i←−−→x ]

Ä¤:�j˙ A−→x =
−→
b ªZŸÑ

A[I
i←−−→x ] = [A

i←−−→b ]

si°v¦W��)

(det A)(det[I
i←−−→x ]) = det[A

i←−−→b ]

â Laplace �Ç�CW��í4”ø

det[I
i←−−→x ] = xi, ]

xi =
det[A

i←−−→b ]

det A

¥ÿu Cramer t��

!…ìÜ:

3U,, BbøW˛È (column space)

pÑ R(A), péË R(A) ⊆ Rm � }7

W²¾, W˛ÈAÍbT…í×Þp!�²

¾ (row vecter), �˛È (row space), p

Ñ R(AT ) , ÇbTíä˛Èà-

N(A) ≡ {−→x ∈ Rn|A−→x = 0} ⊆ Rn (7)

N(AT ) ≡ {−→y ∈ Rn|AT−→y = 0} ⊆ Rm

(8)

	-Bbø·<‰·Õ2Ê¥û_ä˛

È, çÍè6ª?}½ÑSb«n¥<ä˛

È, õÒ,F�(4Hb,í«�D@àî

ª%âä˛Èínj7V, WàÊ2ç¼¨

Fç‚à‹Á¾ ¶, Hp¾ ¶V°:�

j˙ íj, ÿuÌ$2˛Uàƒä˛Èí

/<Ô4, w2|½bíø_ÿu&b (di-

mension) í.‰4�&bÊ(4Hb2rÆ

O”½bíiH�

ìÜ1: (i) dim R(A) = dim R(AT )

(ii) dim R(A) + dim N(A) = n
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(i) �µsBbW˛È (colum space)

D�˛È (row space) í&buøší, à

¤í·Å´u‚ï7ø<, |ßíj�´u

JWäVpnìÜí<2� wõçbç|ß

íj¶¹u*“Wä”OG�

W1:

A =




0 0 0 0 0

0 0 2 0 0

0 1 0 1 1

0 4 3 4 0




4×5

%¬“�)

A ∼




0 4 3 0 0

0 0 2 0 0

1 1 0 0 0

0 0 0 0 0





 3

︸ ︷︷ ︸
3

.............................................................................................................................................................................................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

...

Ä¤

dim R(A) = dim R(AT ) = 3

dim N(A) = 5− 3 = 2

dim N(AT ) = 4− 3 = 1

úkøO m× n ä³, %¬W«� (C

�«�) (ªñq‡�,HíÉ[�

W 2: A = [A1 · · ·An] ∼
[B1 · · ·Br, 0 · · ·0], {B1 · · ·Br} u(4

Ö�, Ä¤ dim R(A) = r, âìÜ 1 ø

dim N(A) = n− r �

(4HbÇø_!…ìÜà-

ìÜ2: N(A)⊥R(AT )�

¥ìÜµsBbä˛Èí£>4 (or-

thogonality), w<2D„p6ª*:�j

˙ íjVe|«R�

A−→x =



−→
B 1
...
−→
B m


−→x

=



−→
B 1 · −→x

...
−→
B m · −→x


 =




0
...

0




¦®}¾)
−→
B 1 · −→x = · · · = −→B n · −→x = 0

−→x DF��²¾
−→
B i , (1 ≤ i ≤ m) �ò

−→x⊥−→B i (1 ≤ i ≤ m)

Ä¤ −→x⊥∑n
i=1 bi

−→
B i

¹ −→x⊥R(AT ), ∀−→x ∈ N(A)

FJ N(A)⊥R(AT )

°Ü, ¦�0 (transpose) ä³Bb�

ìÜ 2’: N(AT )⊥R(A)�

cJø_Ç$Vzp,Þù_ìÜ
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dim R(AT )=r

R(AT )−→x r

Rn
O

−→x =−→x r+−→x n

−→x n
N(A)

dim N(A)=n−r

A−→x r =
−→
b

A−→x = 0

A−→x n = 0

dim R(A) = r

R(A)−→
b

Rm

N(AT )

dim N(AT ) = m− r

�˛È W˛È............................................................. ............... ................................................................... ...............

¥ Ç $ z p 7 � K 9 õ:

(a) Rn , í ² ¾ −→x ª } j Ñ s

_ � ó � ò í ² ¾�

−→x =−→x r+
−→x n, −→x r ∈ R(AT ), −→x n∈N(A)

(9)

C

Rn = R(AT )⊕N(A)

õ Ò , ¤ } j u ñ ø í�

(b) A ø Rn , í L ø ² ¾ −→x 


ƒ W ˛ È R(A) , 7 ø � ˛ È (null

space) î 
 ƒ 0 ² ¾�

(c) J
−→
b r Ê W ˛ È R(A) , † :

� j ˙  A−→x =
−→
b u ª j í� ² k

5, J
−→
b D F � N(AT ) í ² ¾ � ò

(
−→
b ⊥N(AT )) , † : � j ˙  A−→x =
−→
b u ª j í� 7 w j −→x ª } j Ñ ù

¶ M

−→x = −→x p +−→x h

A−→x = A(−→x p +−→x h) = A−→x p + A−→x h

=
−→
b + 0 =

−→
b �

−→x p Ñ (1) � 5 Ô j (particular solu-

tion) −→x h Ñ (1) � 5 Ì G j (homoge-

neous solution) 7 −→x p + −→x h Ñ ø O j

(general solution), −→x p ˚ Ñ Ô j u Ä

Ñ

−→x p⊥−→x h , ∀−→x h ∈ N(A)� (10)

Ç Õ ß Z ø T í u F � Ì G j F

A í ˛ È £ ß u � ˛ È (null space)

N(A) = {−→x h ∈ Rn|A−→x h = 0}

Å: , Þ (c) F } í Ê Ì ¤ & ˛

È ? � ó é N í ! ‹, w õ ¥ ÿ u

˜ ƒ } & (functional analysis) C 	

} j ˙ (integral equation ) ³ O ± í

Fredholm Alternative ìÜ�

Å: J ø A e Ñ ø � } � ä (dif-

ferential operator), † (c) F k Ê � }
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j ˙ 6 � ó ú @ í ! ‹� è 6 J �

E � ª A W ð „� 9 õ ,, B b F T

í ( 4 H b í ! … ì Ü u ª ò Q

R � B Ì ¤ & ˛ È�

à ‹ M � Ñ ø &, ¹ m = 1

A : Rn → R (11)

†AÑ ø � ä ( 4 ˜ ƒ (bounded lin-

ear functional)� â Riesz [ Û ì Ü µ

s B b, A ª [ Ñ ø q 	 5 $ ��

Riesz [ÛìÜ: A Ñ ø � ä ( 4 ˜ ƒ

* Rn ø ƒ R� A : Rn → R � ä, ( 4�

† æ Ê ñ ø −→y ∈ Rn U )

A(−→x ) = (−→x ,−→y ) ∀ −→x ∈ Rn� (12)

‚ à , H 5 ! ‹, y ‹ , ø õ

£ > I � 5 – 1 ª ñ q Ë „ p /

p ë Riesz [ Û ì Ü í � S < 2:

ìÜ„p: (. Ü ø O 4 ª q A �= 0 )

∀ −→x ∈ Rn ª [ Ñ

−→x = −→x r+
−→x n,−→x r∈R(AT ),−→x n∈N(A)

A(−→x ) = A(−→x r +−→x n) = A(−→x r) + A(−→x n)

= A(−→x r)�

, � µ s B b A í M ê r â Ê

R(AT ) , í M F ² ì� I P Ñ ø Rn

Ê R(AT ) , 5 £ > I �, † B b �

P(−→x ) = P(−→x r +−→x n) = −→x r�

Ä ¤

A(−→x ) = A(−→x r) = A(P(−→x ))�

F J, à ‹ B b ? ² ìP(−→x )5 Å d,

†A(−→x ) 5 $ d 6 � O ² ì�

7 Û Ê Ä Ñ A Ñ ø ( 4 ˜ ƒ,

m = 1 / A �= 0 , Ä ¤ â ì Ü 1 ø

dim R(AT ) = dim R(A) = 1�

I −→z ∈ R(AT ), −→z �= 0, †

R(AT ) =< −→z >= {α−→z |α ∈ R}�

â £ > I � ø

P(x) =
< −→x ,−→z >

‖−→z ‖2
−→z

F JA(−→x ) = A(−→x r) = A(P(−→x ))

= A

(
< −→x ,−→z >

‖−→z ‖2 · −→z
)

=
< x,−→z >

‖−→z ‖2 · A(−→z )

= < −→x ,
A(−→z )

‖−→z ‖2 ·
−→z >

I y ≡ A(−→z )

‖−→z ‖2
−→z ¹ Ñ F °�

Å1: ¥ _ „ p j ¶ 1 ³ � & b

í Ì „, ú ø O í q 	 ˛ È (inner

produt space) î ª�

Å 2: Ä Ñ à ƒ I � í – 1, Ä

¤ Ê Ì $ 2, B b ˛ % ø |s�× C

‰}ç í – 1 · p ¥ ì Ü 2� 7 9

õ , ¥ ì Ü … ™ ˛ x � ‰ } Ÿ Ü

(variational principle) í q °� Ê R �

} j ˙ (P.D.E) ¥ ì Ü u ÿ j (weak

solution) æ Ê í | ß „ p � x á!
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|üù�j:

Ék Fredholm Alternative ìÜ

íÇø_½b@àZu|üù�j (least-

square)� â‡Þ5Ü�ø, J
−→
b .˘kW

˛È (column space) †:�j˙ (ä³

A 1³�Ì„øìu j³)

A−→x =
−→
b

Ì¶°)wj� OÊÛõ8$D@à, ‚&ø

_ÝJæj³u.õÒí� Ä¤BbÛb�

/<j¶JÞú{uíÛõ�

Bbí½æà-: t°øò(: b =

C + Dt Cø�Ó( b = C + Dt + Et2

¦¬ (t1, b1) · · · (tm, bm) ¥<õ?

ílBbø½æ[Ñ:�j˙ , ¹


C + Dt1 = b1
...

C + Dtm = bm

C




C + Dt1 + Et21 = b1 (13)
...

C + Dtm + Et2m = bm

>c5-v:�j˙ Ñù_„øb (C, D)

(C3_„øb (C, D, E) ) ºbÅ— m _

j˙ �, ¥éÍub°¬Ö� ,Þ5:�j

˙ ª[Ñ
A−→x =

−→
b

−→x = (C, D)t C −→x = (C, D, E)t

(14)

7 A †Ñø m × 2 C m × 3 ä³, Ä¤

A−→x =
−→
b b�j, ñøª?íu¥<õ·

rÊ°øò(, (C�Ó(,), ¹
−→
b ur

Êä³ A 5W˛È,� ¥�²¾
−→
b uÌ„

¬×, FJBb½½æíj�ÛITZ‰, ¹

°²¾ −→x U)

A−→x −−→b 5Å�Ñ|s (15)

C6u°²¾ −→x U)

η = (A−→x −−→b ) · (A−→x −−→b ) = |A−→x −−→b |2
5MÑ|ü (16)

âk A−→x á
uW²¾, Ä¤,Þ5½æó

çku

°²¾
−→
b BW˛È5|s�×? (17)

7VF¶ø, °|s�×çÍuDI� (pro-

jection) �É:�J −→p Ñ²¾
−→
b ÊW˛È

,5I�, †²¾ −→e =
−→
b −−→p ÑF°, 7

/ −→e DW˛È�ò, ¹ −→e ∈ Ker(AT )�

AT−→e = AT (
−→
b −−→p ) = 0 (18)

I

−→p = Ax (19)

Ä¤ (18) �kµsBb

AT Ax = AT−→b (20)

(20) �ÿu¦
Fzí£†j˙� (normal

equation), ,Þ5!‹ªJÇV[ý�
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−→p
x

0

RN

Ax = −→p
.................................................................................................................................................................................................................................................................................................................................................................................................................. ...............

A−→x =
−→
b

−→
b = −→p +−→e

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... ...............

..................
..................

..................
.........................
...............� ˛ È

(row space)
...........

...........
...........

...........
...........

.........................
...............

W ˛ È

−→e

(column space)

.......................................................................
.
..........

.....

.................................................................................. ...............

...........................................

.......

........

.......

(null space)
� ˛ È

Rq

RN−q

£ † j ˙ � ? ª â � } 7 V

(| s � × ç Í u D � } � É)

η(−→x ) = η(x1 · · ·xN) (21)

= (A−→x −−→b ) · (A−→x −−→b )

= (AT A−→x − 2AT−→b ) · −→x +
−→
b · −→b

†
∂η

∂xi
= 0 i = 1, · · ·N

) AT A−→x = AT−→b
Ñ 7 j Z, I

Ã = AT A b̃ = AT−→b (22)

Ä ¤ £ † j ˙ � ª Z Ÿ Ñ

Ãx = b̃ (23)

v j ˙ � � ‚ 5 T Ê . � Ÿ ä ³

A u ´ Ñ j ³, Ã = AT A ø ì u

_“ú ˚ j ³”, ] ‡ Þ í Fredholm-

Alternative ì Ü Û Ê ÿ ª » , à Ò,

¹ (23) b � j w k } . b ‘ K Ñ

b̃⊥N(ÃT )

. Ü ø O 4 ª q{
dim N(Ã) = dim N(ÃT ) = q

dim R(Â) = N − q
(24)

Ä Ñ Ã Ñ ú ˚ ä ³, ] æ Ê £ > ä

³ P , P · P T = I , U )

P T ÃP =

(
0 0

0 D

)
(25)

= P TAT (AP ) = (AP )T (AP )

D Ñ ø (N − q)× (N − q) ú i ä ³, ¹

D =




λq+1 0
. . .

0 λN


 (26)

/ detD �= 0 , B b Û Ê ² ì ä ³ P �

ª q
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P = [−→ϕ 1, · · ·−→ϕ q,
−→
ξ q+1, · · · ,−→ξ N ] (27)

−→ϕ i, 1 ≤ i ≤ q�
−→
ξ j , q + 1 ≤ j ≤ N Ñ W

² ¾, w 2 (ª â (24) � õ | V)

span{−→ϕ 1 · · ·−→ϕ q} = Ker(A)

* (24) ª )

AP = [(AP )1, · · · , (AP )q, (AP )q+1, · · · , (AP )N ]

= [A−→ϕ 1 · · ·A−→ϕ q, A
−→
ξ q+1, · · · , A−→ξ N ]

= [0, · · · 0, A−→ξ q+1, · · · , A−→ξ N ] (28)

Ä ¤ y ø Ÿ â (24) ª ø


(AP )i · (AP )j = (AP )T
i (AP )j = 0

i �= j i = j ≤ q

(AP )j · (AP )j = (AP )T
j (AP )j = λj

j > q
(29)

7 /

[
Ker(AT )

]⊥
= [A

−→
ξ q+1, · · · , A−→ξ N ]

= [(AP )q+1, · · · , (AP )N ]

(30)

Û Ê ì 2

−→z = P T−→x = (z1 · · · zN)T (31)

] â £ † j ˙ � (28),(29) ø(
0 0

0 D

)
−→z (32)

= P T ÃP−→z = P T AT APP T−→x
= P T (AT A−→x ) = P TAT−→b = (AP )T−→b
= (0, · · · , 0, Aξq+1, · · · , AξN)T−→b
= (0, · · · , 0, (Aξq+1)

T−→b , · · · , (AξN)T−→b )

ª œ ® è ™ ø
λizi = A

−→
ξ i · −→b q + 1 ≤ i ≤ N

z1 · · · zq† Ñ L < b

(33)

] & ° 5 x ª [ Ñ

x =
q∑

i=1

zi
−→ϕ i+

N∑
i=q+1

(A
−→
ξ i · −→b )

λi

−→
ξ i (34)

ò Q � ð ª )

AT Ax = AT−→b

à ‹ ¦

−→
b R =

−→
b −

q∑
j=1

(
−→
b · −→ϕ i)

−→ϕ i (35)

† ª )

ùÜ: Ax = bR�

ã ¯ , Þ 5 n �, B b c Ü à

-:

j ˙ � A−→x =
−→
b � j 5 k } . b ‘

K Ñ

ìÜ: (Fredholm Alternative)

j ˙  A−→x =
−→
b � j 5 k } .

b ‘ K Ñ
−→
b ∈ Ker(AT )⊥ , 7 / w j

ª [ Ñ

x =
q∑

i=1

zi
−→ϕ i +

N∑
i=q+1

(A
−→
ξ i · −→b )

λi

−→
ξ i
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w 2 z1 · · · zq Ñ L < 
 b� à ‹
−→
b =

−→
b R , † æ Ê ñ ø −→w ∗ ∈ Ker(AT )⊥ U

) A−→w ∗ =
−→
b R�
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